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` THE STRUCTURE OF A CURVE-FAMILY ON A SURFACE IN THE 
NEIGHBORHOOD OF AN ISOLATED SINGULARITY .* 


By WILFRED KAPLAN. 


Introduction. 1. The two problems. In this paper two problems will 
be considered: (A) to determine and classify topologically the possible 
structures of a. curve-family on the surface of a sphere with precisely two 
‘singularities; (B) to determine the possible structures of a curve-family on 
any surface in the neighborhood of an isolated singularity. It will be shown 
that problem (B) is included in problem (A). 


2: Regularity. Families filling the plane. The curve-families consid- 
ered will be assumed regular: i.e., locally homeomorphic with parallel lines, 
except at singularities. Two previous papers by the author: have considered 
the possible structures of a regular curve-family filling the plane without 
singularity (topologically the same as a family on the sphere with one singu- 
larity). A complete topological classification was obtained, as follows: each 
family was shown to consist of open curves tending to infinity in both direc- 
tions; each family was associated in a one-to-one manner with a set of non- 
intersecting chords (or chordal system) on a circle, the relative positions of 
curves of the family being reflected in the corresponding chords; it was shown 
that two curve-families are homeomorphic if and only if the corresponding 
chordal systems have the same arrangement; the exact specifications of the 
types of chordal systems appearing were obtained. l 

Many of the results of the present paper will be obtained by referring 
back to results of the two previous papers. 


3. The three cases. For the problem (A) of families filling the sphere 
with the exception of two singular points N and § we consider three cases: 
(a) there is a curve C of the family joining N and S; (b) there is no such 
curve, nor is there any closed curve in the family; (c) there is a closed curve 
in the family. These cases exhaust all possibilities. 


* Received fey 12, 1941; Revised August 26, 1941; Presented to the American 
Mathematical Society April 26, 1940. 
1See Kaplan [5] and [6]. (Numbers in brackets refer to the bibliography at the 
end.) These papers will be referred to by the symbols I and II respectively and a 
theorem or section of one of them will be indicated by prefacing I or II to the number 
of the theorem or section. 
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4, Procedure in case (a). In case (a) we cut open the sphere minus 
N and S along the curve C and map on a strip region of the plane whose two 
boundary curves correspond to C. The possibilities in a strip region in the 
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Fig. 1. MTllustrating a curve-family on the sphere with two singularities N and S, 
case (a): there is a curve O of the family joining N and 8. The sphere is 
here drawn stereographically as a plane, with N at infinity. 


plane were determined in the previous papers; hence this case is settled 
immediately. In Figure 1 a curve-family of case (a) is illustrated. 


5. Procedure in case (b). In case (b) the singularity at N or 9 is 
locally the same as in case (a). The family can be decomposed into three 
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distinct sub-families, which we call B(N), J, and B(S). B(N) consists of a 
set of bounding curves which we call FI(N), the “flower at N,” plus curves 
inside the petals of the flower. This is illustrated in Figure 2. B(S) has 
the same type of structure. J consists of the “ joining ” curves, open curves 
. whose limiting set in one direction is in B(N) and in the other direction in 





Fig. 2. Illustrating a ‘flower at NV’ plus curves inside the ‘ petals.’ 


B(S). If B(N) and B(S) were both shrunk to points, then J would appear 
as a family like the parallels of longitude on the globe. The curves of J may 
approach B(N) in one of two ways: all curves may spiral around B(N) 
infinitely often ; or each curve may directly find its way to N. without spiraling. 
In the latter case the picture at N is a special case of case (a). The two ways 
in which J and B(N) can fit together are illustrated in Figures & and 4. 
The same possibilities can occur at S, and by considering the various combi- | 
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nations of structures at N and g we obtain all the possible structures in the 
large. It is to be noted that J must spiral around either B(N) or B(8), 
or else we are in case (a) again. g 


6. Procedure in case (c). In case (c) the closed curves are placed 
like latitudinal circles and decompose the family into annular regions. The 
possible families in an annulus will be analyzed in detail. Such families are 
built up from two fundamental types: the type of spirals which are asymp- 
totic to the two bounding closed curves in opposite directions; the type of 


Fig. 3. Spirals around a flower. Fig. 4. Curves of J go directly to N. 


spirals which are asymptotic to the two bounding closed curves in the same 
direction. See Figures 5a and 5b. 

At N or § there may be a last closed curve D, in which case the structure 
of the family near the singularity may be that of spirals leading from D to 
the singular point; if there is no last closed curve at N or S, the set of closed 
curves has as limit either a flower at N or S or the point N or 8 itself. 


7. Methods used. The basic tool is that of cutting open and identi- 
‘fying.? In particular the analysis of the annular families (which occur in a 
certain sense in case (b) besides in case (c)) will depend on the process of 
reducing a family of lines filling a rectangle to a family of curves filling an 
annulus by identifying opposite points of a pair of sides. 


2 See H. Seifert and W. Threlfall, Lehrbuch der Topologie (Leipzig and Berlin, 
1934), pp. 3-13, 31-35. 
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This method will be applied in case (b) to study the situation illustrated 
in Figure 3. .It is to be noted that the flower there acts like a simple closed 
curve as far as the spirals are concerned. In the general case, when there may 
be infinitely many petals, this is not obvious. It will be established that it is 
possible to ‘ explode’ the flower in such a way that the exterior region plus 
the curves Cn of the flower are mapped homeomorphically on the exterior of a 
circle plus a set of open arcs C’, on the circumference. This homeomorphism 
can be so chosen that the image family is regular at every point of the circle. 





Fig. Ba. Fig. 5b. 


In other words, the family illustrated in Figure 3 can be imbedded in a regular 
annular family. The proof of this fact rests on a cutting open of the family 
to obtain a sub-family of a regular family filling the plane and on taking 

advantage of the results of I and II. | 


8. Problem B. For the problem (B) we use the following device: 
We choose a simply-connected neighborhood U(p) of the isolated singular 
point p, so that the family is regular in U(p) — p. We then map U(p) — p 
homeomorphically on the sphere minus N and &. Our given family in 
U(p) —p then becomes a family on the sphere with singularities N and S. 
The results of problem (A) are then applied to describe all possible structures 
in U(p) —p. 
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PART A. Families on the Sphere with Two Singularities. 
1. General properties. 


1.1. Curve-families on the sphere. By an open curve will be meant 
a homeomorphic image of an open interval. By a closed curve will be meant 
a homeomorphic image of a circle. By an arc will be meant a homeomorphic 
image of a closed interval. By a half-open curve will be meant a homeomorphic 
image of a half-open interval. The word curve will denote any one. of the 
preceding four. 

The sphere z? +- y? + (z—1)?==1 in cyz-space will be denoted by K. 
` The zy-plane will be denoted by ~v. 

A family F of curves {C} will be said to fill a subset R of K or r if each 
curve C is in # and each point of R is on one and only one curve C. Let Ro 
be a subset of K such that each curve C of F intersects Fo in a set Ry: C each 
of whose components is a curve. Then F [A] will denote the curve-family 
filling Eo: R whose curves are the different components of all the sets Ro: C, 
for C in F. 

If G is any collection of curves on K or r, G will also denote the point- 
set union of the curves of G; the context will always make the meaning 
unambiguous. ; = 

Tf the family F, fills R, and the family F, fills Re, then F, and F, will 
be termed homeomorphic if there is a homeomorphism of R, on Az such that 
the image of each curve of F is a curve of F}. 


1.2. Regularity. Throughout this section F will denote a curve-family 
filling a region R of K or m. Rt will denote the interior of R, & its closure. 
We shall assume Et 540. Let F, denote the family of lines y — constant of 
the rectangle Ro : |x| 1, |y| 1. F will be said to be regular at a point 
p of R if there is a set U(p) such that p is interior to U(p) and such that 
F[U(p)] is homeomorphic to Fy. (Thus in particular Fo is regular at each 
point, interior or boundary, of the rectangle.) F is termed regular in R if it 
is regular at each point of R. A cross-section of F (through the point +) shall 
mean an arc pg (to which r is interior) which les in a subset R, of R which 
is open relative to R and is such that F[ R] is defined and each curve of 
F[ R] meets pg at most once. 

An r-netghborhood of a point p of # shall mean a set U (p) which con- 
tains p and is open relative to R and whose closure U(p) lies in R and can 
be mapped homeomorphically on the closed rectangle |z| 1, |y|1 in 
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such a way that F[U(p)] becomes the cini Fo, while the inverse images 
of the lines | x | == 1 are cross-sections of F. 
' By Theorem I. 5 and the above definitions we have 


(i) -If F is-regular in R, then every point p of R has an arbitrarily 
small r-neighborhood U(p), and there is a cross-section pq with p as end- 
point. If further p C Rt, then there is a cross-section through p. 


(ii), Let R = R, + Ry, where F[R,] and F(R} are both defined, let p 
be an interior point of R, and let F[ Ry] and ER] be regular at p. Then F 
13 regular at p. 


For example, take F as a curve-family filling the interior R of a circle. 
Let one curve of F be a diameter minus its end-points and let R, and R: be 
the interiors of the corresponding semi-circles. 


` 


1.3. The s-families.” By a homeomorphism y = f(y) defined for 
OSyS2, and with f(0) < f(1)=1 < f(2), points (0,y) on the line 
z==0, 0S y= 2 can be identified with points (1,4%) on the line z= 1. 
With this identification made, the rectangle 0=2 < 1,0 y2 plus the 
points (1,4) for f(0) <4’ <f(2) becomes homeomorphic to a region G of r. 
Further, the family of lines y = constant of the a a becomes a curve- 
family F, filling G. | 

Any curve-family homeomorphic to a family F [G] will be termed an 
open s-family. Any curve-family homeomorphic to a family F [Gt G*], where 
G* is the set of images of the points (z, y) of the rectangle with y = 1, will 
be termed a half-open s-famuly. By a closed s-famtly will be meant a curve- 
family homeomorphic to a family F, where F, is obtained as above except 
that the condition f(0) < f(1) =1 < f(2) is replaced by the O NE 
f(0) =0, f(2) =2. i 

By Theorem I.9 and the definitions we have the results: 

(iii) Let F be a curve-famtly filling the set R on K. Let C be a closed 
curve of F such that F ts regular ak every point of C. If CC R*, then there 
is a set R, such that F[R,] has C as element and ts an open s-famtly. If 
C C R — Rt, then there is a set = such that | Ro] has C as element and ts 
a half- open s-famtly. 


1.4. F and R fixed. From this point on and throughout the paper Æ 
will denote the region K — N — 9, where N and g are two distinct points 
of K. Without loss of generality,.we shall assume N and S to be réspectively 


* Cf. I, $ 1.8. Open a-family == s-neighborhood. 
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the north and south poles of K, i.e, (0,0,1) and (0,0,0), and shall use 
geographical language freely to indicate positions on K: e.g., the equator, 
latitudinal and longitudinal circles. We shall on occasion use the standard 
stereographic projection of K — N on v. F will always denote a carve-family | 
filing & and regular in R. K will be assumed oriented in such a way that 
, the positive orientation on the equator is from west to east. m will be assumed 
oriented so that the counterclockwise direction is positive. The stereographic 
projection is then a homeomorphism which preserves orientation. Such a 
homeomorphism will be termed an o-homeomorphism. 


1.5. Definition of the sets L(C,-+-) and L(C,—). By Theorem I.1 
every curve C of F is either open or closed. To an open curve, given para- 
metrically by p= f(x) for 0<.2<1, there can be assigned a positive 
direction in two ways: with increasing v, or with decreasing v. By a change 
of parameter, if necessary, we can assume it is with increasing s. A positive 
(negative) limit poini of C shall then mean a point g which is the limit of a 
sequence Pn = f (Tn) (n = 1,2,- +), with im t, = 1, (lima——1). In 
either case g will be termed a limit point of C. We denote by L(C, +) and 
L(C,—), respectively, the sets of positive and negative limit points of C 
and by L(C) the set D(C, +)+ L(C,—). L(C, +=) will denote a fixed one 
of the sets L(C, +), L(C,—). If C is undirected, L(C) is defined uniquely 
as the set D(C) obtained from either mode of directing C. 

From Theorems I. 7, J. 11, I. 9, and I.13 we have the following theorems: 


(iv) Every set of the form D(C, +), L(€,—) or L(C) is a union of 
curves of F plus possibly N or § or both. 


(v) If L(O,+) contains a closed curve D, then L(C,+) =D 


(vi) If neither NC L(0, =) nor SC L(C, +), then D(C, =) con- 
tains a closed curve. 


(vil) Every closed curve D of F separates N and &. 


1.6. Bays* and harbors. Let a curve C of F meet the cross-section 
ng at successive points ¢ and u interior to pq; let t and u determine arcs (tw) 
on pg and (tu), on O meeting only at ¢ and u and hence forming a closed 
curve T. T divides the sphere into two regions D (T) and D*(T) as in 
Figure 6a or Figure 6b. If p and g are in the same region, as in Figure 6b, 
T is termed a bay. If p and q are iw different regions, as in Figure 6a, I‘ is 
termed a harbor. 


‘The definition of bay given here broadens that of I, § 1.8. 
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From Theorem I. 12 we have the theorem: 


(viii) If T is a bay, with p and q in D*(T), then D (r) contains 
either N or 8. 


From the lemma of I, $1.5 it follows that the cross-section tu lies in 
an r-neighborhood U and hence that the curves of F[U].can be oriented * 
properly (see I, § 3.4). We can thus speak of whether C crosses tu at ¢ and u 
in the same or opposite directions. We then have the result: 


(ix) Its a harbor or a bay according as C crosses tu at t and u in the 
same or in opposite directions. 






"en 





We ann oa 
band 


= 
a 


a 





Fig. 6a. Harbor. Fig. 6b. Bay. 


THeEorREM 1. Let YT be etthera bay or a harbor. ThenT separates N and 8. 


_ Proof. Let T be a bay as in Figure 6b, with p J gC D*(T). By (viii) 
we can assume that NC D (T) and we must then show that SC D*(T). 
Let w be a point of (tu), not on C. The curve D through w then enters 
D*(T) in one direction and (a) leaves again at a first point w” or (b) fails 
to leave D*(T) again. In case (a) a second bay To is formed with 
DTA CD*(T) and tuC Dtr). Hence by (viii) SC 9 (Ta) 
C D*(T). Tn case (b), D is an open curve, and we assume it enters D*(T) 
in the positive direction. By (v), L(D,+) then includes either N or g 
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(herice &) or a closed curve E, where EC D*(L). -By (vii) Æ separates N 
and §, and hence S C D*+ (T). 
The proof in the case of a harbor is similar. 


1.7. . The sets L(C). 


THEOREM 2. ‘If C is a directed open curve of F, then L(C, =) cannot 
contain both N and 8. 


Proof. Suppose, for example, that L(C, +) contains both N and 8. 
Then by (vii) F can contain no closed curves. Hence by (v) L(C,—) 
contains either N or S, e.g., 9. . 

C must cross the equator infinitely often in the positive direction, hence © 
it has a limit point p thereon. C must cross a.suitably chosen cross-section 
pq infinitely often in the positive direction. Let ¢ and u be successive cross- 
ings, determining a cross-section (tu), on pg and an are (tu), on C. Let r 
be the closed curve they form. T is then either (a) a bay or (b) a harbor. 
In either case T' separates N and S and we choose D (T) to include 8. 

In case (a) either (a) p-+qC D*(P) or (a2) p+q DT). 

In case (8:) C enters D*(T) at ¢ and u in the negative and positive 
directions respectively. But, since L(C, +) > 8 and L(C,—) d 8, C must 
cross (tu), again at first points # and w in both directions. Let (tt) 
+ (tt). Let (uw), + (uw): =I, Then T: T,= 0. Choose D (T,) 
and D (T) so that D (T,) D 8 and D (T) D S. It follows from Theorem 1 
that either D(T,) C D(T_) or D(T_) C D(L,). But 9 can be joined to 
either ¢ or uw without meeting T, and T- at any other points. This gives a 
contradiction. 

The proof is similar in cases (a) and (b). 


THEOREM 3. If C ts a directed open curve of F such that L(C,+) 8 
and L(C,—) >S, then L(C)==8. Similarly L(C,+)-L(C,—) ON 
implies L(G) =N. 


_ The method of proof is the same as for Theorem 2. 


THEOREM 4. A directed open curve C of F cannot satisfy the condition 
L(C) =D, where D is a closed curve of F. 


Proof. Suppose L(C) = D and C C D (D), where S C D (D). By the 
Jordan Theorem C divides ® (D) into two open simply-connected regions 
D(C) and D*(C); we assume S C D(C). Fa =F[D*(0) +C] is then 
regular in D*(C)-+C. F is thus homeomorphic to a subfamily F- [C1 
+ 9(C,)] of a regular curve-family F, filling the plane. It follows from 
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Theorem I. 15 that no curve of Fo can meet a cross-section twice. But since 
L(C) =D, C must meet infinitely often a cross-section pg with p on D, | 
q in D(D). At each intersection of pg with C pg crosses from D (C). to 
D*(C). Hence there must be a cross-section p.g, with p.g, in C + D*(C) 
and p, and q, on C. This gives a contradiction. 


1.8. The three cases. These results allow us to state that the curves ` 
C of F are of eight possible types: 

(1) L(C) =N or L(C) ==; 

(2) L(C,+) =N and L(C,—) =S; 

(3) L(0, +) = N plus certain open curves of F and L(C0,—) = S, or 
L(C,—) = 8 plus certain open curves of F and L(C,+) =N; 

(4) L(C,-+-) = WN plus certain open curves of F and L(C,—) =g 
plus certain open curves of F'; 

(5). C is closed; | 

(6) L£(C,+) is a closed curve D, and L(C,—) is a second closed 


curve D,; 


(7) L(C, +) is a closed curve D and L(C,—) = N or L(C,—) = 8; 


(8) L(C,-+) is a closed curve D and L(C,—) =N or 8 (not both) 
plus certain open curves of F. 


A curve of type (2) will be said to join N and S. C +N +8 is then 
an arc. If F contains such a curve, then F can obtain no closed curve. F may, 
however, contain neither a curve of type (2) nor a closed curve. We thus 
subdivide our problem into three distinct cases: 


Case (a). F contains a curve jointing N and 8. 
Case (b). F contains neither a curve joining N and S nor a closed curve. 
Case (c). F contains a closed curve. 


It will be seen below that in case (a) F consists of curves of types (1) 
and (2); in case (b) F consists of curves of types (1), (3), and (4); in 
case (c) F consists of curves of types (1), (5), (6), (7) and (8). 


2.. Case (a). A curve of F joins N and S. 


Throughout this section we assume case (a) holds. Let C denote a curve 
of F joining N and S. : : 
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2.1. Reduction to a family in a strip. If we cut the sphere minus N 
and S open along C we obtain a set which can be mapped homeomorphically 
on the strip |z| 5&1 of the plane, the two images of O being z= 1 and 
z=— i. The image of Fisa regular family filling the strip and, if we adjoin 
the lines z =» constant outside the strip, we obtain’a regular family filling the 
plane (the regularity being & consequence of (ii) above). Thus F can be `- 
obtained from a certain subfamily Fe, which fills a strip, of a regular curve- 
family F, filling the plane-by identifying opposite points of the two boundary 
curves of Fo. Conversely, from any family F, which is a subfamily of a regular 
. curve-family filling the plane and which fills a region bounded by two curves 

C, and Cz of Fo, a family. on the sphere of case (a) can be obtained by 
-= identifying opposite points of C, and Ce. | 

The possibilities for the family Fe are discussed and classified implicitly 

in I and II, so that we shall consider them no further here. 


2.2. Double chordal systems. Let (r,9,z) be cylindrical coordinates 
in space. The equations 2’ == z, #’ == 0, 1’ ==1, define a homeomorphism of 
"R == K —N—S on the interior of the finite cylindrical surface K whose 
bounding circles are N : r = 1, z = 2 and æ : r == 1,z = 0. This map induces 
an orientation on K. Under this map F becomes a regular curve-family F* 
filling Kt. Each curve of F* has all its points in N and 3. 

-Furthermore Kt == K— — 3d can be mapped o-homeomorphically on 
itself in such a way that F* becomes a family F* such that each curve of F* 
has a unique limit point L(C*,+) on N or ð and a unique limit point 
L(C*,—) on or &, and no two curves have a common limit point. This 
map can further be chosen so that, for each curve C* of F*, L(C,+)=N 
implies L(C*, +) GM and L(C,+) — S implies L(C*, +) C æ. 

The existence of this map can be established as follows: Proceed as in 
§ 2.1 to obtain the families Fo and F,. By a homeomorphism reduce F, to a 
family filling the interior of a circle and Fy to a sub-family bounded by two 
parallel chords C, and C2. By Theorem II. 29 this homeomorphism can be 
so chosen that each curve of F, has a unique limit point in each direction on 
the circumference and no two curves have a common limit point. By identi- 
fying corresponding points of Cı and C: and a subsequent homeomorphism we 
. then obtain the family #* on the cylinder K as desired. 

f Now replace each curve of F* by the line segment joining its two limit 
points. We then'obtain a system of line segments E such that each line of 
`- B joins a point of N or 3 to a point of N or J and no two segments have an 
end-point in common. Such a system of lines or “chords” will be termed a 
double chordal system (cf. the chordal systems of I and JI). The particular 
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double chordal system arising from F will be denoted by DOS(#). This is 
not uniquely determined. 

Two double chordal systems Æ., Æ: will be termed isomorphic if there is 
a one-to-one correspondence between them such that each chord of 3 corre- 
sponds to one of 3, each chord. of N to one of N, each chord of 3 and N 
to one of d and A, and such that any three chords of the first system have | 
the same relative positions as the corresponding three of the second system. 
Any two double chordal systems arising from the same family F must then 
be isomorphic; hence DOS (F) is unique up to an isomorphism. 

However, whereas there are only five possible relative positions of three 
chords in the case of the ordinary chordal systems. (cf. I § 2 Fig. 2) here there 
are sixty possibly relative positions. Two different. arrangements, in the case 
of the double chordal systems, have to be distinguished by the relative positions 
of their end-points, as two chords may intersect. | 


2.3. Classification in case (a). Definition. Let F be a regular curve 
family filling Æ. By the four forms of F will be meant the four curve-families 
F; (t= 1,2, 3,4) filling Æ which are the respective images of F under the 
following transformations: T, = the identity; Tz — a reflection in the equator; 
T, == a reflection in the great circle of K in the zz-plane; T, = 7,7. = ToT. 

The concept of a normal explicit chordal system was defined in I § 3.3 
and IT § 3.2. If # is a normal explicit chordal system and C, and O are two 
parallel chords of E, then by identifying opposite points of Cı and C: and 
mapping the zone of Cı and Ce homeomorphically on K, as in § 2.2, the 
subset A(C1 + Cz) of E becomes a double chordal system on K. A double 
chordal system obtained in this way from a normal chordal system will be 
termed normal. 

The preceding analysis and the results of I and II then permit us to 
state the following theorem: 


THEOREM 5. Let F, and Fz be two regular curve-families of case (a) 
filling R. Then F, ts homeomorphic to F- tf and only if for sustably chosen 
forms F’, and F”, of F, and F, every DOS (F’,) is isomorphic to every DCS (F’2). 
Furthermore a double chordal system E is of the form DOS(F) for some 
regular curve-family F filling R if and only if E is normal. 


3. Case (b). F contains no closed curve or joining curve. 


We assume throughout this section that case (b) holds: F contains 
neither a closed curve nor a curve joining N and 8. | 
Throughout the following discussion a number of statements will be made 
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- which appl} equally to N or to S. This will be indicated by-the expressions 


“similarly for S”? or “similarly for N,” implying that. S and N are to be 
interchanged in the statement. l 


8.1. Flowers. Let C be a curve of F such that L(C) == N. C+ N is 
then a closed curve and divides K into two regions. We shall always denote 
by, D (C) that region which does not contain S and by D*(C) the other region. 
In both cases only interior points are included. (Similarly for 9). 

“Let C, and O: be two-curves of F such that L(C:) =N (i—1,2). 
We write O, ~ C; if D (01): D (C2) 0, C1 HC, if D(C1)- D (C2) = 0. 


(Similarly for 8). 


: CUTVES. 


Definition. A flower at N is a subfamily Fl of F such that for. each 
curve O im Fl L(C) =a N and, if Er and O, are in Fi, then OO, CO. ( Simi- 
larly for §). (See Figure 2 in the Introduction). 


THEOREM 6. A flower at N or S is an at most countable collection of 


_ Tsusorem 7. If Flea {Cy} (n= 1,2,-- -) is an infinite flower at N, 
then the curves Cn approach N uniformly as n—> œ. (Similarly for 8). 


Remark. The conclusion of the theorem is understood to mean the 
following: if p» is any sequence of points, with ps C Cy, then lim pa = N. 
n ; Ne? OO 


Proof of theorem. Suppose the theorem false. Then there must be a 
point p which is a limit point of a sequence {px}, with pa on On, pN, 
pÆ. Draw a cross-section ab through p. ab must cross infinitely many Cr. | 
At each crossing of a Ca ab must go from D*(0,) to.D(Cx). Since the 


D (Cn) are disjoint, this implies that a bay T will be formed with D (T) 


C D(O,) for some n. This contradicts Theorem 1. 


THEOREM 8. If C is a-directed open curve of F for which L(C, +) 
>N but L(C, +) ÆN, then L(C,+) is a flower'at N. (Similarly for 8). 


Proof. L(C,-+-) consists of N plus certain curves {Da}, by (iv). L(C, +) 
is a closed set and (by Theorem 2) does not contain 8. Hence no L(Da, +) 
can contain 8. Since F has no closed curves, it follows from the classification 
at the end of § 1 that for each Da L(D.) = N. 

If D, and Dy are two curves of L(C,-+-), then D,~D, would imply 
CC D(D,) or CC D (D). But by Theorem 3 L(C,—) D S, which is not 
possible if CC D(D,) or CC D(D.).. Hence D, + D2, and thus the curves 
{Da} form a flower at N. | 
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THEOREM 9. Let Fl==3C, be a flower at N. Then the set M = 
I[D*(C,) is an open simply-connected region whose boundary is N + 3Cn. 
(Similarly for 8). 


The theorem is proved by considering the possible boundary of a com- 
ponent of M. 


3.2. The sets B(N) and B(N,C). Definition. B(N) will denote the ` 
family of all curves C of F such that L(C) =N. 

We partially order B(N) thus: 0, <'C, if D (041) C D (02). Ti C is in 
B(N) we let B(N, C) denote the subfamily of B(N) consisting of all elements 
of B(V) greater than C (equality included). B(N, C} is then simply ordered. 
(Similarly for S). 


THEOREM 10. For every curve Co în B(N), B(N, C.) has a greatest 
element, (Similarly for 8). 


Proof. Suppose the theorem to be false. Then the set @ — 3D (C) for 
. C in B(N,C,) is an open simply-connected set and the point set B(N, Co) 
CG. The boundary of G consists of N, possibly S$, and certainly other 
points. Let Q be a boundary point of G, with N}4Q548. Then, because 
of the regularity of F (see I § 1.7) the whole curve D of F through Q is on 
the boundary of G. The boundary thus consists of curves of F plus N and 
possibly S. 

Let D be any boundary curve of G. Since the boundary is closed, L(D) 
is in the boundary. -But we have 


(1) L(D)CN+8. 


For suppose L(D) contains a curve Dı. Then choose an r-neighborhood 
7(Q;) of a point Q, on Dı. U(Q:) is then divided into two smaller 1-neighbor- 
hoods U’ and U” by an arc è on Dı. Since D,; is in the boundary of G and G is 
a union of curves of B(N), it follows (with the help of Theorem 1) that, if ê 
is a limit of arcs in U’ of curves C of G, then UC G, and similarly for U”. 
This contradicts the fact that D, is in L(D) for the boundary curve D. Thus 
equation (1) follows. 

Since we assume case (b), we must have L(D) =N or L(D) =8;i.e. 
DC B(N) or DC B(S). Since G is connected, the boundary curves D in 
B(N) form a flower at 'W, and similarly at 5. By Theorem 7 each of these 
flowers plus N or 9 is a closed set. Since Œ is simply-connected, only one of 
the flowers can be in the boundary. Hence the boundary consists of a flower 
Flin B(N) plus N itself. Let FI = 3D,. Then, by Theorem 9, G = JID *(D), 
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and hence ŒD 8S. This is impossible. Hence B (N, Co) has a largest element 
and Theorem 10 is established. 


3.3. Decomposition of F into B(N), B(S), and J(F). For each ele- 
ment Č of B(N) we now let C* denote the largest element of B(N,C). Let 
G* be the set of all such C*. G* must then be a flower and we denote it by 
°. FI(N). Every curve C of B(N) is then less than or equal to some curve of 
FI(N). We write DFI(N) for the set 39D (C), C in FI(N). (Similarly 
for 8). 

Now let J(F) = F— B(N)—B(S). Each curve of J then ‘satisfies 
D(C, +) C FUN) +N, L(C,—) C FI(S) + 8 for proper orientation of C. 

We have thus decomposed the family F into three pieces B(N), B(S), 
and J(F). Each of B(N), B(S) is a flower plus interior. J(F) consists of 
curves ‘joining’ B(N) and B(S). In the following sections we shall analyze 
the internal structure of each of the pieces and determine how they fit together. 
It will turn out that B(N) and B(S) have the structure of a subset E — 6(V) 
of a normal chordal system E, while J (F) has the structure of the family of 
longitudinal semi-circles. The curves of J(#’) can all wind around B(N) | 
like spirals or they can all tend directly to N, and similarly at S. In the latter 
case the picture of the singularity at N, or S, is precisely that of a regular 
family filling the plane at the point at infinity. 


3.4. Structure of J(F). 


THEOREM 11. The curves of J(F) ful an open doubly-connected region . 
® can be mapped homeomorphically on R in such a way that the family J (F) 
becomes the family of (open) longitudinal semt-circles. 


Proof. That ® == R—(B(N) + B(S)) is doubly-connected follows by 
repeated application of Theorem 9. Since every curve C of J(#), when 
properly oriented, satisfies L(C,+-) D N, L(C,—) DS, © can be mapped 
homeomorphically on R so that each curve C’ of the image family J’ satisfies 
L(O’, +) =N, L(C’,—) =8. J’ is then a regular curve-family filling & 
and one to which case (a) applies. It follows immediately from Theorem 5 
that J’, and hence J (F), is homeomorphie to the oy of longitudinal semi- 
circles in R. 


COROLLARY. There exists a closed cross-section in ®, t. e., a closed curve y 
lying in $ which meets each curve of J (F) exactly once; further, y can be 
chosen to separate N and 8. 


For let To be the map of J (F) on the longitudinal semi-circles; let g be 
any latitudinal circle. Te” (g) satisfies the conditions of the corollary. 
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Let s be the first point at which C” meets pw. The arcs (ws), on pg and 
(ws)2 on C’ then form a harbor Tr. Let Z denote the closed. region of the 
plane bounded by T and r== 1, Cut Z open along psw and then map it 
homeomorphically on the rectangle 7: OS 2X1, OS y1 so that r—1 
becomes y == 0, (w8) becomes y = 1, p has inverses (0,0) and (1,0), s has 
inverses (0, yo) (0 < yo < 1) and (1,1). The family in the annulus becomes» 
a family y in J consisting of arcs joining a point of r —=0, 0 << yl, toa 
point of z= 1, 0<y S1 plus open intervals OC”, in 0< g< 1, y=0 
(n = 2,38,- > +) and two half-open intervals C”. We denote by y the sets of 
points of y = 0, 0 S z £ 1, not on a Cn. ` 


Lemma A. There isa homeomorphism T, of the set I — n on itself such 
that T,(C’n) = On for each n, each point of I on y = 1 ts fized, while the 
curves of y in y > 0 become lines y = constant. 


Remark. This lemma may be interpreted as a regularization of y at the 
points of 7. 

The lemma is established by imbedding y minus the points of z == 0 
and s = 1 in a regular curve-family filling the interior of a circle, then doing 
the same with the family obtained from y by replacing the curves in y > 0 
by lines y == constant and then applying Theorem IT. 27. 

We now apply T, and then map J back on Z by a homeomorphism hie 
identifies points on z= 0 and z == 1 corresponding ultimately to the same 
point of the annulus. Thus the family #” has now been regularized along 
r= 1; i.e., F remains regular if the C's» are replaced by the circle r= 1. 
Let W, denote the regular family thereby obtained. 

We next demonstrate that F”, is homeomorphic with the family x con- 
sisting of the circle r—1 plus the spiral curves | 


ner Jore dere p = pS oe 


0 == tan —— 
To that end we first extend the cross-section pq to become a larger one pu, 
where u lies on r= 3/2 and pu—vw lies in ® (y). That this is possible 
follows from Theorem 11. 
= Let C be the curve of F’, through u. C then meets pu at a first point v 
after u. Let T denote the harbor thereby formed. Let Z denote the closed 
region bounded by T and r== 1 and let Z* denote the remainder of the 
annulus. l 
If we cut open along pv then Z can be mapped exactly as was the Z 
above on the rectangle J so that the curves of F’,[Z| become the lines 
y == constant. There is a homeomorphism T'o corresponding, which identifies 
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points on r= 1 and points on z = 0. ‚Te can ‘be regarded as a function of 
y with values y, and, we have T,(0) == 0, To(1) =4o <i. Further T)(y) Ey 
except for y = 0, and hence in general To(y) < y. By a suitable further 
homeomorphism of the rectangle on itself leaving the family unchanged Te 
can be’made to coincide with any homeomorphism with the above properties. 
. This follows from a lemma on monotone functions.’ 

. We now proceed in exactly the same way with the family x. We choose 
the cross-section p,v, as the line joining (1,0°) and (3/2,0°). We choose 
the curve T, through v, and u, in the same way as above and obtain the 
regions Z, and Z*,. We cut open along p v, and map Z, on the rectangle 
I so that the curves of x[Z,] become parallel lines y= constant. We have 
an identification To, of s—1 and r= 0. But we can assume, by the pre- 
| ' ceding paragraph, that To =T.. It thus follows that there is a homeo- 
. morphism T of F; [Z] on x[Z,] taking T on‘T,, r=1 on r=1. T can 
then be extended to a komono rkm of all F, on all x by cutting Z* and 
Z* „ open at the points u and u, to get triangles and then proceeding as above. | 
We thus conclude that there is a homeomorphism of F[W] on the family x 
from which ‘points on r== 1 have been removed. Under this map the curves 
` Ca of FI(N) become arcs O's on r==1. To complete the proof of Theorem 13 
it remains only to extend the homeomorphism to each set D (Cy) in such a 
way that each is mapped on the interior of the segment of the circle bounded 
by Cn Taas Theorem 13 is established. 


3.7. Relationship between J (F), B(N) and B(S). Case 2. 


Throughout 83.7 we assume that case 2 holds: J (F) contains a curve 
C of F such that D(C, +) = 

We now define a family re curves on K to be of type («) if it is homes 
morphic to a family F°[D (y°) —N], where F°, y°, and D o) satisfy the 
following conditions : 


(«a ) F? is a regular curve-family filing BR of case (a); 
(€2)%® is a closed cross-section relative to F” (cf. corollary to Theorem 11) ; 


(c,)-/° divides K into two regions, one of which, D (y°), contains N, while 
_ the other, D*(y°), contains S; 


5 LEMMA. Let g,(y) be continuous monotone striotly inoreasing functions of y for 
aSySb, with g(a) =a and g (y) <y fora<ySb (i = 1,2). Then there is a 
homeomorphism T of the interval [a, b] on itself such that g, (y y) == Tg, (T= (y)). 

The lemma is proved by subdividing [a,b], first for += 1 and then. for i= 2, by 
the points g,(6),9,(9,(0)),- - + and then determining a suitable map of each interyal 
of one subdivision on the corresponding interval ofi the second subdivision. 


~ 
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(«,) for every point p in D*(y°), the curve CO, of F° through p joins 
N and 5: 


Turormm 14. In case 2 jor F the family F[y +D (y)—N] is of 
type (e). | 


Proof. From the regularity of F and the fact that every arc on y is a’ 
cross-section it follows that F[y+ Dy) —N] is regular at each point of y. 
Now map y + D (y) homeomorphically on the northern hemisphere so that y ` 
becomes the equator y° and NW remains fixed. Adjoin the longitudinal quarter- 
circles joining the points of the equator to S. It follows from (ii) ($1.2) that ` 
the resulting family F” in R is regular at every point of R. Since F contains a 
curve C of J (F) with L(C, +) = N, F° must contain a curve C° joining N and 
9; in fact (e,) must then hold. Thus F” is of case (a). If we take D (y°) to be 
the northern hemisphere minus y°, then F[y + D (y) —.N] is homeomorphic 
to F°fy* + D (°) —N]. Since (e1), (e2), (es), (e4) all hold, the theorem 
is established. 


Remarks. It follows from Theorem 5 that, given any family of type (€), 
the corresponding family F° is unique up to a homeómorphism. .Hence the 
families of type (e) are automatically classified by Theorem 5; they are in 
one-to-one correspondence with a subclass of all regular families of case (a) 
filling R, whereby homeomorphic families are considered as the same family. . 
This subclass can be characterized in terms of double chordal systems (see 
§ 2.2): a family belongs to the subclass if and only if it is represented by a 
double chordal system E on N and & such that the subsystem of E consisting 
of those chords of # which join Tt and æ has the same structure as. the. 
family of rulings of K, while no chord of # joins two points of £. 


8.8. Classification for case (b). A full classification requires three 
stages: (1) a listing of all cases which arise; (2), a proof that the cases of 
(1) actually do arise; (3) a setting ‘up of criteria for the topological 
equivalence of two families. 

For stage (1) Theorems 11, 12, 18 and 14 give necessary conditions for . 
the families. These state that the structure of J (F) is uniquely determined 
up, to a homeomorphism, that the structure of B(N) is that of a cyclic com- 
plement, that F' can be decomposed into two pieces F[y + D (y) —N] and 
Fly + D*(y)— 8S], in each of which two structures, (8) and (e), are possi- 
ble. The (8) structure is that of spirals about a closed curve; the (e) structure 
is essentially a special case of that appearing:-in case (a). Considering possible 


ae | 
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combinations in D (y) and D*(y), we can group the families of case (b) 
in two types: 


Type (Nè, 58): B(N) 40, B(S) 0 and Fly + D(y) —N] and 
- Fly+ D*(y) —8] are both of type (8). 


. Type (N8,8e): B(N) 0 and Fly + 9 (7) —¥] is of type (8); 
Fly + D*(y) —S] is of type (e). 


. We note that since, in case (b), no curve of F can join N and 9, there 
is no third type, (Ne, Se). 

For the type (V8, 88) there is an immediate further subdivision to be 
made. For the homeomorphism of F[y + D (y) —N ], for example, on the 
family of spirals may or may not be an o-homeomorphism. In case it is an 
o-homeomorphism, we shall say that the family F[y+ D (y) — N] is of 
type (8-++), otherwise that it is of type (8—). The possible combinations 
at N and g are then (Nè +, 88+), (NS—, S8—), (N8+, 88—), 
(Nè —, 88+). We shall refer to these as the four subtypes. We note that 
an orientation reversing homeomorphism of K on itself leaving N and 8 fixed - 
interchanges the first two combinations and also the last two. 

Similarly, for the type (N8, Se) we can distinguish between the two 
subtypes (Nê +, Se) and (N8 —, Se). 

We now define a family A of curves on the sphere K to be an admissible 
B(N) if A is homeomorphic to a cyclic complement F”, under .a stereographic 
projection of K — N on the zy-plane. (Similarly for 9). 


THEOREM 15. Let A, be an admissthble B(N), let A, be an admissible 
B(8), and let A: As = 0. Then there exists a regular curve-family F filling 
_ R, of case (b), for which B(N) = 4;, B(S) = Aa, and F is of type (N8, 88). 
- can be chosen to be of any one of the subtypes of type (NS, 88). 


E . Map the open region bounded by N, 8, and FI(N) and FUS) 
on the annulus 1 < r < 2 by a homeomorphism T which can be extended to 
the boundary curves of FI(N) and FI(S). T(FI(N)) is then a set of open 
arcs, 6. g., on r==1; T(FI(S)) is a set of open arcs on r—2. In the. 
annulus 1 < r < 2 place one of the four families: * (1) the family of Figure 
ba (see Introduction, § 6); (2) the family obtained from (1) by reflecting 


e These can be defined analytically as follows: 


8 = e tan [x(r—3/2)] +k 
0 = e sec [r (r — 3/2)] + k 


forl<r<2and 0SkS2r,. s — +1 gives (1) and (3); «——1 gives (2) and (4). 
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in a diameter of r == 2; (3) the family of Figure 5b; (4) the family obtained 
_ from (3) by reflecting in a diameter of r —2. The inverse images of these 
families then form with A, and A, regular families F filling R of case (b) 
and they give the four subtypes as desired. 

It thus follows that the classification requirements (1) and (2). for type 
(Nè, 88) have been satisfied. For type (V8, Se) we proceed similarly: 


Definition. A family A of curves in R will be termed an admissible Be 
family if A is of type (e) and has § as isolated singularity. 


THEOREM 16. Let A, be an admissible Se famiy and let A, be an ad- 
misstble B(N) such that A,:A,—0. Then there exists a regular curve-family 
F filling R, of case (b), type (N8, Se), for which B(N) = A, and for which 
there is a closed cross-section y in J(F) such that 'A,.—Fly + D (y) — 8], 
where D(y) D8. F can be chosen to be of etther subtype. 


Proof. A, will be bounded by a closed cross-section y and will fill 
D (vy) —S. The region between A, and A» can thus be mapped on an annulus 
and hence essentially the same device as was used in the proof of Theorem 15 
can be used to establish the theorem. | 

It now remains to carry out stage (3) of the classification: the setting 
up of criteria for the homeomorphism of two families. We use again here 
the notion of thd four forms of a family (see § 2. 3). 

Consider now two families F, and F, of case (b). A necessary condition 
that they be homeomorphic is that both be of the same type. We can therefore. 
discuss each type separately. 

Consider type (V5, 88). Here we consider first the families B,(N) and 
B,(8) (t=1,2). These are all homeomorphic to cyclic complements, the 
B;(N) under stereographic projection, the By(S) under reflection in the 
equator followed by a stereographic projection. The isomorphism of two of 
these families is then defined to mean that of the coresponding planar families 
(regarded as chordal systems, as in II). If B,(N) and B,(N) are isomorphic, 
then Fl,(N) and Fl,(N) will necessarily correspond to each other under the 
isomorphism (similarly for S). 

THEOREM 17. Let F, and F, be two curve-famtltes of case (b), type 
(N3, S8). Then a necessary and suficient condition that F, and F, be homeo- 
morphic is that for one form F’, of F, and one form F: of F, the following 
holds: B’,(N) is isomorphic to B’,(N); B’x(8) is isomorphic to B’,(8); 
EH’, and F’, are of the same one of the four subtypes. 


Proof. The necessity is immediate. 


~ OD 
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For the sufficiency we choose closed cross-sections yı and y in J(F";) 
and J(F’,) respectively and choose D (yı) and D (yz) to include N. Both — 
families Fify + D (y1) —N] and afya + D (y2) —N] are of type (8) 
and can. be mapped on families Fs of the definition (see $3.6). Since F 
and F”, are of the same subtype, either both of these homeomorphisms will 
. preserve orientation or both will reverse it. Now B’,(N) and B’,(N) are 
isomorphic under a one-to-one correspondence which necessarily takes 
FV,(N) = 3n on FV,(N) = 30m. It follows that there is a one-to-one 
correspondence between their images %C*,, and %C*s, which preserves order 
and orientation on the circle. It thus follows that the ZC% n canbe assumed 
identical with the %C“s,. For we can reduce a neighborhood of r= 1 to a 
rectangle and proceed as in the proof of Lemma A of Theorem 13. This gives 
an o-homeomorphism of 


Fiy + D (y) —2D (Cm) ] 


Ffy F D (yz) — 3D (C'a) | 


taking yı on yz and each C”;, on the corresponding C’sn. This o-homeomorphism 
can be extended by similar methods to give an o-homeomorphism of F”, on Ka. 
Thus F, and F, are homeomorphic. 


THEOREM 18. Let F, and F, be two curve-families of case (b), type 
(N8, Se). Then a necessary and sufficient condition that F, and F; be homeo- 
morphic is that for one form F, of F, and one form F”, of F: the following 
holds: the families B’,(N) and B’,(N) are isomorphic; there are closed cross- 
sections yı ye in J(F1) and J(F’2) such that, if D (y) 28 (t=1,2), 
then there ts an isomorphism between DCS(Fi1[D (y1) — 8]) and 
DGS (F’.[D (y2) —S]); F'ı and F are of the same subtype. 


‘Remark. The DCS(F4[D (ys) —S]) is understood to mean DCS(¢i), 
where ¢; is a curve family filling R obtained from [DD (y+) —S] by an 
o-homeomorphism of D (yı) on K —W leaving 9 fixed. DCS(¢;) is defined 
in § 2. 2. 

The proof of the theorem is similar to that of Theorem 17. 


4. Case (c). F contains closed curves. 


“Throughout this section we assume that case (c) holds: # contains at 
least one closed curve. : 


4.1. Annular families. By (vii) (see 81.5) each closed curve of F 
separates N and S. It follows that of each pair D,,.Dz of closed curves one 
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separates the other from NV. The closed curves can thus.be simply ordered 
by the relationship of being nearer to N, and hence lie on the sphere essentially . 
as a set of latitudinal circles. (It will follow from the results below that a 
suitable homeomorphism of K on itself transforms them onto latitudinal 
circles). It will accordingly be necessary to analyze the structure of F in the 
region between two closed curves. Such a region is homeomorphic to an 
annulus, | | 


Definition. A closed annular family shall mean a curve-family ¢ on the 
sphere or in the plane which has the following properties: ¢ fills a closed region 
A whose boundary consists of two non-intersecting closed curves D, and D,; 
D, and D, are elements of ; $ is regular at every point of A. An open 
(half-open) annular family shall mean a family which can be written as a 
sum Si ( > $) of closed annular families 44, whereby e` #441 18 a common, 

1—00 = 
bounding curve of ¢; and pin for each i and $;°¢; = 0 for |+—j | >1. 

The word ‘closed’ will generally be omitted in referring to a closed 
annular family. Throughout § 4.1 there will be no ee to the open or 
half-open families. 

From this point on ¢ will denote a fixed annular family. ¢ may be on | 


the sphere or in the plane but, if it is on the sphere, it will be assumed not to’ 
contain N or 9. 


Definition. will be termed simple if ẹ num no closed curves a 
D, and Da. 

If ẹ is simple, then ¢— D, — D, can be E homeomorphically on 
K — N — S, and all the reasoning of case (b) can be applied. We conclude, 
as in the proof of Theorem 16, that ¢ can he mapped 2 Romeomorpuiceny on 
one of the four annular families: * 


(*) the family of Figure 5b; 


(**) the family obtained from (* ) by reflecting in a diameter of the ` 
larger circle; 


(***) the family of Figure a; 


(Pes) the family obtain from (***) by reflecting in a diameter of the 
_ larger circle. 


If œ is on the sphere, the E ae can be accomplished by first 
.stereographically projecting on the plane by a projection P and then per- 


T See footnote 6 above for the equations of the spirals. 
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forming a further.o-homeomorphism. This second o-homeomorphism can be 
so chosen that, the outer boundary curve of Pe becomes the outer circle of the 
final image. It will then follow that ¢ can be mapped in this way on exactly 
one of the four families (*), (**), (***), (****). We term that one the 
associated canonical family of d. If ¢ is already in the plane, then replace P 
_by the identity transformation to obtain the definition of the associated 
canonical family. 


Definition. If the associated canonical family of the simple annular 
family ¢ is (***) or (****), } will be termed ordinary. If the associated 
canonical family is (*) or (**), & will be termed bent. 

Now suppose that ¢ contains closed curves besides D, and Də. Since 
A — D,— D: is homeomorphic to a family filling R, we conclude that the 
closed curves of œ he as concentric circles between D, and Dz; i. e., they can 
be simply ordered with respect to nearness to D, (or to Dz). œ may then 
contain sub-families which are simple annular families. Two such sub-families,. 
‘if non-coincident, can have at most a bounding closed curve in common. 


THEOREM 19. œ contains at most a finite number of simple annular sub- 
families of bent type. 


Proof. If contained infinitely many bent sub-families they would have 
a limiting closed curve O. By (ii) ($1.2) C lies in an s-family. An s-family 
can contain no bent annular families, and hence there is a contradiction. 


Definition. An annular family is smooth if it contains no bent sub- 
families. 


COROLLARY TO THEOREM 19. Every annular family p can be decomposed 
in a unique way into. a sum of annular families as follows: p = pı -+¢2 
+--+ on; i+ das. t8 a closed curve Cy of $ (t—1,2,--°-,n—1); 
di'd)—=0 (7 >4++1); each dy is either bent or smooth; tf pı is smooth, then 
Pisi 18 bent. l 

¢ is thus composed of successive rings of smooth or bent type, the smooth 
ones being separated by bent ones. To complete the analysis, we must deter- 
mine the possibilities for a smooth annular family. 


THEOREM 20. If dis a smooth annular family, then ¢ is a closed s-family. 


Proof. From a point p on the boundary curve D, of ¢ it is possible to 
draw a cross-section pg, with q on a closed curve interior to ¢ or on Dy. If it | 
were impossible to have q on De, there would certainly be a ‘least upper 
bound’ of the closed curves on which q can be chosen: i.e., a closed curve ( 
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such that q can be chosen on any closed curve between D, and C. But a crose- 
section pg to a point g in the neighborhood of C can be extended to become 
one which crosses C, as follows from (iii) (§ 1.2). Hence there is a contra- 
diction and q can be chosen on Dz. If we now cut open on pg, we obtain a 
rectangular family with identifications as in 8 1.8. Thus ¢ is a closed s-family. 


COROLLARY 1. If ts a smooth annular family, then there ts a cross- 
section pq with p on D, and q on De. © 


COROLLARY 2. Ifẹ 1s a smooth annular family, then p is orientable. 
(See I § 3.4 for the definition of orientability of a curve-family). 


Tt thus remains to discuss the possibilities for a family which is a closed 
s-family. But such a family ¢ is obtained from a rectangle M : OS el, 
OSy1 and the ‘curves’ y == constant filling it by an identification - 
y = T(y) between the points (1,y¥) of z==1 and those -(0,y’) of c—0. 
T(y) is here a homeomorphism and 7(0) =0, 7(1) =1. T can thus also 
be regarded as an o-homeomorphism of the interval OS y1 on itself. 
T is not uniquely determined by ¢. l 


Definition. Let T, and T: be two o-homeomorphisms of 0S y 1 on 
itself. Tı and Tz will be termed similar if the following two conditions hold: 


(1) If E; is the (necessarily closed) set of fixed points of 7; (t = 1,2), 7 


then there is a homeomorphism y, =f (41) of E, on Ez, where f is a monotone 
increasing function. 


(2) If yi and y”; belong to FE;, but y Œ E; for yi <y <y”, and 
F) =Y f(y) =y"z then Ti(y)—y and T2(y) —y have the same 
sign in the respective intervals y'i < y < y”, (i= 1,2). i 


The relation of similarity is reflexive, symmetric and transitive, hence is 
a valid equivalence relation. 


The following lemma can then be established: ° 


LEMMA. Let G, and G be two curve-families obtained from the family 
y == constant in M: 0S e21,0S 71, by respective tdentificatins y == | 
Ti(y) and y ~= T(y) of the ine t= i on the line r=0 (OS y= 1), 
whereby T, is an o-homeomorphism of the interval 0 = y SI on itself. Then 
there exists an o-homeomorphism Ty of G, on Gy, taking the line y == 1 on the | 


* The proof is similar to that for the lemma cited in footnote 5 above. 
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line y = 1, y= 0 on y= 0 (052551), and c—0 on z= 0, T= 1 on 
s =1 (0Sy 1) tf and only tf Tı and T, are similar. : 
This lemma shows that if the smooth annular family (bounded by. Dı 
and Ds as above) is cut open along a cross-section pg and mapped on a rectan- 
gular family in M so that D, corresponds to y = 0 and De to y= 1 and the 
direction from (0,0) to (1,0) on y==0 to the positive orientation on D,, 
then the corresponding identification T is determined up to a class of similar 
homeomorphisms, Furthermore, if pq is replaced by any other such cross- 
section p’q’, precisely the same class of identifications T is determined. Finally, . 
if two families ¢’, ¢” have the same identification class, then there is an 
o-homeomorphism: of ¢’ on ¢”, taking D’; on D^, D'a on D”>. 


_ 4.2. Classification of annular families on the sphere. We consider 
first closed annular families ¢ in K — N — 8 such that of the two bounding 
closed curves D, and Da one, Dı, separates the other, Da, from N, while Da 
separates D, from 8. We term two such families ¢’ and $” equivalent if there 
is an o-homeomorphism of the family ¢’ on the family ¢” taking D’, on D” 
and D's on D’’s. 

By the corollary to Tirai 19, with every family b can be associated a 
sequence of letters, such as 

bsbbsb, sbbbsbbsb, 


' corresponding to the successive rings of bent and smooth types. We make the 
sequence unique for each ¢ by requiring that the letters correspond to the rings, 
in order of nearness to N, the first letter representing the ring nearest to N. 
With each of the 6’s of the sequence is associated a bent annular sub-family 
of ¢. This bent annular sub-family has an. associated canonical family (*) 
or (**). We now insert after each b in the sequence the ic ae symbol 
(*) ¢ or (**), so that a sequence might be 


b(*)sb (**)b(*)sb(**)s. 


For the smooth sub-families of ¢ the results of 4.1 permit us to proceed 
as follows: Suppose the set of all o-homeomorphisms of 0 y1 on itself 
subdivided into ‘similarity classes. To each class assign a different abstract 
index a, so that a collection A: a, 8,- > - of indices is formed in one-to-one 
correspondence with the similarity classes. Then to each smooth annular sub- 
family $s corresponds a unique index of A, and two smooth annular sub- 
families will have the same index if and only if they are equivalent. 

We now insert into the already amplified symbol for ¢ the corresponding 
index of A after each g, so that the symbol might appear thus: 
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b(*)s(a)b(**)b(**)s(B)b(*)a(y). 
This expanded: symbol will be denoted by bs().: : 
In general any finite sequence of b’s and s’s, with the s’s always separated _ 
by one or more 0’s, and with the symbols (*), (**), or (a) (for a in A) 
inserted as above will be called a finite bs symbol. 


_ THEoREM 21. For every finste bs symbol o there exists a closed annular 
family p on the sphere such that bs(d) ts o. 


Proof. Each pair 6(*), 6(**) or s(«) in the symbol can be realized by 
a bent or smooth annular family of the corresponding type on the sphere. 
Equivalent images of these can then be constructed in the correct order and so 
that successive families have, for example, a latitudinal circle in common. The 
resulting family is regular by (ii) ($1.2) and has the desired symbol. 


THEOREM 22. Let ¢’ and” be two closed annular families on the sphere. 
Then ¢ and ¢” are equivalent if and only if bs(¢’) = bs(¢"’). 


Proof. The necessity of the condition is an immediate consequence of 
Theorem 20 and of the fact that the associated canonical family of a bent 
family is unique. 

-For the sufficiency it is necessary to set up an yone aan fg. 
on #” taking each smooth or bent sub-family of 4 on the corresponding one 
of ¢”. This is done by starting with the sub-family (bent or smooth). of ¢’ 
nearest to N. The fact that the 6s-symbols are the same shows that there is 
an o-homeomorphism between this sub-family and the corresponding one of 
p”. We then proceed step by step to extend the o-homeomorphism to the 
other sub-families. At each stage, in order to extend the homeomorphism it 
is necessary to cut open the sub-families to obtain rectangular families (in 
the case of a bent sub-family two such rectangular families are needed; cf. 
the proof of Theorem 13). Then by the same reasoning as in the proof of 
Lemma A of the proof of Theorem 18 the desired extension of the homeo- 
morphism can be made. 

All of this discussion applies equally well to the open or half-open 


annular families ¢. These are defined as double series Ş p, or simple series 
-0O 

5 pı of closed annular families. The familiès we consider will lie in R and 

i 


we shall assume that the ¢; can be and are so numbered that ¢4 is nearer 
than ¢4,, to N for all i, while Pigs is nearer to S than ¢;. Two such families 
will be termed equivalent if there is an o-homeomgrphiem of one on the other 
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preserving the relation of nearness to N on the closed curves. Hach ġ;, can 
be decomposed as above into a succeasion of smooth and bent sub-families. 
The same also holds for each closed annular family + dia f° + + bin 
It may happen that ¢; + pim +t pim is itself a smooth annular family, ` 
but it could never be a bent family for n= 1. It follows that with each 
half-open family may be associated a gequence of four possible forms: 


(hi) "+ + sssbbsbsbbs | 
(h2) bsbbsbbbsbsbsss - 
(h3) ' + + bsbbsbbbsb 
(h4) bsbbsbbbsbsbsbbbsb - 


For forms (h1) and (h&) the range of the index i would be foi — © 
to — 1; for (h2) and (h4) the range would be from 1 to œ. For (h1) and 
(h2) the sequence finally consists wholly of s’s if-one proceeds far enough to 
the left or to the right respectively, while for (h3) and (h4) this fails to 
hold (by definition). 


Lemma. Let ġa be a half-open annular family on the sphere which can 
be decomposed indo successive annular families all of which are smooth: t. 6., 
da corresponds to one of the sequences 


- $8838, SSSss °° * 


2: f 
Then x can be mapped homeomorphically on a curve-family [A —D,], 
where p, is a smooth annular family filling the annular region A which is 
bounded by the two closed curves D, and Da of dy. Furthermore ġa is unique 
up to a homeomorphism. | 


Proof. Map the successive smooth sabotiities of ds komono 
on annular families bounded by the successive circles r == 1, r = 3/2; r= 3/2, 
r == 7/4; r= 7/4, r—=15/8;--.- in the plane. In each case we choose the 
image family to be a spiral family (see I, $1.8). The result is a family 
homeomorphiec to dx, and, furthermore, if we adjoin the circle Da : r= 2, the 
resulting family ¢, is regular and has the desired property. 

If two such families are given, then it follows immediately by use of | 
rectangular representationg and Theorem 20 that they are homeomorphic. 

If we apply the lemma, we see that with each such family a may be 
associated an identification class in a unique way, exactly as with a smooth 
annular family on the sphere. We can thus qxpress ġa by a symbol s (æ, — œ) 
or (a, -+-o), the plus or minus being determined by whether the “ missing 
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curve” precedes (minus sign) or succeeds ae: sign) the other closed curves 
of ġa, where ‘ precedes’ means ‘is nearer to N than’. 
Accordingly, if we insert the (*), (**) and indices a, 8, y,- throughs 


‘out appropriately, the forms (h1) and al reduce to the niet types of 
finite sequences : 


(B1) s(a;— œ)b(*)b(**)s(8)b(**)s(y)b(*)b(*)s(8) 

(h2)  b(*)s(a)b(**)b(®)s(8)b(*)b(*)b(**)s(y)b(*)s(s, + a) 

The sequence is now unique, and will be denoted by bs(da). For cases (h3) 
and (h4) the infinite sequence is unique as it stands, and if the (*), (**), 
and indices are inserted, it becomes the unique symbol bs(dn). 


A simular. discussion holds for the open families. There are four forms, 
illustrated by 


(o1) s(a,— o )b(**)b(*#*)s(B)B(**)s(y, + 20) 
(02) s(a, —œ)b(*)b(**)s(8)b(*)s(y)b(*) - 
(03) + -.b(*)8(a)b(*)b(**)8(8)b(**)3(y, +) - 
(04) + + -B(*)8(a)b(*)b(**)8(8)(*) => > 

If any doubly infinite or ‘ half-infinite’ sequence is given, formed by 
the letters b, s, with each b followed by (*) or (**) and each s followed by 
an index (a), or, in the case of a first s or a last s, by an index («,— œ) ' 


or (a, + œ) respectively, and if the s’s are separated by 6’s, then we term 
the sequence a doubly infinite bs symbol or a half-nfinite bs symbol. 


THEOREM 21a. To every doubly infinite or half-nfinite bs symbol o 
there exists an open or half-open annular family ¢ on the sphere such that 
bs (¢) =g. | 


THEOREM 22a. Let ¢” and $” be two half-open (or open) annular 
families on the sphere. Then ¢ and $” are equivalent tf and only if 
 b8($") == bs(¢"). | 


(By the identity of two infinite sequences is meant the existence of a 
one-to-one correspondence between them which preserves the given order and 
pairs equal elements.) 

The proofs of these theorems are essentially the same as tle proofs of 
Theorems 21 and 22. 


4.3. The situation at N and S. . We now return to the family F filling 
R, about which we have made the assumption that it contains one or more 
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deei curves. Gana as in case (b), the collection B(N) of curves C of F 
"such that L(C) =N. The same proof (with simplifications) as for Theorem 
10 above ensures that B(N) consists of a flower FI(N) = {Cy} (m—_1,2,-°°) ` 
plus families filling: the sets D (Cy). 


Case 1. There is a directed curve C in F, not in B(N), and such that 
` L(C,+)—N. The curve C must then be asymptotic to a closed curve D ` 
of F in the negative direction. Choose 2(D) to include N. Then in 
D (D) — N we have a family in a region homeomorphic to R, and this family 
is necessarily of the type of case (a). But in an s-family about D the 
curves of D(D) must all spiral asymptotically to D. It follows that in 
D+ D(D) —WN we have the pame situation as in case (b), type (N38, Se), 
with D playing the rôle of FI(N) and N the rôle of §. We can choose a 
. Closed cross-section y in D(D) and consider, as in $3.7 and Theorem 16, 
the double chordal system DCS(F([D (y) —N ]). An existence theorem 
analogous to Theorem 16 then holds. 


Case 2. B(N) #0 arid there is no curve C in H— B(N) such that 
L(C, +) =N. Let Cı be a curve of F1(N) and let pq be a cross-section from 
a point p, of C, to a point gin F— B(N). If pg fails to meet a closed curve 
of F, then there is a closed curve of F nearer to N than all other closed curves 
` of F. Otherwise p, is a limit of closed curves of F. In either case the method 
used in the proof of Theorem 18 is applicable, and we conclude that there 
is a closed curve D of F such that, if D(D) ON, then F[D+ D(D) 
_—DFI(N)—N] can be mapped homeomorphically on a curve-family 
_¢[4 —3], where ¢ is a closed annular family in the plane filling the annulus 
A:1rsS 2, and & is a non-void closed set on r== 1. In other words, FI(N) 
acts as one closed curve. | 


Case 3. B(N) =0 and there is no curve O in F such that L(C, 4) =N. 
For every closed curve D choose D (D) to include N. Let E = [[D (D) for all 
D of F. Then Æ is the point N. For if # contains any other point p, then p 
is on a curve C of F which is not closed, hence is asymptotic to a closed curve 
in one direction and to N in the other, contrary to i esas Thus in this 
case the closed curves D close down on N as limit. 

All of this discussion holds similarly for J. 


4.4. Classification in case (c). We can indicate the combinations at 
N and S by the symbols (Nt, 87) (i= 1,2,8; 7 = 1,2,3). The combination 
(Ni, 87) will be regarded as the same as (NJ, St), since a renaming of N and 
S: makes them the same. There are then in all six possible types. 
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Consider the types (Nt, Sj) with i= 1,2, j—-1,2. Suppose: first: that 
F contains at least two closed curves. Ther in all four ‘of these cases: F" can: be . 
mapped. homeomorphically on a family F° consisting of a closed annular ` 
family $°, bounded by two latitudinal circles. Dy® and D°, from which a 
closed: set om either or both bounding circles. may have been removed, plus 
families in D¢Dy°) and DiDa), where D:(Dx°) DN and D(Ds°) D8.: 
- The structures, in D(Dy°) and D (Dy?) correspond te the cases 1 and: 2 at N 
and S. If case 1 holds at N, then we have in Dx? + D(Dy’). the type of 
family. described under case 1 as filling D+ (D). I£ case 2 holds at N, 
the structure in D:(Dy°) is that of FEDFL(N)], as described under case 2, 
while FI( N): is represented by open arcs.on Dy’. The closed annular family ¢° 
bounded by Dy? and Dy? is completely characterized by the discussion above: 
i. e. the symbol bs.(¢°), gives all the information. If we use the facts pre- 
viously obtained for homeomorphism of two families, we conclude that two 
curve families F, and F, of these types can be homeomorphic if and only if 
forms Fi” and F: of each can be chosen such that each consists of an annular 
family p,° (+= T, 2) (with possible deletions on the boundaries) and famaltes 
in D(D%y) and D (Dis), whereby b3(6°,) = bs(¢%), and’ the families 
F” [Dw + D(Dw)] and Fi Dos + D (Ds) } have respectively the same 
structure as F*,[D°sy + D(D%x)] and Fef D'as + D(Ds)]. These last 
structures have already been characterized by Theorems 17 and 18 above. 

If F contains just one closed curve, the same discussion holds except for 
the type (N1, 81). Here the annulus collapses to a single closed curve D and 
we have only to consider a family in Y(D) and a family in D*(D) of type 1. 
The criterion thus holds, with ¢:* replaced by a single closed curve. 

Consider next the types (W3, 87) with 7—1 or 2. Here we can map F 
homeomorphically on a family #”° consisting of a half-open annular family 
bounded by the equator D and lying in D (D), where D(D) >N, plus a 
family in D*(D) of the types 1 and 2. A similar criterion can then be set 
up for homeomorphism. 

Finally consider the type (N3, 83). Here Fis an open annular family 
to which Theorems 21a and 22a apply. . 

It is to be remarked that it is only in these last two cases that an infinite 
number of bent annular sub-familieg can appear in F. 


PART B. Isolated Singularities of a Family on a Surface. 


1. Reduction to a family of R. Let © be a surface, which may be- 
open or closed. Let y be an open sub-region on ®, and let F be a regular 
curve-family filling y. Let p be an isolated point of 6—y, and let U(p) 


3 


34 . WILFRED KAPLAN. 


be an open subset of 4 4 p containing p. The aor Tae ia to determine all 
the possible structures which F may have in U(p) —p. 

This can be solved if we assume only that U(p) is simply-connected. 
There certainly exisb such U(p) and they can be chosen arbitrarily small. 
Since the size of U(p) will be of no import for the procedure below, the 
most information will be obtained if U(p) is chosen to be ‘as large as possible,’ 
while remaining simply-connected. For example, if F fills the surface of a 
torus with the exception of one point p, we choose two generating circles not 
meeting p and choose U(p) as the complementary region of the two circles. 

Since U(p) is simply-connected, U(p) can be mapped homeomorphically 
on K— g so that p has N as image. The part of F in U(p) —p thus 
_ becomes a regular curve-family F” filling R. ‘Hence the problem of the struc- 
ture of F in U(p) —p is completely solved by our results above for the 
family filling E. 


R. Local considerations. It may be asked what is the structure of F 
in an arbitrarily small set U (p). .Thia means of course sacrificing a good 
_ part of the information which could be obtained by taking U(p) large. But 
the question ig worth considering, especially since in the study of differential 
equations it is imporant to know the possible structures of the. solutions in an 
arbitrarily small neighborhood of a singular point. (See Fischer [2], Forster 
[3], Frommer [4], Lobn [10], v. Mises [11], and Petrovitch [12]). 

We can first take U (p) simply-connected and map on the sphere as above. 
The question then becomes one of determiining the structure of the family 
F” in the neighborhood of N. Suppose that F” contains a curve C such that 
L(C, +) =N. Then for a sufficiently small neighborhood V of N, © will 
. meet the boundary of V. It follows that in V, F” has the structure of case (a). 
If F contains no such curve C, then in V only case (c) can hold, and in fact 
N must be the limit of closed curves of W in V. V can be chosen as the 
interior D(C) of such a closed curve C, and it follows that in V — N, F is 
a half-open annular family. 

THEOREM 23. The only possible structures of a regular curve-famtly on 
a surface in the (arbitrarily small) neighborhood of an isolated singularity p 
are those of case (a) or those of a half-open annular family with p as limit. ~ 

= Tt can further be shown that. every regular curve-family filling R is ` 


homeomorphic to a differentiable family (see Kaplan [7]). Hence the above 
-~ structures at p are precisely those which arise from differential equations. 
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A CONTRIBUTION TO THE FOUR COLOR PROBLEM.* 


By CHAIM CHOJNACKI. 


(1,1) In the study of the four color problem we assume a map divided 
by a connected trihedral network into a finite number of polygons. 

A map A is reducible if it is possible to form a map B containing a smaller 
number of polygons than A so, that from the assumption that the map B. is 
colorable it follows that the map A is colorable too. In such cases we shall 
say that the map A is reduced to the map B. 

If there are maps which are not colorable, there exists among them a map 
M which contains the least number of polygons. Such a map is called mtnumal. 
This definition implies that a minimal map is not reducible. 


(1,2) A sequence of polygons Pt, P*,: - -,P" will be called a chain if 
every polygon P? touches PH? (t == 1,2, -n — 1). 

A closed chain (P” touches P+) which divides the map into at least two 
distinct parts will be called a ring. 


- A well-known theorem of Birkhoff ? states: 
(1,2,1) “A minimal map cannot contain a ring composed of less than 
five polygons, or a ring of five polygons enclosing more than one polygon.” 


Franklin * proved the following theorem: 
(1,2,2) “A minimal map does not contain a polygon of n sides touching 
n — 1 or n pentagons.” 


(1,3) It will be proved in this paper for polygons having n (6 =n = 9) 
sides, that such a polygon in a minimal map cannot touch more than n — 4 
successive pentagons. 


This result will enable us to sharpen Reynolde * theorem stating that a 


* Received March 3, 1939. 

1For a general account of the subject see M. A. Sainte-Lagué, “ Géometrie de 
situation et jeux,” Mémorial des Soiences Mathematiques XLI, and the thesis of 
Alfred Errera, Du coloriage des cartes et de quelques questions d’analysia situs, — 
Bruxelles 1921. 

3 George D. Birkhoff, “The reducibility of maps,” American Journal of Mathe- 
matics, vol. 85 (1913), pp. 115-128. 

? Philip Franklin, “The four color problem,” American Journal of Mathematios, 
vol. 44 (1922), pp. 225-236. 

tO. N. Reynolds, Jr., “On the problem of coloring maps in four colors II,” Annals 
of Mathematics, vol. 28 (1927), p. 492. 
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minimal map must include either a hexagon, or a heptagon, or an octagon. 
We shall prove that a minimal map must contain a hexagon or a heptagon. 
We shall even prove that in a minimal map 


APES te Bee (Oat) Uris ess 


where p; denotes the number of t-gons in the map. A 
(2) THEOREM: In a minimal map there is no polygon containing n 
(6S n= 9) stdes touching n — 3 successive pentagons. 
Proof: Let us denote pentagons by 5, hexagons by 6, arbitrary polygons 
(which may be pentagons or hexagons) by an asterisk *. We have to consider 
the following four configurations 


(2,1) 555*** (a hexagon surrounded by three pentagons and any 
three polygons in this order) 

(2,2)  BBBB*** 

(2,3)  55555*** 

(2,4) 555555***, 


(2,1) 555***S 





In this case the hexagon u is surrounded by three pentagons k, l, m, and 
three arbitrary polygons a, b, g. Let us consider the configuration K which 
contains also the polygons c, d, e, f touching the former, as in the figure. We 
denotekK+l+m+ubysandatb+c+td+t+etft+g byt. 

(2, 1,1) Assume that the minimal map A contains K. According to the 
theorem of Birkhoff (1, 2,1) the ploygons of t are all different, and they have 
no common sides except those which are marked on the figure. 

The map A will be reduced by cancelling the dotted boundaries. So the 
polygons b, k, d will coalesce to one polygon, and the polygons:e, l, m, u, g to 
another and so we shall get a map B which contains 6 polygons less than the 
map A. According to our assumption the map B is colorable. 


z Loc. cit. +, 
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Let the color of the polygon a be denoted by 1, the color of the polygon 
b-+-k-+d by 2, pa E In short we shall 
“write 


a= 1, b=d=?, e= g = 3 
The polygons c, f may have the following colors : 


(1) 
(2) 
(3) 
(4) 
(5) 
(6) 
(7) 
(8) 
(9) 
Let us return to the map A and leave to all Er outside s the same 
colors as in B. This is allowed according to (2,1,1). Presently we shall see 
that some cases among (1)-(9) are identical with or symmetrical to one 
another by change of the colors, viz. case (4) is symmetrical to the case (2), 
(7) to (8), and (8) to (6). 
There remain finally the following cases: 


He oe PR OD OD OO pi pub ped C3 
we 2 RE Rw KH PR DW Rt MH 


c f 
(1) 1 1 
(2) 1 2 
(3) 1 4 
(5) 8 2 
(6) 3 4 
(9) 4 4 


In some of these cases it is possible Ao color the polygons of s directly a 88 
shown below, in other cases we shall use a special procedure which we shall 
perform in every case in a corresponding table L as marked below (the tables 
L are denoted by Roman figures). 


(2, 1, 2) c f klim u L. 
| 11 312 å 
1 2 TI 
i 4 312 4 
3 2 III 
8 4 I 
44 812 4 
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We begin with the composition of table I. - 
The following coloration of ¢ is given ’ 


abe defg 
123 234 8. 


a the union ¢ of all the chains of poeons colored 1 and 3 in A-s 
ontaining the polygon c. We write 


abe defg 
128 2343 


In this case three possibilities can be distinguished : 


18 

ce: the polygon e is included in c; 
l 18 
ca: the polygon a (and g) are included in c; 
i 13 
c/(“e only”) no polygon of t except c is included in c. 


24 
In the case ce d contains no polygon of ¢ except d; so that the interchange of 


24 
the colors 2 and 4 in d will.not cause any change in.the coloring of ¢ besides - 
the change of the color of d. So we get the coloration of the Ee of ¢ 
enabling us to assign the following coloration of s: 
abe defg kim 
ce 123 43438 tal 


a S 


In the case ca we shall get similarly 


abc defg kim u 
ca 143 2343 141 2 


18 - 
In the case c/ the interchange of the colors 1 and 3 in c will not cause any 
change in the coloration of ¢ besides the change of the color of c. We obtain 


abe defg kim u 
ef 1212348 B12 4° 


It follows that in case c m3, f — 4 the map A is colorable. The-above con- 
siderations may be presented in the following abridged form: 
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I „abec defg kim u 
1283 2343 


1s . 


c6 123 48343 121 
ca 143 234 8 141 2 
c/ 121 2343 812 


The tables II and III will be formed similarly 


II abe defg kim u 
1212323 
14 


ca, 1381 2323 414 2 
cf 124 2323 symmetrical to [ 


and thus colorable as shown before. 


MI. abc defg kim u 
123 2323 


fd 1282423 181 4 | 
fa/ (this sign denotes that the polygon a is included in f but no 
other polygon of ¢ besides f is included in f. In this case J does not contain any, 
polygon of ¢ except g, and f includes only the polygons f, a (and b) of ¢, so 


that the interchange of the colors 3 and 4 in 7 and the colors 1 and 2 in f will 

not cause any changes in the coloring of ¢ besides the change of the colors 
of g, f, a, and b) 

213 2414 412 3 

i 123 24.18 132 4 


The explanations given in (2,1) will not be repeated henceforth in analogous 
places. Henceforth only the following notes are given: 

To every configuration K a figure will be added with dotted sides the can- 
celling of which reduces the given map. 

To the figure will be added a list of the colorations of K-s which corre- 
spond to this reduction, like the table (2, 1,2). Here s denotes the sum of all 
those polygons of K which touch polygons of K only. In this table only one 
case from every group of cases identical (by a permutation) or symmetrical 
will be included. | 

To every table of this kind will be attached the tables E belonging to those 
colorations of K-s which do not immediately permit the coloration of s. The 
tables L will be given in the form of the tables I, II and ITI as before. 

It should be further noted with regard to the configurations K, that all 
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polygons of K are different, and have no common sides besides those denoted 
on the corresponding figure, as is easily shown (for any K to appear) by 
Birkhoff’s theorem, cf. (2, 1, 1). 


(2,2) 5555*** 





b — d = ?, a = |1, e = 3, f = h, 


f=khce g kiman u L 

2 1 1 I 
2 1 3 4141 8 
2 1 4 4141 8 
2 3 8 4141 8 
2 3 4 4141 8 

2 4 4 II 

4 1 1 IT 
412 4121 3 
4 1 8 412 1 38 
4 3 2 4121 38 
4 3 3 412 1 3 
4 4 2 1421 3 
I abe de fgh kimn u 

121 23 212 
fh 121 23 232 4141 8 
fb/ 121 438.212 82183 4 
fd/ 12148 412 8218 4 
fdb 123 28 212 1414 8 
ff 21 23 422 Bes 4 
II abe de fgh klimn u 
124 23 242 

fd 124 24 242 13813 4 
fh 124 23 232 1414 38 
f/ 124 23 142 3123 4 
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klmn u 


de fgh 
121 23 414 
123 23 414 
821 23 414 
141 28 214 
14128 414 


abe 


III 


1412 3 


842 3 1 


bh 
bf/ 
b/ 


(2,3) 55555*** 


3143 2 


8413 2 





a= c = 1, d = f =— ?, g = i = 3. 


H Ra 


m H H 
rA rA ro 


CD eH H 
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cr eH H 


813 12 4 


G2 G2 


xH xH 
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rot y- 
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abc 
2831 


431 


431 
31 
310 


8 1 
3 1 
381 
2 1 


34 
2l 
24 
21 
81 
31 
Sa 
31 


81 
13 
381 


2-1 
34 


34 


3 4 
3 4 
3 I 


3 1 
41 


21 
41 
43 
ae 
oe 
31 
3 1 
31 
41 
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def 
313 
3138 


3 13 
3812 
813 


323 
313 
814 
3813 


313 
343 
3138 
213 
$13 


3843 
3813 
3812 


812 
132 
12 


3 
312 
312 
312 
312 
312 
312 
312 


12 
132 


3 

3 
312 
314 
132 
312 
3 


12 
342 


342 


212 
412 
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abe 


42 
42 
41 


241 
41 
43 
41 


4] 
42 
41 


41 
41 
41 
41 


4] 
4] 
41 
4 1 


be 
32 


3 2 
42 


2 4 
42 
42 
3 2 


23 
3.2 


3 1 
382 
42 
32 


42 
3 2 
B2 


3 2 
32 
2 3 
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def 


412 
412 
312 


312 
814 
132 
421 


421 
421 
421 


421 
421 
421 
421 


421 
423 
42] 
421 


def 
132 


132 
132 


132 
132 
13 2 
132 


132 
132 


232 
132 
132 
432 
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432 
432 
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II abe def ghi klm no u 
24 
bd 821 432 134 824 82 1 
bf 321 412 134 824 32 1 
bi 123 432 134 121 42 3 
b/ 343 432 184 
14 
db $42 482 134 324 32 1 
dt 242 482 134 824 32 1 
d/ 843 132 134 
12 
da $23 1382 134 424 32 1 
dg 848 184 134 242 32 1 
d/ 841 312 134 248 42 1 
dg 843 423 134 
23 
h/ 8438 4238 124 131 43 2 


n 


he/ 842 423 2 4 131 4383 2 


ha 343423 131 

34 

ha 343 423 132 234 24 1 

hf 343 423 281 134 14 2 

h/ 843 423 141 131 43 2 

hf - 843 423 434 

24 

gi 343 423 414 234 23 1 

ge 843 421 434 234 32 1 

gb 341 421 434 234 32 1 

g/ 343 423 284.181 41 2 
ITI abc def ght klm no wu 

121 212 813 

23 

df 121 242 813 813 12 4 

d4 424 212 313 843 42 1 

db) 184 812 813 123 12 4 

d/ 121 812 8313 

a3 

bd 124 812 8182 123 12 4 

bf 124 342 813 123 12 4 

bt 421 812 3818 423 4 1 

b / 131 312 818 

2% ; 

df 131 342 313 413 14 2 

db 134 312 313 143 14 2 

di 434 312 8313 143 14 2 

d/ 131 212 313 434 14 2 
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def 
x12 


212 
213 


213 
243 
313 
212 


212 
x14 
414 
212 


def 
212 
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def 
121 


123 


123 
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128 
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141] 
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323 
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def 


232 
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231 


242 


def 
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23 2 


242 
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132 


def. 
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x abe def 


ghi klm no u 
18 
. eg 134 232 343 141 41 2 
eb 132 434 3438 121 21 4 
ef 1384'214 343 182 12 4 
ch 121 234 342 
23 
ge 121 231 342 412 41 8 
go 121 234 312 412 14 8 
gb 421284 312 412 14 8 
gf 121 284 242 381213 4 
XI abe def ghi klm no u 
121 212 343 r 
28 
b/ 131 212 348 identical with V 
bi 421 212 343 843 42 1 
bg 421 212 31838 843 42 1 
bd 124 212 343 
14 : 
ec 124 312 343 128 12 4 
ea 184 312°348 1238 12 4 
eh/ 124 242 313 313 12 4 
of 124 242 343 8138 12 4 


(2,4) 555555*** 





b ==d == 2, 6 = g = 3, a = 1, h = j. 


h=mgo f 4 klm nopu L 
2 1 i 1 414 214 3 
2 1 1 8 414 214 8 
2 1 1 4 414 241 8 
2 12 ii Lil 
2 1 2 8 414 141 8 
2 124 414141 8 
2 i 4 9 y 
2 1 4 8 412 141 8 
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klim nop u V 
412 141 8 
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414 241 3 
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414 141 8 
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414 121 3 


2 


1 


414 121 8 


412 121 8 
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412 421 3 


412 421 8 
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2 


i 
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2 


414 121 38 


412 121 8 


2 


4 
4 4 12 


142 421 8 


141 421 8 


2 2 
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abc defg hi3} 
121 2143 232 


28 


141 8 
412 414 3 


124 2143 232 142 


121 2413 232 


db 


dg 


121 8143 232 


d/ 


18 


424 141 38. 
424 121 38 
242 141 3 


121 8123 2382 
121 8123 4382 
141 38143 232 
123 1843 232 


eg 
et 
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e/ 


241 3 


42 1 
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abe defg hij 
121 2821 232 
121 8231 2382 


23 


414 241 3 


e/ 
ehk 


121 2324 232 


db/ 


abe 


2 1 
2 1 
21 
3 4 


3 4 
3 4 
1 4 
34 
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21 
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VI abc defg hij klm nop u 


df 124 2423 142 3813 123 4 
dj 421 2123 142 343 423 1 
db/ 184 8123 142 128 123 4 
d/ 12:4 3123 142 = 723 123 4 

u 


| VII abc defg hij . kim nop 
124 2813 242 


14 : i 
fa 124 2312 343 812 812 4 
fic) 121 2343 212 identical with V 

fi/ 124 2343 212 141 2143 


fe/ 121 23423 242 412 141 8 
f/ 124 2343 242 142 141 3 


(3) THEOREM: In a minimal map the inequality | ‘ 
8Ps -+ Pr = Po +2 (i— 9) p; + 24 
> 
holds. 


(8,1) Proof: Let d denote the number of sides common to pentagons and 
polygons having more than five sides. | 

(3,1,1) By Birkhoff* there is not in a minimal map a pentagon adie 
three succeeding pentagons. 


This implies that in a minimal map every pentagon touches at least two poly- 
gons having more than five sides; hence 
(3, 1, 2) i d = 2Ps. 

(3,2) By Franklin’s theorem (1,2,2) in a minimal map no polygon 
having more than five sides touches pentagons only. ` 

By a row we shall denote a configuration consisting of the polygon P— 
the centre of the row—and of the chain of polygons Pt, P?,- - <, PF (k > 3) 
touching P where Pt and P* are not pentagons but Pt (1 < i< k) are. 

P? and P*", the ends of the row, touch at least 
three polygons of more than five sides since Rt! and R? 
(see fig.) by (8,1,1) cannot be both pentagons. 
Every row has two ends, but a given pentagon can 
be an end in at most two rows. This is easy to be 
seen from the fig., in which P? can be the end (besides 
of the row with centre P) at most of one of the rows, with centres P+, K' and R°. 





(3,2,1) Hence the number of tows cannot exceed the number of penta- 
gons touching three or more polygons of more than five sides. 


e Loc. oit. 2. 
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(3,3) Let us denote by 9; the number of i-gons Q; central in one row, 
by §; the number of polygons @, central in at least two rows and by q; the 


= number of polygons Q, which are not central in any row. Evidently for every 


i > 5 we have 


| (3, 3, 1) qi + ĝi + 4 = pi. 


From (8,1,2) and (3,2, 1) it follows that 
d= p +EH E4 
4>6 4%>6 
and by the well-known formula’ 
Ps = È (3—6) ps + 12, 
i>8 ! 
we obtain 
d= 2[ S(t— 6) pr + 12] 4+ TH+ 2DG- 
i>é i> i> 
By (3,3, 1) this becomes 
(3,8,2) d= 2q, + 4qa + 6g + ĝe + 397 + 5Gs + Yge + 2ğe + 4år + 6ĝs 
+ 8h + El (2 —12)q + (i — 11) + (2i — 10) Hi] + 24. 
> 
(8,4) On the other hand every Q; (t > 7) touches according to its 
definition at most i — 4 pentagons and every Qs and Q, touches at most 3 
pentagons. According to (1, 2,2) in every minimal map every @; (4> 9) 
and Q; (i= 6) touches at most 1—2 pentagons and every Q, (6 S1 9) 


touches by theorem (2) at most +—- 3 pentagons. We thus obtain 


d= 8ga + 8gr + B(i—4) 46 + E — 2) (Ge + qs) 
TS bt — 8) a + (¢—2) qs). 


(3,5) According to (3, 3,2) we have l 
8q + 3gr + 4gs + 5go + 3e + 4Gz + 59s + ĝo + 440 + öğr + 6ĝe + 7% 
HIIG Ag+ (§—2) G+ G2) Gi] = Par + Mae 


+ 6 go + Go + 8qr + Öğe + Mo + åa + 4r + Ode + Bio 
+ DLR — 12) gu + (Ri — 11) Ge + (MH — 10) Gu] + 24, 
>99 


or 
3qe + qr + ğe + Gr + 2Ge + r Zgo + ĝo + Yo i 
Do LS ee + (i— 9) Gi + (4-8) Ge] + 24. 
_ By (8, 3,1) we finally obtain 
8pe + Pr = Po T Apec 24. 
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POLYNOMIALS WHOSE; ROOTS LIE IN A SECTOR.*! 


By Lours WISNER. 


1. Introduction. From two polynomials 


A(z) = dy tage eb ang", | l 
B(z) = bo + biz -+ ne + bmz", bm = 0, 


i 


we form the composition-polynomials 


f (2) = dobo + b12 + Gabaz? +- - - + agbe2*, 
g (2) = Gobo + 1!ab12. + 2! aab? -> +--+ s lasbazt, 


where s = min (m,n). The precise. degree of A(z ) may be < n, in which 


of the zero or infinite roots of A (zy, or tie zero roots of B(z), we write 


(1) A(z) =a +--+ + aga, apaq #0; OS pSqSn, 
(2) B(2) = deat +> tba”, brbm 40; 0OSrSm. 


e. asa 


We shall assume that f(z) and g(z) do not vanish identically. 

Malo has proved that if the roots of A(z) are real, while those of B(z) 
are real and of like sign, then the roots of f(z) are real;* and Schur has. 
proved that, under the same circumstances, the roots of g{z) are real. 

I propose to generalize the theorems of Malo and Schur to the case im — 
which the roots of A(z) are real, while those of B(z) lie in a sector with. 
vertex at the origin and aperture <7. The term sector is employed in this: 
restricted sense throughout this paper. If S is a sector, — 8 denotes the 
sector consisting of the negatives of the numbers which belong to 8, and + 8 
denotes the double sector consisting of S and — 5S. 

We shall prove that if the roots-of A(z) are real and those of B(z) lie 
in a sector S, then the roots of f(z) -and g(z) lie in the double sector + 8. 
When 8 consists of the positive or negative real axis, these resulta reduce to 
the theorems of Malo and Schur. Malo and Schur proved their respective 


* Received March 13, 1941; Revised May 6, 1941. 

1 Presented to the American Mathematical Society, May 2, 1941. 

° E. Malo, “ Note sur les équations algébriques dont toutes les racines sont réeles,” 
Journal de Mathématiques spéciales (4), vol. 4 (1895), p. 7; Pólya and Szegi, 
Aufgaben und Lehrsdize aus der Analysis Il, p. 66, problem 155. 

3 J, Schur, “ Zwei Sätze über algebraische Gleichungen mit lauter reelen Wurzeln,” 
Journal für Mathematik, vol. 144 (1914), 75-88; Pólya and Szegd, loo. ctt., problem 156. 
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theorems by setting up suitable Sturm sequences. As Sturm’s Theorem is 
inapplicable to the imaginary roots of a polynomial, it was necessary to resort 
to other methods to generalize their results. Appropriate tools were found in 
the Gauss-Lucas Theorem and in a theorem of Laguerre. The proofs of- the 
generalized theorems are simpler than the original proofs of Malo and Schur ` 
although the same formulas are employed up to a certain point. 

Professor G. Pólya, who read the manuscript of this paper, TET aut 
to me the possibility of establishing a much :sharper composition-theorem than 
the two mentioned, from which these thebvems may be-derived. At his sug- 
gestion I have retained my own proofs and have ‘added a section including his 
‘contribution. 


2. Generalization of Malo’s Theorem. 


LeMMaA 1.4 Let F(z) = c+ ez +: -+ c0 be a polynomial — 
whose roots le in a half-plane whose boundary passes through the origin, and 
suppose that not ail the roots of F(z) lie on the boundary of the half-plane. 
If cy is the first and cy the ak non-vanishing coefficient of F(z), then cr 3&0, 
uskSv 

If w= v, F(z) = c2”, all of whose roots Le on the boundary L* of the 
half-plane in question; hence u <v. By the Gauss-Lucas Theorem, a finite 
root of Fœ (z) which lies on L must be a (k + 1)-fold root of F(z). Since 
0 is a u-fold root of F(z), | 


FY (0) 40, Skv 
In nhat follows we use the notation and terminology of § 1. 


= THEOREM 1. Ifthe roots of A(z) are real, and the roots of B(z) lie in 
a sector 8, and if f(z) 3&0, then the roots of f(z) lie in the double sector 
+ §.8 

Since f(z) £0, (2r and m= p. If qg =r or m =p, Ha) consists of 
just one non-vanishing term, and the theorem is trivial. Now let q>œ>r and 
m > p. Suppose that f(z) has a root ¢ outside + S. Since the roots of A(z) 
are real, the roots of the polynomial 


zA (fz) =a lmnt” -+ Anat z -+ oe ~f- afer ~b oZ” 
lie on the line through 0 and Z. One of the half-planes of which this line is $ 


the boundary includes the sector S. Therefore all the roots of the polynomial 
F(z) = 2A (r>) B (z) 


“A different proof is given by E. Laguerre, Oeuvres, vol. 1, pp. 135-138. 
ë An infinite root lies on every Jine, in every half-plane, and in every sector. 
‘The theorem is trivial when 8 is a half-plane. 
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= mbot” +> H (dobo + abit = leas Jabel") 2” tt i dobinzt™ 


hie in this half-plane, and not all the roots lie on, its boundary. Since the 
coefficient of z” in F(z) is f(¢) = 0, two possibilities arise according to the 
Jemma: either all preceding coefficients vanish, or all succeeding coefficients 
vanish. Neither of these alternatives is realized since the coefficient of 2*-#" 
18 dgb% 54 0, and the coefficient of z*?*” is apbmf"? 540. We conclude that 
¢ lies in + S. T | 


COROLLARY.” If the roots of A(z) are real and negative, a sector which . 


includes the roots of B(z) includes the roots of f(z).° 


The roots of z2*4({z1) now lie on the ray from the origin which passes 
through — ¢. If £, a root of f(z), lies in —S, the ray in question is included 
in S. Therefore the roots of the polynomial F(z) lie in 8. Since the coeff- 
cient of z* in F(z) vanishes, a contradiction arises as in the proof of 
Theorem 1. Therefore ¿ lies in S. 


8. Generalization of Schur’s Theorem. From the polynomials A(z) 
and B(z) we form the polynomial 


(3) (2) — MB (2) + dn-sB’(2) + + + apB (2) £0. 


It is known that a half-plane whose boundary passes through the origin, and 
which includes the roots of A(z) and B(z), includes the roots of @(z).° We 
proceed to investigate the circumstances. under which (z) has a.root on the 
boundary of the half-plane. 

With the notation (1) for A(z), set C(z) = B® (z), so that 


T A direct proof of the corollary may be given by means of a theorem of I. Schur 
cited by G. Szegd, “ Bemerkungen zu einem Satz von J. H. Grace über die Wurzeln 
Algebraischer Gleichungen,” Mathematisohe Zeitschrift, vol. 13 (1922), p. 37. See also 
Pólya and Szegd, loc. ott., p. 65, problem 153. 

8 A special case is established by A..Cohn, “Über die Anzahl der Wurzeln einer 
algebraischer Gleichung in einem Kreise,” Mathematische. Zeitschrift, vol. 14 (1922), 

. 148. 

: 0 See Eduard Benz, “ Über lineare, verschiebungstreue Funktionaloperationen und 
die Nullstellen ganzer Funktionen,” Commentarii Mathematici Helvettot, vol. T (1935), 
p. 248. General theorems concerning the roots of (g) where circular regions are em- 
l ‘phasized are given by T. Takagi, “ Note on the algebraic equations,” Proceedings of the 
Physico-Alathematical Society of Japan, vol. 3 (1921), 175-179; J. L. Walsh, “ On the 
location of the roots of certain types of polynomials,” Transactions of the American 
Mathematical Society, vol. 24 (1922), p. 173; J. L. Walsh, “On the location of the 
roots of polynomials,” Bulletin of the American Mathematical Society, vol. 39 (1924), 
p. 61; L. Berwald, “ Über die Lage der Nullstellen von Linearkombinationen eines Poly- 
noms und seiner Ableitungen in Bezug auf einen Punkt,” Tôhoku Mathematical Journal, 
vol. 37 (1933), p. 67. 
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p(z) = aC (2) + ag (2) +--+ 4,0'@?) (a). 


The precise degree of $(2) is £= m—n -+ q which we take = 1. Let a be 
a finite root of A(z) and č a root of the polynomial 
y(z) = C(z) — a (z). 

The centroid of C (z) relative to ¢ is 

€— tO (E/O (E) — t — ta. 
If é lies on the boundary L of the half-plane K in question, but « does not, 
then ¢ — ta is outside K; 10 Ca all the roots of C c are a and 
lie on I. Writing 
G(s) e(2—y)* c 0, 


we have 
¥(z) = e(z — y)" (z — y — ta). 


Therefore {<= y or {= y -+ ta. In the first case ¢ is a multiple root of C(z); 
in the second case g lies on L since ¢ and y lie on L. 

Thus if ¢ is on L and is not a multiple root of C(z), a is also on L; 
hence ¢—ta is on L. If «= 0, y(z) =C (z), and £ is a simple root of O (2). 
If a= 0, £ and {— ta are distinct, and every circle (in particular the line L) 
through ¢ and ¢— ta separates the roots of O (z). Since all the roots of O (z2) 
lie in K, they must lie on L. Conversely, if « and all the roots of C (z) lie on 
L, so do the roots of w(z). We conclude that a finite root £ of y (z) lies on L 
if and only if £ is a multiple root of C(z), or if a = 0 and ¢ is a simple root 
of C(z) which lies on L, or if @ and all the roots of O (z) lie on L. 

Now if a;,- > -, a, are the finite roots of ‘A (z), then 


6(2) =a (1a, 2). (sat) C. 


Therefore by repeated applications of the preceding result we have the 
following 


l Lemara 2. Let K bea half-plane whose boundary L passes through the 

origin and which includes all the roots of the polynomials A(z) and B(z). 
A finite root of the polynomial ¢(z) defined by (3) les on L if and only if 
it is a root of C (z) = BY (z) and the roots of A(z) are 0 or 0; or if itis . 
a root of C(z) of mulliplicitty = n—p-+1; or if all the roots of A(z) and 
B(z) lee on L, tn which case all the roots al ZOR lte on D4? 


10 E. Laguerre, Oeuvres, vol. 1, pp. 57, 134. 

11 Pólya and Szegé, loc. cit., p. 67, problem 107. 

18 The last case includes a well-known theorem of Hermite, according to which the 
roots of ¢{#) are real if those of A(z) and B(z) are real. 


POLYNOMIALS WHOSE ROOTS LIE IN A SECTOR. do . 


THEOREM 2. If the roots of A(z) are real, and the roots of B(z) lie in 
a sector S, and if g(z) 5&0, then the roots of g(z) lie in the double sector + 8. 


Suppose g(z) has a root ¢ outside + 8. As in the proof of Theorem 1, 
the roots of 2*A(gz*+) and B(z) lie in a half-plane. K whose boundary L 
passes through the origin. Moreover, the finite roots of B(z) lie on L if and 
only if they are all equal to 0. Now K also includes the roots of the polynomial 


p(z) = dB (2) + agB (2) +° ` + + anh B™ (2), 


and 
(0) = dobo + 1!a,b:é +: ° - -+ 8! abat? = 9 (f) = 0. 
Since (z) has a root 0 on L, we may apply Lemma 2 observing that, since 
| DA (Lat) = atira f+ + + ato, 


p and q are to be replaced by n— q and n— p respectively. The following 
cases arise: 


(1). 0 is a root of B® (z), and the roots of 2"A({z*) are 0 or œ; 
hence p =q and A(z) =a )z?. Therefore 


g(%) = pl dpb”, 
- and the supposition that ¢ is outside + 9 is false. 
(2). Oisa root of B® (z) of multiplicity =q-+1. Here g(z) ==0. 
(3). All the roots of B(z) equal 0 or œ. .Here-g(z) consists of only 
one non-vanishing term, and the supposition that £ is outside + S is false. 


We conclude that f lies in +8. 


COROLLARY.!? If the roots of A(z) are real and negatwe, a sector which 
includes the roots of B(z) includes the roots of g(z). 


The proof is similar to that of the corollary to Theorem 1. 
4, Extension of Theorems 1 and 2.1 We now write 
A(z) = o + (*) a2 -+ (3) age? e + + + age, 
0 ee (7) be + (3) bat? EREEREER ast, 
and from them form the composition-polynomial 


h(2) = aobo + (*) a,b,z + C) ag 22? te ++ t+ anban”. 


13 See footnote 7. | 
14 As noted in § 1, the results of this section are due to.G, Pólya. 
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THEOREM 3. If the.roots of A(z) are real, and the roots of B(z) le in 
a sector 8, and if h(z) £0, then the roots of h(z) lie in the double sector + 8. 


Suppose A(z) has a root ¢ not in + S. As in the proof of Theorem 1, 
the roots of 2*4 (— z) and B(z) lie in a half-plane K whose boundary L 
passes through the origin. The theorem being trivial’ when B(z) consists of 
* just one non-vanishing term, we shall suppose that at least one root of B(z) 
is interior to K. Now the equation (¢) 0 asserts that the polynomials 
aA (čz) and B(z) are apolar. Therefore, by Grace’s Apolarity Theorem,’ 
at least one root of z¥d(— €z*) is outside K. Since the roots of this poly- 
nomial lie on L, the supposition that ¢ is outside + S is false, 

Theorems 1 and 2 may be derived from Theorem 3 by means of the 
folowing theorem due to Laguerre:1° If all the roots of the polynomial 


Co + 01% + ta + - +L enz” 
are real, the same ts true of the roots of the polynomial 


C12 


Co Coz? l 
ml! I)i (w—ayi E E om 


Since the roots of A(z) are real, so are the roots of the polynomial 


(Joe (Se 
do 1 i 2j’? | 
| =D G7 re 

Applying Theorem 3 to this polynomial and B(z), Theorem 2 results. By 
applying the cited theorem of LARUE twice it follows that the roots of the 


polynomial 


ny n P 
os (* jaz (3) Aaz” 
pT iat oo ee aa 


are real. Applying Theorem 3 to this polynomial and B(z), Theorem 1 results. 
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16 J. H. Grace, “ The zeros of a polynomial,” Proceedings of the Cambridge Philo- 
sophieal Soctety, vol. 11 (1902), 352-357; Pólya and Szegdé, loc. ctt., p.,64, problem 145. 
The name Grace’s Apolarity Theorem was first proposed by E. B. Van Vleck, “ On the 
location of roots of polynomials and entire functions,’ Bulletin of the American 
Mathematical Socotety, vol. 35 (1929), p. 650. 

16 E. Laguerre, Oeuvres I, p. 31; Pólya and Szegi, loc. oit., p. 47, problem 85. 


SOLUTION OF A PROBLEM OF AYRES.* 


By Lovar F. OLLMANN 


In a paper in 1982, W. L. Ayres! suggests the question: If K is any ° 
finite subset of a Peano space M which is a subset of the Euclidean plane, ` 
and if no two points of K may be separated ? by the omission of any two points 
of M, then does there exist a simple closed curve J such that M OJ OK? 
Ayres answers the question in the affirmative in the same paper for K —3 
` points, and in later unpublished work he discovered an example which answers 
the question in the negative for K = 11 points. 

In this paper we prove that the answer to Ayres’ question is in the 
affirmative for K <5 points and give examples to show that it is in the 
negative for K > 5 points. We also show that the same results are obtained 
provided the condition “no two points of K may be separated” is changed 
to read “no two points of M may be separated.” Examples are constructed. 
to show that in certain Peano spaces a finite set K can not be joined by m 
(where m is any given integer) mutually exclusive simple closed curves. 

The writer wishes to express his thanks to Professor W. L. Ayres for his 
helpful criticisms and generous assistance in the preparation of this paper. 


Historical note. The theorem, that if two points of a planar Peano space 
are not separated by the omission of any single point, then they can be joined 
- by a simple closed curve, was proved by G. T. Whyburn® and W. L. Ayres.‘ 
K. Menger ° proved the theorem for regular curves while Ayres € extended the 


* Received January 27, 1941. Presented to the American Mathematical Society, 
April 15, 1939. This paper is a portion of a dissertation submitted in partial fulfiliment 
of the requirements for the degree of Doctor of Philosophy in the University of Michigan. 

1“ Qn joining finite subsets of a Peano space by ares and simple closed curves,’ 
Fundamenta Mathematicae, vol. 19 (1832), pp. 79-91. 

> A point set H of a cdnnected set Af is said to separate the points.» and y in Af 
if If —H is the sum of two mutually separated sets containing œ and y respectively. 

a“ Some properties of continuous curves,” Bulletin of the American Mathematical 
Sootety, vol. 33 (1927), pp. 305-308. 

t This result was announced in an abstract “On the separation of points of a 
continuous curve by arcs and simple closed curves,” Bulletin of the American Mathe- 
matical Sootety, vol. 33 (1927), p. 266. - - a 

s“ Zur allegemeinen Kurventheorie,” Fundamenta Mathemattoae, vol. 10 (1927), 
pp. 96-115. 

*“ Concerning continuous curves in metric space,” American Journal of Matke- 
matios, vol. 51 (1929), pp. 577-594. 
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result to general Peano spaces. Conditions under which three points lie on a 
simple closed curve have been given by Ayres.” 

The theorem, that if two closed subsets A and B of a Peano space are 
not separated by any n points, then they can be joined by n -+ 1 independent 
arcs,® was proved by N. E. Rutt? for the case where M is a subset of the 
plane and A and B are single points. Menger?° proved the theorem for 
. regular curves. It was extended to compact Peano spaces by G. Noébeling ## 
and to locally compact Peano spaces by Leo Zippin.? Ayres? proved that 
if K is a set consisting of n points (n > 1) of a Peano space P such that no 
two points of K may be separated by the omission of n — 1 points of P, then 
there exists a simple closed curve of P containing K. 


Notation and preliminary lemmas. Throughout this paper we assume 
that K is a finite subset of a Peano space M, a subset of the Euclidean plane 
Es. We say that a set K is $-connected in M if there do not exist two points 
x and y of M such that M— (s + y) == M, + Az, where M, and Mz, are 
mutually separated and M,K 40, MK 540. This term seems appropriate 
since between any two points of K there are three independent arcs in M. 
It is evident that if K is 3-connected in M, then every point of K is of 
Menger-Urysohn order = 3. We also say that if for every two points x and y, 
the set Af — (x + y) is connected, then Af is 3-connected, in which case every 
point of M is of order == 3. The letter J will be used to denote a simple 
closed curve contained in M. In general, capital letters will denote sets of 
points, while lower case letters denote individual points or numbers. 


Leama 1. If K ts 8-connected in M, and p,e K is interior to the simple 
closed curve J C M, and pe K is exterior to J, then there erst in M three 
ATCS pı, p2, and ps which join p, to J such that pi: pj is the point p, (i156 j). 


The lemma follows as a direct result of the theorem due to Rutt.* For 


7 Continuous curves which are cyclicly connected,” Bulletin de V Académie Polonaise 
des Sciences et des Lettres, (1928), pp. 127-142. 

8 Arca which are mutually exclusive except possibly for their common end-points 
are called independent arcs. 

® “ Concerning the cut points of a continuous curve when the arc curve, AB, contains 
exactly N independent arcs,” American Journal of Mathematics, vol. 51, No. 2 (1929), 
pp. 217-246. 

1° Loo, cit. 

11“ Hine Verschärfung des »-Beinsatzes,” Fundamenta Mathematicae, vol. 18 (1932), 
pp. 23-38. f 

12“ Independent arcs of a continuous curve,” Annals of Mathematics, vol. 34, No. 1 
(1933), pp. 95-113. i 

13“ On joining finite subsets of a Peano space by ares and simple closed curves,” 
loc. ctt.’ 

14 Loo. cit? Theorem IV. 
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let a, a, and a be three independent arcs which join p, and pa. By the 
Jordan curve theorem ** each of these arcs has at least one point in common 
with J. Let a, (i== 1,2,3) be the first point in the order from p, to pz 
which a, has in common with J. Since the a; are independent, the points a; 
are distinct. Let p; be the subare pia, of a, then pı pj = p, and the lemma 
is proved. . 


Lemma 2. If K is 8-connected in M, and pı e K is interior to the simple 
closed curve J C M, and po, pse K lie on J, then either there exist (1) three 
APCS pr, pa, and ps which join p, to J such that pi: py = pı (4,9 == 1,2,354549), 
or (2) two arcs p, and pa such that pı J == po, pa‘ J = Pa, and pi’ pa = Pr. 


Proof. Let a (+==1,2,3) denote three independent arcs from p, to pa, 
and let a; be the first point of J on a in the order p, to pẹ If the a are 
distinct points, the lemma is true for this case. If a, = a; (1547), then it is 
clear from the definition of independent arcs that a; — a; = p,. Let 8, (t = 1, 
2, 38) denote three independent ares joining p, to pa, with b; the first point of J 
on 8; in the order p, to ps. If the b; are distinct points then the result is 
obvious. Therefore we may assume that a, = a: = p, and b, = ba = p}. In 
the order ps to p, let 6,” be the first point of a, + a, on $, and suppose that 
b” belongs to a. Let pı = a and pz == subare pb,’ of a, + subarc bip: of B:, 
which satisfies conclusion (2) of the lemma. 


Lemma 3. If K is 8-connected in M, and p, eK is interior to the simple 
closed curve J C M, and py, ps, and pee K lte on J, then there east three 
QPCS Pis P2; and Ps which jorin Pr to J such that pi pi == Pi (i3 4). 


Proof. Using the theorem of Rutt, we let a, (i = 1, 2,3) denote the three 
independent arcs from p, to pa Let a, (t= 1, 2, 3) represent the first points 
of a, on J in the order p, to pe. T£ the a; are distinct points, then the con- 
clusion of the lemma follows. If two of the points a, coincide, then the 
independence of the arcs a, requires the point of coincidence to be pa We 
may thus suppose a, == 4 == p}. It is not important in this discussion whether 
dz and pa coincide or not. Because of Lemma 2 there are either three inde- 
pendent arcs from ps and p, to pı (in which case the conclusion of this lemma 
is immediate) or there exist two independent arcs from ps and p4, respectively 
to p, We assume that 8 joins ps to pı and y joins p, to pı In the 
order p, to pion £, let b represent the first point of 8 on %a;, and let c 
be the first point of y on Xe; in the order p, to p,. If b and e lie on 
different arcs, say a, and as, respectively, then pb is a subset of a1, bps C B, 
pic C as, and cp, C y. Thus p,b--+ bps, pıc + cm, and a, are the required 


16 C. Jordan, Cours d'Analyse, Paris (1893), p. 90. 
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arcs, and “they would also satisfy the lemma if b = p, or c= p, or both 
b, C = p. , 

~ We now assume that b and c.lie on the same arc and for our purpose we 
assume this arc to be as. We-further assume the order on a, to be pıcbas. 
In the order b to p, on the subare bp, of B, let b, represent the first point on £ 
of the point-set #,'-++ as In like manner let c, represent the first point of 
@, -+ @ on the are cp, of y in the order c to p,. Hither b, or c, or both may 
be the point p, but in these cases the arcs are quite evident. For example, if 
C, lies on @, and b, = p,, then &,, subare p,c, of ag + subare cp, of y, and B 
are the three desired arcs. The two cases remaining to be discussed are those 
in which b, and c, lie on different arcs or on the same arc. 

We suppose that b, lies on a, and c, lies on a, both points being distinct 
from p;. In the order p, to ag on ag, let x denote the first point of a, on the 
sum of the subares cc, of y and bb, of 8. If v belongs to 8 then subare pici 
of a, + subarc ¢,p, of y, 2, and subarc piz of æ, + subare wp, of 8, are three 
independent arcs from p, to J. Ifa is on y then subare pz of a, + subare Ep, 
_ of y, subare pb, of a + subare bip, of £, and a, are the three desired arcs. 

We now suppose that b, and c, both lie on a (the case for a, is similar). 
Assume the order on gə to be pobicip,. In the order p, to as on 4&3, let x 
denote the first point on p,c of subare cc of y. The arc pz does not have a 
point in common with the subare bps; as may be seen by application of the 
Jordan curve theorem to the various cases which may arise. The three arcs 
satisfying this case are: a, subarc px of.a¢3 + subarc xp, of y, and subare 7,5, 
of a, + subare b,p, of 8. If the order on a is pc,bıp, let y be the first pdint 
in the order p, to dg on % of subarc b,b of 8. As above, py does not have a 
point in common with cic of y. In this case the three arcs a, subare piy of 
s + subarc yp, of B, and subare pıc, of a + subare cip, of y are the required 
arcs. This completes the proof of the lemma. 


Lessa 4. If K is 8-connected in M, then for any three points px, pz, 
ps € K, there exist three wndependent arcs a, &, and a, with end-points p, and 
pz such that p, belongs to one of the arcs a. 


Proof. Let a, a, and a be any three independent arcs which join p, 
and gy If p, belongs to one of the arcs a; then the lemma is proved. 
Suppose then that p, is interior to one of the domains complementary to . 
a, + a -+ « whose boundary we assume to be J’ == œ, + a, a simple closed 
curve. By Lemma 2, there are either (1) three independent arcs fi, Bs, and 
B: that join p, to J” such that the end-points b, are distinct, or (2) two 
independent arcs & and 8, such that 8,-J’ = Pı, 8: J’ = po, and 8, êa — pz. 
In (1) at least two of the points b; belong to either a, or a, Suppose b, and 


\ 
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ba belong to a; in the order p,b,baps. The point set pba + Br -+ Ba + bapa i8 
an arc which contains ps, and with a, and a, forms a set of independent arcs 
joining p, and p}. In (2), we merely ne 8, + 8, A æi in the independent 
set a, which proves the lemma. : 


THEOREM 1. Let K be any set of 5 points which is 3-connected in M, 
then there exists a simple closed curve J such that M DJ OK. 


Proof. Let K be the five points (Pı, Pz’ °°, ps). By Lemma 4 there 
exist three independent arcs, &ı, %2, and a, in M which join p, and p: and 
contain ps. We let «, be the arc which contains ps. Let Dı, D2, and Ds; be 
the complementary domains of a, + a; -+ as such that the frontier of D, does 
not contain a. Because of the symmetry of the points p; and the arcs a, it is 
necessary to discuss only the following cases: 


Case J. The points p, and ps lie on the arcs a. 
Ia. One of the arcs a, or ¢, contains neither the point p. nor the 
point pz. 
I». Each are a; contains one of the points. 


Case IZ. One arc contains p4, while ps is an interior point of one of the 
complementary domains Dj. i 
Ia. psig on Os, Ps is.in Dj. 
IIs. pais on a, ps is in D: or Da. 
II.. pa 18 OD Gs, Ps 18 in Ds. 
IIa. ps is on a, ps is in D, or Dy. 


Case III. Both points are interior points of the complementary domains © 
Dy. 
II.. Both p, and ps are in D, or Ds. 
IIIs. Both p, and ps are in D.. 
IT te ps is in Dg, ps i8 In Dy. 
IIIa. pais in Dz or Da, ps is in Dy. 


Case Ig. Let as be that arc which does not contain the points P4 Or Ps. 
Then a, + a, is a simple closed curve containing K. 


Case Is. Suppose a contains p, and as contains ps. Let «i, and a”, 
denote the subarcs pp, and psp, of a,. In the same manner, let p, divide a, 
into subarcs a’, and a”, and ps divide a, into a’, and a”. Due to symmetry 
we also suppose that D, is the unbounded domain. Since pe K is interior 
to the simple closed curve a, + a, there exist (by Lemma 3) three independent 
arcs Bı, Bz, and B, which join p, to distinct points b, bs, and bs, respectively, 


5 
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of a, + as. If two of the b; belong to the same subare @’,, ai, os, or os, 
then it is evident that K is ‘contained in a simple closed curve.. 

Suppose, however, that b, is on @’,, be is on &”,, and bs is on a's. Every 
other distribution will be similar to this case. In the order from p, to ps, 
let 2” be the first point on a's which is also a point of ¥8;. Denote the subarc 
x'p, of B: by B'i.: Then the following cases represent the possible distributions 
of z on the £, with a simple closed curve contame K, thus satisfying the 
theorem : 

1) 2 on fi: MEE ee ee ae E aged 
2). 2 on Ba: Pil + fa + Bit bips + Os, + age T l 
8) 2 on Bs: pit + B'a + Bit bips + e a =d 


This completes the proof for case Ip. 


Case IIa. By Lemma 1, there exist fives independent arcs 8, Bie and fs 
which join ps to the distinct points bı, bz, and bs of ag+ as. Two of the 
points b; must lie.on as or on @. Suppose bı and be lie on ag in the order 
M1bybep2. Then let J be a, + 7,0. + Bi +B: T bapa. The case for b, and b, 
on &s is similar. 


Case IT». er Ps is in Ds, the other case being similar to it. We 
also assume the order pipspepe on a Let £1, 82, and Bs be three independent 
arcs (Lemma 3) with end-points ps and b; (i= 1,2,8), where the b; are 
dictinet points of the simple closed curve a, + a. If two of the bj, say bi’ 
and be, lie on &z in the order p,b,bopq, then piba + Bi + Ba + bapa +H a, J 
is a simple closed curve containing K. Let a1, «”;, and g”, denote the sub- 
AICS Pie, PsP, ANd fate Of a,. If b, and b, lie on œ’, then p,b, +- Bi -+ Bs 
+ bapa + a, + 0”; + a, is the desired simple closed curve J; and similarly 
for two of the b, on the arcs œ”, or g”. We now assume that. each of the 
arcs Wi, a1, &”,, and a, contains at most one of the points b;. If one end- 
point, say bs, is on the arc as, then either b, or b, belongs to gı or &”, for 
otherwise both would belong to ¢’,. Suppose that-b, is on a’,. Then K would 
be contained in the simple closed curve pıba + 8s + Bs + bips + e” t 
+ a3. For b, on o&”,, J is obtained similarly. 

The case remaining is that of bı on g'i, bz on @”;, and bg on a”. For 
the discussion of this case, assume that D, is the unbounded complementary 
domain of a, + a, -+ a for, if necessary, we can perform an inversion. By 
Lemma 3, let yı, yz, and ys be three. independent arcs with end-points p4 and 
c, (t==1, 2, 3), respectively, such that the c; are distinct points on the simple 
closed curve J’ == a + a, + psbe + Ba + Bs + Dspe of which pa is an interior 
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point. It two of the points c; lie on the same subarc as, a1, Paps, or PsP: Of J, 
then the simple closed curve which contains K is evident. If one of ne 
points cı, say Cı, is on <as> **, then let x be the first point (possibly p), in 
the order from c, to ps, which y, has in common with the subarc babs of a3. 
Suppose 2 belongs to bap,, then a’, + pbz + Ba -+ Ba + bam + paz + rey 
+ G&P: -+ a, is a simple closed curve containing K; and similarly for g 
belonging to p4bs. Thus when one of the c, is on the arc <a> there is a simple ` 
closed curve J which has properties required for the conclusion of the theorem. 

We assume next that each of the subarcs pps, Paps, and Psp of J’ contains 
one of the cy. Suppose c, is on pips, C2 is OD Paps and Cs is On PsP: For con- 
venience in notation, and because the arcs bop, and bsp, of æ, do not enter 
our discussion, we let cg == ba and cs == bs. We assume also that c, == b,, which 
assumption merely narrows the availability of the points b, and c, as interior 
points of distinct arcs in a simple closed curve. Denote the simple closed 
curve yı + Bi + Ba + ys by J”. If any one of the conditions c, = Ps, Cz == Ps, 
Or C2 = Ps are true, the simple closed curve containing K is evident. Thus 
we assume that the point p, is an interior point of J”, and by use of Lemma 1, 
there are three independent arcs $,, 8z, and 8, which join ps to three distinct 
points dı, da, and d, respectively, of J”. We consider the possible distribu- 
tions of the points d, on the arcs yı = p46, Bi = GPs, and y: -+ Be == Paps, © 
whose sum is J”. If two of the d; are on one of the arcs yı Biu Or yz + Bs, 
then the simple closed curve is again evident; e. g., when dı and d, are on yı 
then Peca + Bs + Be + ye + pida + 8a + 81 H daei + eapi H a contains K. 
If no one of the ares of J” contains two of the di, then each arc contains 
exactly one. Assume that d, is on yı, da is on B;:, and ds is on ya + Bz. Then 
P2C3 + Ba + Bot ya + padi +814 8+ dic, + capi + a, is a simple closed 
curve containing K. This completes the proof for case IJ». 


' Case IIo. Let Bı, B2, and 8s be ines independent arcs joining Ps to bı, 
ba, and ba respectively on the boundary of Ds. Let the subarcs p,ps and papz 
of a, be a’, and a”. Similarly let p, divide a, into the subarcs a’, and a"s. 
The simple closed curve containing K is evident if two of the points b; fall 
on the same subarc of a, or a. Suppose b, is on a’, b2 is on gı — Pa, and ba 
is on œs, any other combination being similar. Then pips + Psbs + Bs + Bs 
+ bsp, + 8”: + as is a simple closed curve containing K. | 

If- be == pe, and bs = pa then the simple closed curve a, -+ Bs + Ai 
+- bips + &7%, + as will contain K. We now suppose that bı == p: and bs © pu. 
Then p, is an interior co of the simple closed curve oye + Bs + Ba + as 


Tf a A an arc with meni @ and y, then by the symbol <a> we shall mean 
a— {x +y). 
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which we denote by J”. Then let yı, Y2, and yg denote the three arcs (Lemma 
3) which join p, to distinct points cı, ce, and Cs, respectively, of J”. If two 
of the points c; fall on one of the arcs pbs +- Bs, Bs, and as, their end points 
included, then the simple closed curve is evident. We thus assume that c, - 

lies on <p,b3 + aX, C2 on <B>, and cs on <a>. Then piba + Bs + Bi + Osps 
: + a”, + pats + ys + ys + cep, is the desired simple closed curve. 


Case IIa. Here again we need discuss only the case where p, is in Dy. 
Consider the end-points b; (i = 1,2,3) of the independent arcs 8; from ps 
to the simple closed curve a, -+ a. If two of the points, say b, and bz, belong: 
to as, assuming the order 75,b2p2 on as, then let a be the arc ,b, + Bı + Bs 
+ bap: Now a, a2, and @, each contain a point of K as an interior point 
and the conditions of Case Jp are satisfied. If two of the b; fall on a’, or a”, 
of a, then let a, be defined similarly to a;. The arc a, contains p, and p; as 
‘interior points and the simple closed curve & + a, contains K. If no two 
points b; fall on one of the arcs &s, œ», or a”, then each are contains exactly 
one of the b;. Suppose b, is on as, and ba is on a, then let J = pb, +B; 
-H B2 + bapa + &’, + &ı This proves the theorem for Case II. 


Case IIIa. Assume that p, and ps are in Ds, the other possibility being 
symmetrical. Let the three independent arcs 8; join p, to b; on a, -+ as If 
two of the b; belong to the same subare of a, then define &, as above to 
include p, and p4. Then the situation is covered by IJ, unless ps belongs to Gs. . 
In this event let J/==a,-+ a. If.two of the b, belong to a, then define @ 
to include p, and apply Ie or IIa unless p, belongs to a. In this case let 
J == G+ a, Finally suppose b, is on pips of a1, ba is ON PsPe of a1, and bs 
is on a. If ps is on one of the arcs fi, the simple closed curve which contains 
K is apparent. l 

The arcs 8; divide D, into three regions which we will denote by D’, D”, 
and D”. Since ps is not on the boundary of one of these regions it must be 
an interior point of one of them. Suppose that D’ is bounded by J’ == 8, + Bs 
+ bsp, + Piba D” by J” == By + Ba + baPs + Pabı, and pb” by J” = By + Bs 
- bapa + pab2. The discussion for ps in D’” ig the same as that for ps in D’. 
Suppose now that ps is in D’. Let yı, Ys and ys be three independent arcs 
joining Ps to Cı, Cz, and cs on J’. If two of the c, belonging to the same - 
subarc of J’, then it is evident that there is a simple closed curve containing K. 
In the contrary case, suppose that c is on 6,9, Ca is on fi, and c, is on fe 
Then pity + yı + ya + 2b, -+- bips + Pabs + Bs + Bs + bape + aa contains 
the set K. For other combinations of the c; on the four subarcs of J’, the 
simple closed curve containing the set K can be read similarly. 

For ps in D”, we proceed as follows. If two of the points ci, which are 
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again end-points of independent arcs y: belong to the same subare of J”, 
then J is clearly seen. If no two of the c; belong to the same subarc of J”, 
then one point must be on either pb, or bapa, while another one must belong 
to 8ı or to's. Suppose that c, is on psbı, and that cz belongs to 8ı. Then 
the simple closed curve poba + baps + pati + yı + yo + Cops + Bs + bapi + a 
contains K; and similarly for other combinations of arcs. This concludes the 
proof for this case. 


Case IIIs. For p, and p, belonging to Dı, we define @ or & (depending 
on which contains at least two of the b;) to include p,. The case is then the 
same as JJ, or Ia, unless &, or & contains ps when the simple closed curve 
containing K is obvious. 


Case IIIe. We shall prove this case by reducing it to one of the previous 
cases. Let £1, B2, and s be three independent arcs joining p, to a, + ag, 
with end-points 6;. If two of the b; belong to the same subarc pips, pape, OT 
to æa, then either a, or œs can be redefined to include p,. The situation now 
is the same as IIe or Ia. Suppose then that pip, contains bı, psp. contains 
bs, and a, contains ba. Let a, == pıbı + Bı + B: -+ depe; then a, as, and a, 
will be an independent set of arcs joining p, and pa, such that p, belongs 
to @ and ps-+ ps lie together in one of the complementary domains of 
& -+- Qs -+ %3. This satisfies the hypothesis of IIa. Thus case IIIe is proved. 


Case IIIa. Let $1, Bs, and Bs be independent arcs joining ps to the 
boundary of D, == &a + as. Two of the end-points b, of £: lie on either a, 
or a. Then as above, define a, or &, to include p, and the case reduces to JT, 
or to Ia. This completes the proof for K == 5 points. 


(Norte. The theorem due to Ayres shows that Theorem 1 is true for 
K =}? or 3 points, and we have shown the existence of J for K —5 points. | 
For the case of K = 4 points we proceed exactly as in the case for’5 points 
but, having fewer points to consider, the analysis is much simpler.) 


THEOREM 2. If M is 8-connected, and K consists of =5 points, then 
there exists a simple closed curve J such that M D J OK. 


Proof. If M is 8-connected then any subset of M is 3- connected, in M. 
Hence Theorem 2 is a direct corollary of Theorem 1. 


We now show by means of several examples that the conditions imposed 
on Theorem 1 can not be weakened. 


17 Loo, ctt.* 
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Example 1. We show here that Theorem 1 is not true for K = 6 points. 
Let aı, @2, and as be the vertices of an equilateral triangle T. Let F’ be the 
triangle formed by joining the midpoints of the sides of T. Let x be a point 
exterior to T, and y be a point interior to T”. Draw independent arcs za; 
(t = 1,2,3) and yb; (t= 1,2,3) where the 6; are the midpoints of the 
sides of T”. It is easily seen that K = Xa; + 3b, is 3-connected in M and 
that there is no simple closed curve in M which contains the point set K. 
In this example the points of K are all of order 3, while the points of M are 
all of order < 4. 


Ezample 2. In this example we wish to. show that Theorem 2 cannot 
be extended to include more than 5 points in K. Let a circle C be inscribed 
in an equilateral triangle T with vertices 2, v3, and T} Let the points of 
tangency be pı, pz, and ps. Denote the triangular domains of T — C by Ci, Cs, 
and Cs. In the circle C construct three independent arcs @,, a, and a, with 
end-points pı and ps, ps and ps, ps and p, respectively. In the domain D 
whose boundary is 3a;, construct three arcs £1, 82, and Bs which are distinct 
except for their end-points p, and pz, p: and ps, ps and pı. Denote the region 
between a, and £; by Dy (t= 1, 2,3). 

Let b; denote the midpoints of the ares £, and construct distinct arcs 
bibi (mod 3) in the interior of the domain bounded by 38:. Let B denote 
` the domain whose boundary is %6ib4,,. Then we let M denote the point set 
36, + 3D,-+ B where the vertices 2, 22, and v, are now identified. If c; is a 
point of. C; and d; is a point of D,, then let K be the six points 3c; + ždi. 
It is evident that Af is 3-connected and that every point of M is of the order 
of the continuum, but it is not possible for K to be included in a simple closed 
curve in the set W. This example also shows that a previously announced 
. theorem ** by Ayres is not true for K>6 points. 


Example 3. The following example *® shows that if the condition that 
M be planar is removed, then Theorem 1 is not true even for K consisting of 
but four points. In the Euclidean 3-dimensional space, let p, (ù == 1,--° -, 4) 
be the points (1,0,0), (0,0,1), (0,0,-—-1), and (— 1,0,0), and let qy 
(j — 1, 2, 3) be the points (0, —1,0), (0,0,0), and (0,1, 0). Let M—=Spiqy, 
where piq; denotes the straight line interval from p; to g;, and let K = Zp: 
It is easy to see that K is 3-connected in Af, and cannot be joined by a simple 
closed curve in M. 


18 The statement of the theorem is the same as that of Theorem 2 except that K- 
is any finite set. This result was announced in an abstract No. 51, p. 772 Bulletin of the 
Amerioan Alathematical Society, vol. 35 (1929), but never published as an error was 
found in the proof. 

18 Ayres, loc. ctt.t 
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Erample 4. Suppose we-allow K to be only 2-connected in M, by taking 
M to be the 6-curve consisting of the three independent arcs zay and let 
K == Xa;. Then K cannot be joined by a simple closed curve in M. 


Example 5. We show here that if M is not a Peano space, even though 
it be arc-wise *° connected, and K is 3-connected in M and consists of only 2 
points, then K may not be included in a simple closed curve in M. In the 
Euclidean plane, let S denote the curve y == sin r/r (0< 21). We add 
the limit points and an are a which joins the points (1,0) and (0,1) but 
otherwise is distinct from 8. Let M==5-+ a, and let K be the two points 
(0,1) and (0,—-1). We observe that K is 3-connected in M, and that M is 
arc-wise connected, but contains no simple closed curve whatever. Therefore 
K is not contained in a simple closed curve. This example shows further that 
Rutt’s theorem ** is not true if M is not a Peano space, even though it be 
arc-wise connected. 


THEOREM 3. For any given positive number m = 3, there exists a planar 
Peano space M containing a set K = 2m points which is 8-connected in M 
and cannot be included in m — 2 mutually exclusive simple closed curves in M. 


The set Af which we shall construct is a generalization of Example 1, in 
which case m == 3, Let N be a regular m-gon with vertices @;,d2,° * `, Qm. 
Let N” be the regular m-gon formed from N by joining the midpoints of 
adjacent sides by lines. Denote the midpoints of the sides of N’ by ba, bayt + -, 
bm and the vertices of N’ by 21, z2,- - *, Zm. Let y be an interior point of N’ 
and z be a point exterior to N. Draw m independent arcs za; and m indepen- 
dent ares yby. Let M = Sea, + byb, 4+ N + N’ and let K = Xa; + 3h. 

We shall now show that K can not be included in m—2 mutually 
exclusive simple closed curves. From the construction it is evident that every 
simple closed curve in Af which contains s points of K will also contain s 
points of the set Z—2-+y-+ 32;. Since there are only m + 2 points in Z, 
then, irrespective of the manner in which the mutually exclusive simple closed 
curves are constructed, they can contain at most m + 2 points of K. There 
remain then at least m—2 isolated points of K which can be included only 
in degenerate simple closed curves. Assuming the most favorable case, namely 
that m + 2 points are contained in a simple closed curve (this can be achieved), 
then m — 1 mutually exclusive simple closed curves are necessary to contain K. 


THE COLLEGE oF WOOSTER, 
Wooster, OHIO. 


30 A point set Af is aro-wise connected when every two points of Af are the Somes 
of a simple continuous are lying wholly in M. 
t1 Loo. cit.’ 
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THE EXPANSION OF AN ARBITRARY FUNCTION IN A SERIES 
OF TOROIDAL FUNCTIONS OF THE SECOND KIND.* 


By D. P. BANERJEE. 


Recently * I have given the theorem of expansion of an arbitrary function 
in a series of toroidal functions of the first kind. These functions are required 
in electrostatical and hydrodynamical problems connected with an anchor-ring. 
T have also considered the expansion in a series of associated toroidal functions 
of the second kind (also a new and interesting integral property of toroidal 
functions). Prasad ? and N. G. Shabde* have summed certain similar series 
without actually giving the process of summation of an arbitrary function. 


We know + that 


Qn (2) = Ui — dah F hA 


if R(n+ 1) >0 and /z|>1. 
Then 


s—(s#*-1)8 
hea dh 


Qua (2) = (1—2ah + h*)% 
0 
Qna; (2) being the toroidal function of the second kind. Let 


co 
f(e) = È an Qna (3): 
In order to find an let 
e—(#*-1) 


NSA) dh | 
a= J Ga pay (1 — Beh F hyi 


where ġ (h) is an odd analytic function of A. Then 


#-(%-1) À 
(hd) dh 


i “S a” | a 


* Received June 5, 1939; revised February 27, 1940. 
1D. P. Banerjee, “The Expansion of an arbitrary function in a series of conal or 
toroidal functions,” Proceedings of the Cambridge Philosophical Society, vol. 34, pt. 1, 
30. 
j 2G, Prasad, Bulletin Caloutta Mathematical Kooiety, vol. 23 (1931), pp. 155-182. 
s N, G. Shabde, Bulletin Calcutta Mathematical Society, vol. 23 (1931), pp. 23-44, 
‘Modern Analysis, 8rd Ed. (Cambridge), by Whittaker and Watson, p. 334. 
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oh 2(1— h?) | io 3 
I J; he “(1+ hy? dh and let 
gee (h?) (1+ h?)? 
m be) = 3h)? (ai) 


Then 


1 
£) r ss Aan i, Jare 
Va 


Zi — 
i f 1) 
Let hy — z, sin? 6; and let F(z) = k ; then 
al 


f T/2 
F(z) = f pı (214 sin 6) 22,4 sin 6d6; 
70 
1/2 F(z? gin? y) dip r/2 T/2 P . : 
a f ~a A f f sin 66", (z1 sin Ø sin y)d8 | dy, 


On putting sin x = sin y sin ô and changing the order of integration we have 
: peewee sin? y)dy aN Se p'ı(2 sin y) cos y sin 0 dédy 
: ee E Ea aa 
0 


22, sin Y (sin? 6 — sin? y)? 


=> =~ [db (21) — ¢:(0) ]. 


Hence 

a) 2P (Et sity) ab =/2 F(a sin? y)dy 
i Pı(21) Af 22, BİN Y tag f 22, SİN Y E a 
n 


2(1—h 


a EFA P'a (hat) 


Example. Let 


f(z) = ai then F (z2,) = z4” 


7 1 2m-1 a 2m—1 £ TA. 2 
ga(a) = [ater f sine vy + (?m— 1am SJ sin yay 
1 LMFT) sea 


rT (m +4) | 
(hi) = PA SP ett (m+ 2yne + EDMEE pa. i 


1 amt T(m + 1)T(4) 
gm r T(m + 4) 





[Om (z) — (m +2) Q msza (2) 
(m+) (m+ 4) 
+ nt =) (ee 14) Omit/2(4) —+ - -] 
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If m= 1° 


DE 
ap LQia(2) — 8Q5/2(z) + 5Qoz (2) —* >°]. 

The Test of Convergency :— 
since 

Qnei (2) = 0 at z = œ 

f(z) must be zero at z= œ and must be analytic when |z|>1. Since 
|a| > 1, |z |< 1< r and consequently the solution of the integral equation 
(1) is valid.® Let F(z.) be an analytic function of z, which can be expanded 
in Maclaurin’s series. Now the series 





will certainly be convergent if 


Lt (a +1) (0) 
n> Fr (0) 
But 


9 EO) ma (7 inm dy me SL) Bn) g 2 
5p (a) = 2 (na 1y1 f: sin’ dy a) Fs (0) 2,294 
so that ¢’,(21) will be convergent if . 
F1(0) z? T 
oo 0) nET” 





or, if 
Lt pr (0 ) z? 


when F(z?) or F(z) are analytic. Since F(z,) is an analytic function 
which can be expanded in a convergent Maclaurin’s series we know that 


H 


pla) maa h(a) 


can be expanded in a convergent power series. Hence the series in toroidal 
functions of the second kind will certainly be convergent when 


(i) pe | 
(ii) F(z) is an analytic function zı which can be expanded in a 


convergent power series. 


s Whittaker and Watson, loc. ctt., p. 229. 
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(iii) F(0)=0 ` ° 
(iv) Lt f(z) =0 and f(z) is a convergent analytic function when 
£00 
[z{>1 
Singularities of f(z). 


(a) Let f(z) =z}, then F(z,) —1 and consequently the previous 
method fails. Now from (2) we have 
1 05/2 
BR luz) — 8Qsy2(%) + 5Qo/2(2) —` ` ‘|. 


Hence 
`- 95/2 
gl? m — #L@1/2(2) — 8Qs/2(2) + 5Qo/2(z) —: > I. 
Now applying the formulae 


(n + 1/2) Qnsrja(z) + (nm — 1/2) Qn-s72 (2) = 212 Qu72 (2). 
We have 


A =T aale) — Qs (2) + Qr (2) — ` ` 2) 


(b) Let f(z) == 1/2? where O0< p< 4. Then F(a) = zı 1/2 and 
F(0) = and consequently the previous method cannot be applied. Let 
fi(z) = 1/2". Then Fy (21) = 2,°"/? and F,(0) =0 and we can apply the 
previous method. Let 


fi (2) = È da Qnass2(2) 


where the a,’s are found by the previous method. Then 
| ee) oe) ; 
f(z) =z 2, OnQnsi/2(2%) = 2 dn’ Qu-1/2(2) 
where we get the a’,’s from the G,’s by applying the recurrence formulae. 


II. 
The associated toroidal function of the second kind is defined by 


qn 
Oma (2) = (2? — 1)" ga Qm (2), 
Let 
d 


fo) qm m oo i 
F (2) = È anQ”nnya (2) = (2—1) Z f(z) = (2—1) TD ayh). 
0 dz dz 0 
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Then g i 
iaa e ai OLIA 
0 9 o (2°? — 1) 
Also 


l f(s) — -Š annsa (2) 


* go that the axs may be determined Py the previous method. 
| Example, | 


2. m/2 
F(z) = (aye 2 mt) es. 


Then 
1 95/3 
f(z) To E E [Q172(2) — 39s/2(z) + 5Qo/2(2) — ` a 
Hence 


(—1)m 8: ome) (2° — 1)*/? 


a gm+8/2 
-7 [O™1/2 (2) — 38Q™s/2(z) + 5O™s/2(z) —+ + +]. 


The test of convergency is as before. 


| ITT, 
` We assume 
OS2<1. Let z= cos, 0 <05, 
We know ° that 
a Onia (— cos 0) = (— 1)" Pp (cos 8). 
Pasi (— cos 6) — = (—1)*# Pan (C08 8). 
Let 
n | 
f (cos 8) — È aaay (c08 6) 
Then 
P 
f(— cos 8) = F awQn- (— cos 0) = F $ (— 1) mtaa Pm (008 0) 
Let _ 
a OO , re 
F (cos 6) = = f(— cos 0) = 2 baP a-i (cos 0). 
Then l 


ln = (= 1)***6n. 


‘G. Prasad, “A Treatise on Spherical Harmonics and the functions of Bessel and 
Lamé,” Part I, p. 61. 
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Now? ? 


| R cos nd dd 
Feka (COR a o [2 (cos ġ — cos 8) |* 
Let 
2 ¢° u(cos¢) sin pde 


E ORUS o [2(cos ġ — cos 8) |% 


so that 
2 (1 u(€jdé 
kia SE 
Therefore by the theory of Abel’s integral equation ® we have 
oy nt O e Bolas 
m dz Ja (%—2z)% 2 24 dz), (c—2)* 


Mh 
We note that F(1) == 0 and assume F” (zs) to be continuous over 


OS p<o<e. 
Let 
[u(cos p) — u(— cos ¢)] sin d = 2 ban COB Zne. 
and : | 
[u(cos $) + u(— cos ) sin d = 2 5 bens CO8 (24-1) ¢. 
Then f 
u(cos ġ)sin ¢ == ŞS bn COB Nd. 
0 
Now 
aw/2 pa 
f, cos? modo == — 
. 0 4 
9 x/2 
bon = J) [u(cos $) + u(— cos ẹ) |sin ¢ cos (2n + 1)¢d¢ 
2 7/3 | 
Den =< f [u(cos p) —u(— cos p) ] sin ¢ cos 2nede. 
1 77 , 
bo =: f [u(cos p) — u(— cos ¢) | sin pdo 
Hence ' 


/2 
lo = xf [u(cos 6) — u(— cos ¢) | sin ddd. 
Gan = “ f "Eu (cos p) —u(— cos ¢) | sin ¢ cos 2nddd 
Qan = —2 f fu(cos p) + u(— cos ¢) | sin ¢ cos(2n + 1) de. | 


1 Hobson, The Theory of spherical and ellipsoidal Harmonics (Cambridge, 1931), 
p. 267, equation (180). . 
* Whittaker and Watson, loc. ott., p. 229. 
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“The test of convergency depends upon 


(1) The convergency of the corresponding Fourier’s series. 


(2) The existence of the solution of the Abel integral equation. 


Example. Let 
Hon) mertan 
then 
naif, pear 
a a 


2 : psingdd | 
ine) ae Jo [2 (cos $ + cos 6) |% 
u(cosd) =p; 0S $< 


$ sin d — ¥ Done cos (2m + 1)¢ + È Den c08 2ng 
4 ph. (—1)" (3n +1). 
bam = f o sin œ cos (2n + 1) ddd = an(n + 1) F 
Ban = 0) 


f(— e088) — SE Ee Panes (008 0) 


(008 0) = —2$ Gat) Qana (008 8). 


. Therefore 
27% ¢singdg 18 m+1 
f ee ae 6] or 2 nin) Qama (008 8) 
for0 <@ = i 


IV. 
-I£ —1 < zg <1 andn— m0; n-+-m +1340 
(m—n)(mtnt1) f Pas) Qm(z)ds 


= — ] 4Hcos(m—n)e — 2 sin an cos mr [y(m)— y(n) ]; 
©- m,n being ET 

From the diferential equation and recurrence foranas satisfied by Pa (2), 
Qm (2) and using the formulae ° 


° G. Prasad, loc. ost., pp. 61, 72. 
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Pq (— cos 6) = Px (cos 0) cos nx —* sin nw Qa (cos 8) 


On(— cos 0) == — Qa (cos 6) cos tr — 7 sin nr P,(cos 6) 


| Qn(s) =F Pala) log gS + f m0) — | Pa(2) 


Sla ea ln Ga] 
F rae 1){r(r) } Ar\ 9 








where 


År "m 


nivis 
ajea 


We ‘have 
(m—n) (m+ n-+1) f Pya (2) Qm (2) da 


= te(m —n)Pa(2)Qm(2) — mPx(2) Qs (2) + 2Qm(z) Pas (2) ] 
ae mQn(2) — Qm- (2) Jeon + mPm(— 2) [Qm(— 2) + Qna(— z) len 
— nQm(— 2) [Pa(— 2) + Pas (— z) Jen. 
Now = 4 
On (2) — Qui (2) = y(m—1) —¥(m) =—= when 21 
Qm(— 2) + Qu+(— 2) = — cos ma[Qm(z) — Ona (2) ] 


COs Mr 
ee Sor: . 
m . 
When z = 1 


Pa (= z) + Pas (— z) = — Zei sin alg =al a 


a sin ne 
a 
E n 


Hence | 
(m—n)(m-+n+1) f Pa(2)Qn(2)dz 
— [— 1 + cos ma Pa (— z) — Ê sin nr Qm(— £) Jes 
— [— 1 + cos mr {cos nm — 2 sin ne Qa(2)} —Ž sin nr Qu (— 2) Jen 
== [— 1 + cos mr a m— 4 sin nr {Qs (2) cos mr + j 2) } Js= 
== [— 1 + cos mr cos ne — “sin nr (Qn(2) cos mr — Qm (2) COS mr <a i mr} lsa 


= — ] +- cos (m—n)— $ sin nx cos mr [y(m) —y(n)] 


(m) 


where Y(m) = a 
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Hence 
f Pa(2)Qm(2)dz = 0 


if m—n = an even integer and m = r — $, n= p + $ where r and p are 
positive integers and p £r. 
. If R(n -+ 1) > 0 we know’? that 


(2n—1) f Pas()Qns(0)dx— (2n +1) J Pa(2)Qn(z)da— EE, 
Hence 


(+1) f Paala) Ques (2)de—n È Prila) Qus(2)de— E ` 


where l 


B= f P,(2) Q(a)ae. 


A. M. COLLEGE, MYMENSINGH, 
BENGAL, INDIA, 


1° E, W. Barnes, Quarterly Journal of Mathematics, vol. 39 (1908), p. 204. 


CHARACTERS OF ABELIAN GROUPS.*: . ' 
| By Paur E. LEWIS. 


Introduction. The classical definition * of a character of a finite abelian . 
group A is a multiplicative mapping of the group A into the multiplicative 
group of all the roots of unity. If the usual definition of the product of two 
characters is given, the set of all characters forms an abelian group C(A). 
One of the main results in this connection is the fact that A is isomorphic to 
its character group. In notation: C(A) ~A. | 

A more comprehensive theory of the characters of abelian groups which. 
applies to every group [finite or infinite] has been constructed by Pontrjagin.® 
In order to effect this generalization, however, Pontrjagin was forced to change 
the system of values of the characters from the group of roots of unity to the 
additive group of real numbers modulo 1. 

Thus there arises quite generally the question, “ Which groups and which 

value groups will give rise to a satisfactory theory?” In order to state the 
‘problem more precisely, let A and V be any two [additively written] abelian 
groups. As a character one may consider any additive function ¢ of the ele- 
ments in A with values in V. If addition of characters is defined in the obvious 
fashion, then the set of all characters of A in V forms an abelian group 
Cy(A). Our problem now is to find necessary and sufficient conditions ori the 
pair of groups A and V such that one of the following relations holds true: 


a). Cy (A) ~Á, 
b). Cy(8) ~ 8 for every subgroup § of A, 
c). Cy(A/8) ~ A/S for every subgroup S of A. 


The principal results concerning this problem are special cases of a more 
general theory and are obtained in Section 8. Considering that the study of 


* Received May 16, 1940; revised May 19, 1941. 

1 Presented to the Society, April 13, 1940. 

* See, 0. g., E. Hecke, Vorlesungen über die Theorie der aigebrotchen Zahlen, Leipzig 
(1923). 

3 Cf. L. Pontrjagin, “The Theory of Topological Commutative Groups,” Annals of 
Mathematics, vol. 35 (1834), pp. 361-368; E. R. van Kampen, “ Locally Bicompact | 
Abelian Groups and their Character Groups,” Annals of Mathematics, vol. 36 (1935), 
pp. 448-463. 

“Cf. e g, P. Alexandroff and H. Hopt, Topologies, Berlin (1935), p. 586; H. 
Whitney, “Tensor Products of Abelian Groups,” Duke Mathematical Journal, vol. 4 
(1938), pp. 495-528. 
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7. linear forms over a projective geometry with codrdinates from a field (not 
necessarily commutative) shows all the essential features of such a theory of 
characters, it has seemed advisable to build up the whole theory immediately 
for abelian groups admitting a (not necessarily commutative) ring of operators. 
Among the restrictions imposed on the ring R one may mention that Æ must 
contain an identity element, and every left ideal must be a principal left ideal. 
This last restriction is necessary to insure that subgroups of cyclic groups will 
also be cyclic. l 

© Before the theory of characters under this more general set-up is con- 
_ sidered, it is necessary to state generalizations of many of the theorems 
concerning the structure of abelian groups admitting a ring R of operators. 
The first three sections are devoted entirely to such a development which is of 
‘ considerable interest on its own account. The theory of characters is considered 
in the remainder of the paper, the main results being found in the last section. 


1. ‘Properties of the ring of operators.” 


. (A). Let B bea (non-commutative) principal ideal domain, 1. e R 18 a 
domain of integrity in which every right ideal ts a principal right ideal and 
every left ideal is a principal left ideal. 

(B). Let every ideal in R be a two-sided ideal. 


: As examples of such rings E one might mention quasi-fields and commu- 
tative principal ideal rings. Another example may be constructed as follows: $ 
Let F be a field [whether commutative or not], and let f be an isomorphism 
of F mapping F upon a subfield Ff of F where Ff need not be equal to F. 
Denote by # the system of all the sequences a = (a, ta, `++) with codrdinates 
- a, in F. If b and c are two elements in R, then b = c if, and only if, by = c 
for +==0,1,2,:- +; Bt e= (bo + Cobi = Cu +, Og, + +) 5 be =™ (Dolo, 
biCof + botit t, 2 bye", - +). With these definitions one verifies readily 

j+ 


that R is a ring whose null-element is 0 = (0, *++,0,--+-+) and whose identity- 
element is 1 == (1,0,0,---,0,:--). This ring does not contain divisors of 
zero. Let e(+) be the element in F all of whose codrdinates excepting the 1-th 
are zero and whose i-th codrdinate is 1. Then one may prove that for given b 
the equation xb == e(t) has a solution z in È if, and only if, not every by == 0 
for j&i. Denoting by P; the set of all those elements b in R satisfying b; = 0 


8 These hypotheses for the ring E conform to those used by Asano, Nakayama, and 
others. See, e. g, K. Asano, “Über verallgemeinerte Abelsche Gruppen mit hyper- 
komplexem Operatorenring und ihre Andwendungen,” Japanese Journal of Mathematics, 
vol. 15 (1939), pp. 231-253. 

e R. Baer suggested this example. 
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for j < i, it follows from the above remark that the only left-ideals in R are 
these P,, that every P; is a two-sided ideal and that P; =P,‘ for every i. 
This implies, in particular, that the P, are principal left ideals-which may be 
generated by the elements e(t). It can also be proved that R is commutative If, 
and only if, f =— 1 and F is commutative; also every right ideal is two-sided 
if, and only if, F = F’. 

Under the above hypotheses (A) and (B) the folowing statements are 
easily derived or are already in the literature: ' 


1.1. The multiplication of left [or right] tdeals ts commutatwe. 

1.2. If (s) and (t) are principal left ideals, then (st) == (s)(¢) for 
every 3,t in E. 

1. 3. R is a field if, and only if, 0 and R are tts only ideals. 


A prime ‘left ideal is defined to be a greatest left ideal in Æ that is dit- 
ferent from both 0 and R. Since in È divisors are factors, this is equivalent 
to the more common definition that a prime left ideal is one that contains a — 
product if, and only if, it contains one of the factors. | 


1.4. If (p) isa prime left ideal in R, then R/ (p) ts a field. 

1.5. Every left ideal is a product of a finite number of prime left ideals. 

1.6. Two products of prime left ideals are equal tf, and only tf, they 
are products of the same prime left ideals apart from order of factors. 


2. Groups admitting R as operator-system.* Consider an abelian 
group A (additively written) admitting the ring R as a system of left- 
operators. The set of elements B — Ra formed by the totality of elements 
tz for r in E forms a subgroup of A. B is called the cyclic subgroup of A 
generated by the element s: B == Rg = {x}. The order of an element z in 
A is defined to be the set O(s) of all elements w in R such that wr—0. 
It is easy to show that O (x) is a left ideal in R. Moreover, the order of every 
element t in B — {r} divides the order of s: O(t) = O(s). From this 
statement it follows that all the generating elements of a cyclic group have 
the same order and this order ideal is defined to be the order of the cyclic 
group. Condition (A) implies that every subgroup of a cyclic group is also 
eyclie. 


1T. Nakayama, “A note on elementary divisor theory in a non-commutative 
domain,” Bulletin of the American Mathematical Sootety, vol. 44 (1938), pp. 719-723. 

*In this connection one should mention G. Kothe, “ Verallgemeinerte Abelsche 
Gruppen mit hyperkomplexem Operatorenring,” Math. Zeitschrift, vol. 39 (1935), pp. 
31-44. See also footnote 4. 
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Two groups A and B are said to be isomorphic [in notation: A ~ B] 
if there exists a (1—1) mapping « of the elements of ‘A on the elements of 
B such that if z, y are in A, then (s + y)" =— rt + yt; (rz)*==1r-a* for 
tih. 


H 


2. 1. Let Zand Y be cyclic groups. Then O(Z) = O(Y) a and only +f, 
~Y.. 


Proof. Assume Z ~ Y, that is Z8 — Y for some isomorphism 8. Let 
Z == {z} and define y == 28 so that Y == Z8 — {z}8 mm {y}. Then rz == 0 implies 
0 = 08 == (rz)F == rz == ry. Hence O(z) < O(y). Similarly O(y) = O(z), 
and this proves O(Z) =O(Y). Conversely suppose O(Z) —O(Y) where 
Z == {2}, and Y = {y}. Now rz = sz if, and-only if, ry = sy. For rz== sz 
implies (r — 8)z == 0, so that r—s is in O (z). But O(Z) =0(Y), and hence . 
(r—s)y== 0 or ry «a $. The converse of this statement follows in the same 
_ way. Now define (rz)? == ry. From the above statement it follows that £ is 
' a EAE function. Furthermore 


(ort te) (L644 f= HNA ean 
= sy + ty = ui u ie (ar 
also if 2’ = 
a = [r(se)]}? == [(r3)z]? = (rs) = (rs)y 
== r(sy) —7(s2) = r (82) == r ZP, 
Hence ZF =m Y: Z ~Y. 
From the theory of finitely generated groups it is known that 


2.2. If (r) =Æ0 is the least common multiple of the orders of the 
elements of an abelian group A, then A contains an element of order (r). 
_ A primary group of characteristic a prime ideal (p) is a group in which 
the order ideal of every element in A is a power of (p). In notation: if v is 
any element in A, then O(z) = (p)**) for some integer n(x) = 0. The 
| integer`n(x) is called the order-erponent of the element z. The set of all 
elements x of any group G@ such that O(s) —=(p)*) for some integer 
n(z) = 0 is called the primary component G, of G of characteristic (p). 
It is easy to show that the primary cop oe of a group are subgroups of 
the given group. 

The elements 21, Z2; *' , 2x in a group are said to be independent [over R] 


k 
if the relation $; sz; == 0 implies sız; == 0 for i == 1,2,- --,k. Otherwise 
1 : 


the elements are said to be dependent. An infinity of elements T in A are 
independent if every finite subset of 7’ forms an independent subset. 
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The group A is said to be the direct sum of the: groups Aa Aat 
Áy i A= = Ay, if l 


(a). A is generated by the Ar, . 

(b). Av By = 0 where By is generated by the Ap for ws&y. Condition 
(b) is equivalent to i 

(b’). Any set of elements ay + 0 such that ay belongs to Av is independent. 


The following known theorems are listed for future reference. 


2.3. If A is an abelian group without elements of order 0, then A ts a 
direct sum of its primary components Ap. 

2.4. Let. F(A) denote the set of elements z in the abelian group A such , 
- that O(x) 0. Then F(A) is a subgroup of A and A/P(A) contains no 
element = 0 of order diferent from 0. 


If A is a primary abelian group of characteristic i. denote by 4 ‘the 
totality of elements z in A such that pr = 0. The set A clearly is a subgroup 
of A. Consider now a group G having the property that no cyclic subgroup 
of G has a proper subgroup, i.e., cyclic subgroups are simple. Obviously A 
is such a subgroup. Groups one a field as operator-system are also of this 
type, and these two are -actually the only possibilities. 


2.5. Let G be a group whose cyclic subgroups are simple, and assume 
that S and T are subgroups of G such that 8 ST. a S is a direct summand 
of T. 

2.6. If Gtsagroup whose cyclic subgroups are anne. then any greatest 
independent subset of any subgroup S of G forms a basis of 8. | 

2.7. If G isa group all of whose cyclic subgroups are simple, then any 
iwo bases of G contain the same number of elements. [This number may be 
termed the rank of G|.° 

2.8. If A is a direct sum of A groups of òrder 0, then any two 
decompostitons of A` into direct summands contains the same number of 
summands. 

2.9. Let A be an abelian group and suppose that B îs a subgroup of A 
with the property rB = B for everyr 0 in R. Then B is a direct summand 
of AS” 


° Cf. 8. MacLane, “ A lattice formulation for the transcendence degree and p-bases,” 
Duke Mathematical Journal, vol. 4 (1938), pp. 455-468. i 

10 Cf. R. Baer, “ Abelian groups that are direct summands of every containing 
abelian group,” Bulletin of the American Mathematical Society, vol. 46 (1940), pp. 
800-806. 
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‘In particular it follows that if A is a primary group of characteristic (p) 
and r = p, then B is a direct summand of A. 

The primary group A == {2,7,° > *,Z;* + +} of characteristic (p) is said 
to be of type p© if the relation pr; —-2;, holds for every i> 0 and if 
O (zo) = (p). 


2.10. THEOREM.” Let A be a primary group of characteristic (p) 
with the property på == A. Then A ts a direct sum of groups of type p™. 


Proof. Let B be a greatest independent subset of A. By.2.6 B is a basis 
of A. Since pA == A, there always exists a solution of an equation of the form 
. pz = a Îor any element a in A. If by is any element in B, let by; be a solution of 
the equation pr == by. Likewise let by, be a solution of px == by; and in general 
if by; has been defined, let by,j., be a solution of pz = bv, j mm 1,2, °°. 
Then By = {by1, bv, bygt} is a subgroup of type p®. Let H denote 
the subgroup of A generated by all the B,. If y is an element in H, then y 
is a sum of elements from a finite number of the By. That the By are inde- 
pendent is easily verified, and hence H is a direct sum of the By. Now H has 
the property pH — H, and by 2.9 it follows that H is a direct summand of 
A:'A== H + H for a suitable H’. But A SH and H* H’ = 0, so that 
Ā ^ H’ = 0. This implies H’ = 0 and hence H’ = 0. Therefore A == H and 
the proof is completed. 


3. Quasi-basis.‘2 The element z of the primary group A of character- 
istic (p) is said to have height n (where n is an integer = 0) if there exists 
an element y in A such that p"y = v and no element z exists in A which 
satisfies the relation p**tz = v. If every equation of the form ptw =z has a 
solution w in A for every += 0, the element z is said to have infinite height 
in A. Denote the height of by h(s). It can be verified that this definition 
_ of height does not depend of the generator p of (p). 

If A is a primary group, denote by A, the set of elements æ in A such 
. that h(x) = +i. It is easily shown that the set of elements A, is a subgroup 
: of A. Suppose Q is any subset of A. Denote by Q’ the set of elements 
4% == ph) -ty for every v in Q where O(v) = (p)" Let Q’; be that subset 
of Q’ consisting of elements v’ for which n(v) —1=—4, i. e., the elements of 


Cf. L: Zippin, “ Countable Torsion Groups,” Annals of Mathematics, vol. 36 
(1935), pp. 86-09; R. Baer, “ The subgroups of the elements of finite order of an abelian 
group,” Annals of Mathematics, vol. 37 (1936), pp. 766-781. See also °. 

18 The concept of quasi-basis as used here is essentially a generalization of ideas 
used by H. Prufer. Prufer also introduced originally the concept of height and groups 


of type po. 
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Q’; are of height =i. The set Q is ald to form : a quast-basts of A if the 
following statements hold: ! 


(a). The elements in Q’; are of exact height i. 
(b). Qı is a basis of Q; where Qi = {Q^}. , 
(c) : Ay == Qi -} Aia [ Direct sum]. 


It is not difficult to verify that 

3.1. The elements in a quast-basta Q of A are independent. 

3.2. If Q is a quast-basts of A, then it is a basts of A mod pA. 

Proof. (1). The Q; are independent mod pA. 

Assume > rıq: = 0, 749i Æ 0 mod pA, ry in E and for suitable q; in Q. 
Then there is a maximum order- -exponent m of a q; in this summation. 


The above congruence may be written in the form > Tıq = pw for some w 


in A. Now p*1r, == #,p"" 1 for suitable f; in R. Then 3 Fi(p™"qi) = p*w, 


where > means that only terms different from 0 are induded in the summa- 
tion. Now it is clear that the p™*q, in this revised summation are in Q’m-1 


k 

since these q; are of order (p™). Hence $, fip™ "qi is in Qm-ı since by con- 
i=1 

dition (c) of the ee of quasi-basis Qm-ı | Am = 0; and since pw is 

in Am, it follows that > Tıp™ tq; = 0. Furthermore, since the elements p™“*q; 


occurring in this P are elements in Q'm-1, they are independent by (b). 
Hence every fip” qı = 0. But since p™-tq; is of order (p), this implies that 
p divides F; or that F; = 0 mod (p). Now p™-r; = f;p™—> which is an element 
in (p=), so that p divides ry; and rıqı= 0 mod pA. This contradiction 
implies (1). 4 
(2). Every element in A is mod pA expressible in. terms of the qu. 

‘The proof is given by an induction with-regard to the order-exponents of 
the elements of A. Suppose O(z) = (p)*). If n(z) = 0, then z= 0 and 
the statement is trivial. Assume that the statement is true for » —1, and that 
n(z) =n. Then pzs is in Axi, and in particular is expressible, mod A», 
in terms of the elements in Q’a-, since Qa-ı + An — An. Hence ps 


= 3 rıp" qı mod A, for suitable pq, in Q’,-. and r; in R, p*r = 2 pris 
t=1 = 


+ where y =p" is in A, and for suitable *; in R. Then p™*(c — 2 Tigi 
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— pz) = 0, ive., r— 2. 149i — pz is of order-exponent = n — 1, and by the 
=l A 
induction hypothesis  — > rig, — pz = È 819;, mod pA, for suitable g; in Q. 
a=1 451 i 


m m i 

This means t == $ 7:91 + D 84g; mod pA, since pz is in pA, and this completes 
1 =i 

the proof. ' 


L} 


3.3. THEOREM. The set S isa subset of a quasi-basts of A tf, and only if, 
(a). 8 is independent. 
(b). pt{S} = {8} - pA. 


_ Proof. Let § be any subset of any quasi-basis of A. By 3.1 the set 8 
is independent. Certainly p*{S} = {S}*ptd. Now any element 250 in 


{9} 0 p'A has the form 074g = Ñ rys; — piw for sy in 8, win A. It must 


be proved that æ is a p*-fold of some element in {8}. Then it may be assumed 
without loss of generality that none of the (r;) is divisible by (p*) since s 
is in p*{S} if, and only if, x + pty for y in {S} is in pt{S}. Choose h -+ 1 
as the maximum .of the order-exponents of the rj3;. Now for suitable fy 
in R it follows that pr; = r'jp* == Fp where #;==:0mod (p) and ‘that 
hh) < h-i. Not every prys; =f spus; is 0; and since the sy paene to 


a quasi-basis, they are independent by 3.1. Hence 0 pw == z pr 383 
= È aps, If t — 0, then ps; is in Qr, and Š raphe is an cr 


in Aan. Since A == = Qm = Aan, condition (c) implies that rs Fy prig; = 0, 


But the s; are adak Consequently #;p's3; = 0 aa Ton Fy > 
= 0 mod (p). Hence z is in pt{S}. 


Conversely, assume that conditions (a) and (b) are true. Let O(s) 
— (p)”(® for s in S. Since § is an independent set, pr)*s is of height 
n(s) —1 in {8}, and hence by (b) it follows that it is of height n(s) — 1 
in A. If 9, is the set of all the s in 8 such that n(s) —1 =i, then it follows 
from (a) that-S,;° Amı = 0 and that the set S, is independent. Hence 9; 
is a part of a basis T; of A, mod Arı. Denote by D; the set of all solutions 
of equations ptz = ¢ for ¢ in T, and not in S;, and denote by Q the set com- 
posed of 9 and D;. Then Q is a quasi-basis of A containing S as a subset, 
and this completes the proof. 


Remark, This implies the existence of a quasi-basis for every primary 
group A, since the vacuous set certainly satisfies (a) and (b). 
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3.4. THEOREM. If G is a subset of a quasi-basis of A, and if the 
order-exponents of the elements of G åre bounded, then the subgroup generated 
by G is a direct summand of A. 


Proof. By hypothesis there is an integer k such that p*g == for every 
g in G. If G is a subset of the quasi-basis Q, denote by T the set of elements 
in Q not contained in G and consider A/{T}. Let B be the uniquely deter-* 
mined greatest subgroup of A/{T} with the property pB == B. Denote by H 
that subgroup of A for which H/{T} = B. The proof follows in two parts. 


(1). {@}-H=0. 


For assume, that ¢ is an element different from 0 in {@}* H. Since. t is 
in {G}, t is not in {T} for the elements in Q are independent by 3.1. Then 
{T} -+ t is an element different from 0 in H/{T}. But p(H/{T}) == H/{T}, 
und hence ¢ is an element in H and {T} + ¢=540 is an element in a subgroup 
of type p© of H/{T}. This implies the following relations: 


i == pw, mod {T} for some w, in H, t = pw, + t, for 4, in {T}, 
wW, == pw, mod {T} for some w, in H, W, = PW -+ ta for tz in {T}, . 

i e ek Be ee or Sag HO we 
W; == PW mod {T} for some wi. in H Wi = PWin + leer for ty. in {T}, 


From this the following relation may be derived: $ m= ¢,-+ pt,-+- Bs 
+. p14, -+ p*wg where k is as chosen above, i.e., pz == 0 for every z in G. 


k 
Then t— È pit, = p*w, where the left member is in {Q}. Therefore by 
j=1 l 
k i 
3.8 there exists a z in {Q} such that p*z = t— J pt. Since p*{G} = 0, 
4=1 


p*z is in {T} and this implies that t is in {T}. - But ¢ is also in {@} and 
{G}o{T} —=0. Hence t= 0, and (1) is true. 


(2). Every element in A is expressible as the sum of an element in {G} 
and an element in H. 


h 
For let v be any element in A. From 3.2 it follows that ves Dds 


| h 
mod pA, for suitable q; in Q and r; in R. Then v = v, + pw for v, = 2 rg 
and w in A. Then clearly v= pw mod {Q}. This means that every element 


18 Cf. R. Baer, “ Primary abelian groups and their automorphisms,” American 
Journal of Mathematics, vol. 59 (1937), pp. 100-101. 
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in A is a p-fold mod {Q}, or that A/{Q} —=p(A/{Q}). [Henceforth for’ 
purposes of notation in this section S* will denote the quotient group S/{T} 
for any subgroup & between {T} and A.] Since A*/{Q}* — 4/{Q}, this 
implies A*/{Q}* = p(A*/{Q}*). Let v* be any element in A*. Then from 
the above statement it follows that v* belongs to a subgroup of A* of type 
.p~ mod {Q}* unless A* == {Q}* in which case there is nothing to prove. 
From this one gets the following relations: 


. v= = pw*, mod {Q}* for w*,in A*, yt — pw, + t* for some 2* in {Q}*, 
w*, ==pw*, mod {Q}* for w*, in A*, w*, == pw*, + t*, for some t*, in {Q}*, 
i or 
w*, = pw; mod {Q}* for w*, in A*, wi == pw*, + tăi- for some i*i In {Q 


From these relations one can derive: v* = t* + pt*, + p*t*, =e i 

+ prt, + pew, where k is as chosen above: p*{Q}* = 0. That h? = p*w*;, 
is an element in H* is shown as follows. Remember that {Q} = {G@} + {T} 
and hence that {Q}* ~ {G}, so that p*{Q}* == 0. Then since t7; is an element 
in {Q}*, by repeated application of the above process it follows that 


hë — (putra + te) = p (Pwen), 
PWr = PY (pw es + t*r) = p (pwt), 


Pw ns = P (pw ran F Fi) = pp w* erin), 


This shows that h* is an element of a group of type p™, and since H* is the 
greatest subgroup of A* such that H* == pH*, it follows, that`h* is con- 
tained in H*. As v* was chosen as any element in A* and since m* = ¢* 
+. pt®,+----+ peti*,, is an element in {Q}*, the fact that A* is in H* 
shows that A* — {H*,{Q}*}. Then if v is any element in A, it follows that 
v+ {T)}=-h+{T}+9-+ {T} for some h in H and g in {G}. Then 
peohtiitg+, for suitable 4 in {T}. Or v= -+g where h == h 
+i,+%. Since {T} <H, h is in H and since g is in {G}, this shows 
A —{H,G@}. This completes the proof of the theorem. 
The above remarks and arguments also imply the following 


. 8.5. COROLLARY. If Q is a quast-basts of A, tf C ts a subset of Q such 
that the order-exponents of the elements tn G are bounded, if T is the com- 
plement of G in Q, and tf H is the greatest subgroup of A such that {DSH 
and p(H/{T}) —H/{T}, then å = H + {G}. 
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3.6. COROLLARY. If A possesses a quast-basis Q such that the order- 
exponents of tts elements are bounded, then A = M + H where H is a direct 
sum of groups of type p and M is a direct sum of cyclic groups of bounded 
order-exponents. 


3. 7. COROLLARY. If the quast-bases of ‘A are finite and if A contains 
no element =< 0 of infinite height, then A ts a direct sum of a finite number 
of cyche groups. 


3.8. COROLLARY. If the order-exponents of the elements of A are 
bounded, then A is a direct sum of cyclic groups. 


Jn the remainder of this section statements are given which are known 
to hold in the classical theory. In most cases the generalizations are in, the 
literature or are trivial, but the statements are given since they are used in 
subsequent proofs. 


8.9. Let As=0 be a primary group of characteristic (p) and suppose 
that A does not contain a cyclic subgroup [40] which is itself a direct 
summand of A. Then A ts a direct sum of groups of type p™. 


38.10. The primary group A possesses a cyclic quotient group tf, and 
only if, A possesses a cyclic direct summand. 


8.11. THEOREM. If A ts a primary group of characteristic (p), then 
A is homomorphic to a group of type p® tf, and only tf, the order-exponents 
of the elements in A are unbounded. 


3.12. Let A be a group such that any two of its elements are dependent 
and which contain only elements of order 0. Then A ts cyche if, and only if, 
A ts generated by a finite number of elements. 


3.13. THEOREM. If A is generated by a finite number of elements, 
then every subgroup and every quotient group of A is a direct sum of a finite 
number of cyclic groups. 


4. Character groups. Assume, as before, that R is a ring satisfying 
conditions (A) and (B). Consider another ring Æ’ such that A and R’ are 
anti-isomorphie, 1. e., 


u For a discussion of this theorem in the classical case see R. Baer, “ Dualisms in 
abelian groups,” Bulletin of the American Mathematical Sootety, vol. 43 (1937), pp. 
121-124. ; 

15 Cf, the reference in footnote 7. See also G. Kothe, “Die Struktur der Ringen 
deren Restklassenring nach dem Radical vollstandig ist,” 'Math. Zeitschrift, vol. 32 
(1830), pp. 161-186. 
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. a). There is a one-to-one correspondence [denoted by ”] between the 
elements r in R and 7 in R such that: 

b). (r+8yY =— r +g for every r,s in R, 

c). (rsy = 8r for every r,s in R. 


Let A and V be two abelian groups admitting the ring R as left operators. 
Moreover, let V also admit R’ as a system of right operators so that V and 
_ the rings R and FR’ are subject to the following conditions:. 


d).. (u + vr = ur + or for u,v in V and r in K, 
e). (vr)s == v(7's’) for v in V and 7,8’ in F, 
f). s(vt’) = (sv)? for s in R, v in V, and ¥ in F. 


' A further hypothesis imposed on the rings R, Æ is the following: 


(K) 1. Ifv is any element in V and (r) is a left ideal in R, then there 
exists a right ideal (s’) in R’ [depending on (r) and v] satisfying: 


i. (r)vu—v(s’); i (s) S (r). 


2. If v'ts any element in V and (r) ts any right ideal in R’, then 
there exists a left ideal (s) in R [depending on (r) and v] satisfying: 


i. v(r’) =(s)v3 ii (£s) S (r). 


Under this set-up it is easy to see that a subgroup U of F is left-cyclic if, 
and only if, it is right-cyclic. Moreover, the same generator may be used for 
both cases. Every left-subgroup of V is also a right-subgroup and conversely. 
The following notation will be used: 


O(x) —left-order of an element z in V or in A. 

O,(v) = right-order of an element vin V. That is O,(v) is the set of all 
elements s’ in Æ such that vs’ = 0. 

(r, B) = totality of elements v in B such that rr == 0 for a fixed r in R. 

(B,r’) = totality of elements v in B < V such that vr’ — 0 for fixed 
7 in K. | 3 | 


It easily follows that if r is an element in R, then (r, V) = (V,71’) is a 
two-sided subgroup of V. And it is a consequence of condition (K) that ifv — 
is an element in V and t an element [0 or not] in #, then ¢ is in O(v) i, 
and only if, ¥ is in O-(v). 

The mapping f of A into V is termed a character of A in V if the 
following conditions are satisfied : * 
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1). f(z) =—=v where v is a uniquely determined element in V for every 
zin A, 3 

2). f(a+y) —f(r) + f(y) for every z, y in A, . 

3). f(rv) = f(x) +7 for every r in R, z in A. 


From these conditions it is clear that f is a , linear mapping of A into a 
subgroup of V. This definition of character coincides with the classical 
definition if # and R’ are replaced by the ring of ordinary integers. Then 
K = R and mw = vn for every v in V and every integer n, in which case 
condition (K:) holds. In order that the set of characters.of A in V may form 
an additive group also admitting the ring R as left operators, the further 
definitions are given: 


4). Iffand g are characters of A in V, put (f+ g) (2) ao P 
for every z in A, 


5). (rf) (z) =r f(x) for every r in R, x in A, and every character 
f of ‘A; in V. The group of all characters of A in V thus ae will be 
denoted by Cy(A). 


Let A be an abelian group and suppose that A’ is a subgroup of A. Iff is 
a character of A in F and f a character of A’ in V such that f(7) = f(x) for 
every z in A’, then the character f of A in V is said to induca the character 
f of A’ in V. Every character of A in V induces a character of every subgroup 
of Ain V. Conversely it is not difficult to derive the following: 


4.1. Let A= >, Ay and let fy be a character of Ay in V. Then there 


exists one, and only one, character f of A in V such that f(x) = f(z) for 
every © in Ay. 


4.2. If Am A+A: +- H An then Or(4) = Or(41) + Cr(As) 

+: -+ Cr(án). Here the Cy(4A;) have been identified with the groups K; 
of all those characters of A in V which map every element in $ A; on 0. 

‘ ' i Ti 


4.3. If V aVat Pe Pather Cy(A) = Cy,(A) + Cy,(A) 
ee "+ + Oy, (4). | 


Remark. It is to be noted that these last two theorems apply only to cases 
in which only a finite number of summands is involved. No statement is made 
concerning the infinite number of summands which is actually different. 


4,4, Every character of A/B in V for any subgroup B of A is induced 
by one, and only one, character of A in V which maps B on 0. 
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Proof. If f is a character of A/B in V, define g(x) =f(B + z) for . 
every ct in A. [If z is in B, g(x) —0.] Then gis the desired character of 
A mF. 


5. Sufficient conditions. 


5.1. LEMMA. If A 8a cyclic group of order (r), where (r) is 0 or 
not, then Cy(A) ~ (V,1") = (r, Y). 


Proof. Let A = {z}, so that O(z) = (r). If f is any character of A 
in V, f(z) =v where v is an element in FV. Then 0= (0) =f(rz) 
= f(z) -17 == vr, and this proves that v is contained in (V;1’). Let u be an 
arbitrary element in (V,1’) and define g(sz) = us’ for every element s in R. 
[In particular g(z) —wu.] Then g is a character of A in V, for: 


a). sz==izif, and only if, s— t= 0 mod (r). But this implies s’ — Y 
= 0 mod (17) and hence u(s’ —?’) = 0, which gives us’ = ut. This shows 
that g is a single-valued function. 


b). If cas, y=ta then g(a+y) = g(s + tz) = g[(s + t)z] 
=u (s + ty = u(s' +E) = g (82) + g (tz) = g (2) + g (y). 


c). g(rz) = g(rsz) =u (rs) ={u(gr) = (us) r! = g (sz) = g(x) r. 


These three properties show that g is a character of A in V. Hence there is 
a (1,1)-correspondence between, the elements of Cy(4) and (V,1’) obtained 
by mapping each character f in Cy(A) upon the element f(z) in (V,1’). 
This correspondence defines an isomorphism; hence Cp(A) ~ (V,7”), as was 
to be proved. 


5.2. COROLLARY. If A is cyclic of order (r), then Cy(A) ~A, tf, and 
only tf, (V, r) [=~ (r, V)] ts cyclic of order (r). 


5.3. THEOREM. If A tsa direct sum of a finite number of cyclic groups: 
A == Zi + Z:+: ` -+ Zo where O(Z,) = (ri), and if (V,1’) is cyclic of 
order (r;), then Cy(A) ~ A. : 


Proof. By 4.2 it follows that Cy(A) = Cr(Z,) + Cy(Z2) +- °° 
+-Cy(Zm), and the theorem is a direct consequence of 5. 2. 


Remark. Since (0, V) = V, it follows that either all or none of the 
(rı) == 0. For suppose (rı) =0. Then (rı, V) = (V,171) = V and hence 


1° For a treatment of the classical case of this theorem see the reference by P. 
Alexandroff and H. Hopf mentioned in footnote 3. 


CHARACTERS OF ABELIAN GROUPS.  _ l 95. 


must be cyclic of. order (rı) = 0. If now (ri) Æ 0 for any t> if then it is ` 
impossible that (V,1’1) be cyclic of order (1). | 
The following is an example which shows that A may contain elements 
of order 0 and also elements of order different from 0 and still have the 
isomorphism condition hold: Let R be the ring of ordinary integers, M the. 
additive group of rational numbers, and Z a cyclic group of order a prime .. 
number p. Take A= V = M +Z. Then Cy(A) ~ A, and A contains ele- . 
ments of order 0 and also. elements of order p £0. However, it is to be noted 
that A is not a direct sum of cyclic groups. 


6. Necessary conditions. 


6.1. Lemma. Let A be an abelian group containing an element of 
order (r) 3&0. Then the condition Cy(A) ~ A implies that V contains an 


on 


element of order (r). . - 


Proof.. Since Cy( A) ~ A, there exists a- character f of A in V of order 
(r). If O[f(x)] = (ma), then (ma) = (r) since r: f(x) = 0. Let m be the 
least common multiple of the (mz); then (m) = (r). Now m- f(z) = 0 for 
every z in A, and therefore (r) = (m). These results imply (m) = (r). 
Define V’ as the group generated by all the f(z) as z runs through A. Then 
V” is abelian with the least common multiple of its order-ideals == (r) =£ 0. 
Hence, by 2.2, V’, and therefore V, contains an element of order (r) as was 
to be proved. 


6.2. THEOREM. Let R be a field and suppose that V = Rv = vK £0 
ts cyclic. Then tf B == $ by is a direct sum of N cyclic groups different from 


0, Cy(B) contains 2% independent characters. 


Proof. Let P(R&)-denote the prime field contained in R. Define B as 
the totality of sums of the form $ piby, for p, in P(R). Put V = P(R)», 
t=1 


and note that B and Ÿ are not necessarily subgroups. Then a character of B 
in V may be defined by mapping by either on 0 or on v. Clearly 28 such char- 
acters may be defined since there are N of the bv5£ 0, and since the by form 
a basis of B. Now P(R) contains at most No elements, since it is a prime 
field, and C#(B) admits the countable field P(A) as operators. Hence the 
number of elements in a basis of Cr(B) is equal to the number of elements 
in O7(B) if this number is infinite. This shows there are 28 independent 
characters in (#(B). Note thab every character of B in V is induced by one, 
and only one, character of B in V. Assume that the characters 91, 92," `, 9n 
of B in V induce the characters ĝi, 92,° -° , gn of B in V. It can now be 
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‘proved without difficulty that the characters 91, J2,:-*, a ate independent if, 
and only if, the characters 91, g2,* °°, gm ate independent. Hence since the 
group C7(B) contains 2% independent characters, so does the group Cy (B). 
This completes the proof. 


6.3. COROLLARY. Let A be a primary group of characteristic (p). 
If Aw 2 Ay where there are X summands each of which 18. cyclic and dif- 


ferent ae 0, and tf V contains an element of order (p), then there are 28 
‘independent characters of A in V 


Proof. Note that A/pA = 5 Av/D, pAy = 3) (Av/pAy) = X By; and . 


since every Av/pAy is cyclic of order (p), every By is cyclic and of order (p). 
Then one may as well consider R/(p) [which is a field by 1.4] instead of R 
‘as the left-operator system of A/pA and of V — Rv < V where v is an ele- 
. ment in V of order (p). For since V is left-cyclic of order (p), by Section 4 
it is'of right-order (p’). Hence V admits [R/(p)]’ = R’/(p’) as a system 
= of right-operators. . 

By 4.4 every character of A/pA in V is induced by a character of A in 
V which maps pA on 0. Conversely every character of A in V which maps 
pA on 0 induces one, and only one, character of A/pA in V. Hence a set of 
characters'of A which map pA on 0 is independent if the corresponding set 
of characters of A/pA is independent. It follows by 6.2 that there exist 2 
independent characters of A/pA in ¥. Hence there are 2% independent 
characters of A in V [and therefore in V since V < F]. 


6.4. COROLLARY. Let A =È Ay where Ay ts cyclic of order 0 and 


where there are N summands. If V0, Cy(A) contains 28 independent 
characters. ; 


‘Proof. Case 1. V contains an element of order a prime ideal (p). 


A/pA contains only elements of order (p). Hence by 2.6 A/pA isa direct. 
sum of N cyclic groups of order (p). Then by 6.3 there are 2% independent 
characters of A/pA in V. The statement for Case 1 is now a consequence of 4.4. . 


Case 2. V contains an element w of order 0. 

If W == {w}, then Cy(A) = Cw(A). If R is a field, the statement i 
lows from 6.2. If R is not a field, then R contains a prime ideal (p) and 
R/(p) is a field. Now Cypw(A) consists only of characters f [except 0] of 
order (p); hence if f(x) ==vs40 for some element z in R/(p), then 
O(v) = (p). By Section 4 0,(v) = (p'); and since f(py) = f(y): p’, it 


/ 
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follows that Cw/pw(A/pA) = Cw pw (4). But W/pW is of T (p) and 
Case 1 implies that there ‘are 2% independent characters in Cw pw(A/pA) 
= Cwøw (4). 

Choose a representative r(x) in every class z of R/(p). Let g be any 
character in the above set of 2% independent characters of A in W/pW. If 
the elements a, for ay in Ay, form a basis of A and if w* = W/pW, let 
ğ (av) == w%s’ for some s’ in R’/(p’). Then there exists one, and only one, 
character g of A in W = {w} such that g(a») —w-+r(s) for every ay. The © 
proof is now completed by showing that the set OE characters g of A in W 
thus obtained is independent. 


6.5. Lemma. If A ==> Ap where the Ay are primary groups and the 


p , ` 
summation is over distinct prime ideals (p) in R, then Cy(Az) contains no 
element of order 0 if, and only if, Oy (A)p and Cy(A;) are essentially the same. 


Proof. Let g be a character of A in V of order (p*) for some integer n, 
and suppose that z is an element in Ag, (q) = (p), of order (q™). Then 
(p*) and (g”) are relatively prime and there exist elements p and g in E 
euch that: pp*+ Gg™==1. Hence g(x) = [pp" + Gq™]g(z) = pp": g (2) 
+ Gq": g(@) = 9° g(s): g” —m G- g(g"z)-s’==0, using condition (K). 
This shows that g is the zero character of Ag in V for every (q)  (p). There- 
fore Cy(A)pCy(A,). [Actually Cy(A)p~ GS Cy(Ay)]. On the other 
hand suppose that f is a character of Ap in F of order different from 0. Let 
O(f) = (r) = (pq) where (p) and (q) ÆR are relatively prime and 
a = 0. Clearly O(p*f) = (q).: Hence there is an element x in Ap such that 
(pf) (x) =v 5£0 for some v in V. If O(z) == (p)*, then py == vps’ 
= (p*f) (2) - p's’ — p7 f(prz) ‘sf = pt f(0) -2 — 0; hence O(v) = (pr). 
But also g:v= g(p"f) (z) = (qp°) f(s) =0, and hence O(v) = (g). 
Since (q) and (p*) are relatively prime, this implies O(v) = R or that 
v= 0. This contradiction shows the assumption that O(f) = (r) where 
(r) = (p%q) for qÆ R and (p)* (q) = 0 is false. Hence (q) = E and 
O (f) is a power of the prime ideal (p). This proves that f belongs to Cy(A)», 
so that Cy(A,) =Cy(A)». Hence ay) == Oy(A)p and the proof is 
complete, | 


6.6. THEOREM. Let A = As where the ‘Ay are primary groups gnd 
ihe summation is over. distinct — ideals in R. Then the condition 
Cy(A) ~ A umples 


a): Cv(dy) ~ Ap for every (p), 
b). Almost every Ay = 0. 


Y 
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Proof. a). Let (p) be a fixed prime ideal in R. Then 4 = Ap + Bp 
where By =2 Ag, and 4.2 implies that Cy (A) = Cy (4p) + Cr(Bp). Since 
q 


there are no characters of order 0 in Cy(A) [because of the condition of 
isomorphism, of ‘A and its character group], it follows by 6.5 that Cy(A)s 
== Cy(A,). But since dp ~ Cy(A)y, this shows that Ap-~ Cy(Ap) as was 
to be proved. Note that if A4ps<0, a). implies that Cy(A,) ~0. 

b). Assume that there exists an infinity of distinct prime ideals 
(pi), (p2),- > © such that Ap, 540. Then by a). Cy(Ayg,) 0; and hence 
there exists a character fp, 40 in Cy(Ay,). By 4.1 there is a character f 
of ‘A in V such that f(x) = fp, (£) for every cin Ap, Suppose O (f) = (r) ~0. 
Then (r) = O (fp) S (pı) for every i. But since (r) $40 is the product of 
only a finite number of prime ideals by 1.5, this is impossible. Hence 
(r) = 0, and then it is impossible that'Cy(4) ~ A since A contains no ele - 
ment of order, 0. This contradiction implies that only a finite number of the 
A,, are different from 0. 


6.7. COROLLARY. Suppose A == S, Ay are cyclic and either all are of 
y 


order 0 or all are of order diferent from 0. Then the condition Cy( A) ~A 
implies that the number of summands diferent from 0 ts finite. 


Proof. Case 1. A contains only elements of order 0. 


Assume there are N of the A, different from 0. Then V is not vacuous 
and 6.4 implies that there are 2% independent characters of A in V. Since 
there are N elements in one basis of A, 2.8 implies the maximum number of 
independent elements in A is N. Then it is impossible that Cy(A) ~ A. 


Case 2. A contains no element of order 0. 

If A contains an element of order (p), it follows by 6.1 that V also 
contains an element of order (p). By 6.6 there are only a finite number of 
the primary components Ap 0. It is a consequence of 2.3 that each Av is 
a direct sum of cyclic groups of prime-power orders, and therefore Ap is a 
direct sum of cyclic groups. Then 6.8 implies that there are 28 independent 
characters of Ap in V. Hence by 2.7 it is impossible that Cy(Ap) ~ Ap in 
contradiction to 6. 6. 


6.8. LEMMA. If A and V are primary groups of lefi-type p, then 
Cy(A) 560 and contains only characters (except 0) of order 0. 
Proof. Since every left-cyclic subgroup of V is also right-cyclic, as fol- 


lows from Section 4, it is clear that V is also of right-type p~. Then A and 
V have the forms: A = {%, t1, © °, 2u © “} and V—{v,0.,° °°, v4,° °°} 
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' where O(a) = ry 0 (0») = (p), pti = 241, and mp’ = Via Any element 
y in A has the form y == rz; where r is uniquely determined mod (p**!) and 
+ is uniquely determined by y. A similar statement follows for the element v. 
Define g (sz) == 148 for every s in RÈ (t=0,1,2,:--). It is easy to show 
that g is a character of A in V different from 0. . Eas 
Let f be any character. of A in V different from 0 and assume f(z) 


= v Æ 0 for a suitable t and some v in V. Now for every k, PZur = Ti. 


Hence, by condition (K), 0A v = f(z;) == f (Ptinus) =f (Trx) - p" = Tg p” 
= mep Ür = mp” ` f (Tim) £0. Then, O (f) does not divide (p*). Since this 
kolds for every k no matter how large, it follows that O(f) 0. This 
compe the proof. | 


6.9, Lemma. If A ts a primary abelian group of characteristic (p), 
then Cy(A) cannot contain elements >< 0 of infinite height in Cy(A). 


Proof. Let f be a character of'A in V such that there exist characters 
fı of A'ia V with the property p'fı == f for every i > 0. Suppose that x is 
an arbitrary element in A. If O(z) = (y*), then f(z) = (p™fm)(z) 


= [fm (2) [Dea] = [fo (pr) |b’ = fn(0) “Mm = 0 for a suitable km in 
E by condition (K). 


6.10. COROLLARY. If A ts a primary group of characteristic (p), the 
condition Cy(A) ~ A implies that A does not have elements different from 0 
of infinite height in A. 


6.11. THEOREM. If A isa primary group of characteristic (p) and if 
Cy(A) ~ A, then the order-exponents of the elements of A are bounded. 


Proof. By 6.10 there are no elements in A of infinite height. Assume 
that the order-exponents of the elements of A are not bounded.. Since 
Cy(A) ~ A, it may be assumed without loss of generality. that. V is a primary 
abelian group of characteristic (p). These assumptions imply that the order- 
exponents of the elements of V are also not bounded. For if (q) == (p°) is 
an ideal in Æ such that qV == 0, then certainly g-Cy(A) —0, and the 
condition of isomorphism implies q: A == 0 which is. contrary to assumption. 

Suppose that V = Z -+ U where Z is cyclic of order (p") for some integer 
n>0O. Then 4.3 implies that Cy(A) == Oz(4) +Cy(A). By 4.4 every 
character of A/p*A in Z is induced by a character of A in Z. Furthermore, 
if f is a character of A in Z of order (p*), it follows, on using condition (K), 
that f(p*r) == f(x) - p” = sp*- f(x) 0 for every z in A. Hence f maps 
p"A on the zero-element of Z. These statements prove Cg( A) = Cz(A/p*.). 

Similarly Cy1z(A) — Cy1z,(ApA), and C,*1z(A) is the subgroup of 


e 
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elements of order (p) in Czg(A). From the fact that A contains no element 
different from 0 of infinite height in A and the assumption that the order- 
exponents of the elements of A are not bounded, it follows that A/pA con- 
tains an infinity, say X, of independent elements. For if A/pA contained only 
a finite number of independent elements, then every quasi-basis of A would 
contain only a finite number of independent elements. And in this case 3.7 
implies that the order-exponents of the elements of A are bounded. 

Since by 3.2 a quasi-basis of A is a basis of A/pA, 6.3 implies that 

ptz(A/pA) == Cyz(A) contains 28 independent characters. [Use 6.1 to 
show the existence of an element in V of order (p).] Then Cz(‘A) con- 
tains at least 28 independent characters of order (p). Now the conditions 
Cy(A) ~A and Cy(A) =Cz(A) + Cy(A) imply that A == B -+ D where 
B~ Cz(4) and hence has the order-exponents of its elements bounded and 
contains 2% independent elements. Then A/pA = B/pB 4- D/pD. Now B, 
and hence pB, contains 2% independent elements of order (p), while by 
assumption A/pA contains only N independent elements. [See 2.7]. These 
facts lead to the contradiction 28 = N, 

Then the assumption that V contains a cyclic direct summand of order 
different from 0 is false. This implies [using 3.9] that V is a direct sum of 
groups of type p©. Now since the order-exponents of'the elements of A are 
not bounded, it follows by 3.11 that there exists a subgroup W of A such 
that A/W is a group of type p~. By 6. 8.there is a character g of ‘A in V of 
order 0. Then because of the isomorphism condition, A also contains an 
element of order 0. This contradiction completes the proof. 


7. Characters whose values form a cyclic group of order 0. 


7.1.. Tuuoren. Let V be cyclic of order 0. Then there exist n inde- 
pendent characters of A in V tf, and only if, there exists a direct summand 
of A which is itself a direct sum of n cyclic groups of order 0. 


Proof. Suppose that A = B + D where B is a direct sum of n cyclic 
groups of order 0. By 4.2 Cy(A) == Cy(B) + Cy(D), and 5.3 implies that 


 Cy(B) isa direct sum of n cyclic groups of order 0. This proves the sufficiency. 


The necessity may be proved by complete induction with regard to n. 
The statement certainly holds for n == 0. Assume that there exist n inde- 
pendent characters of A in V and that the theorem holds for n—-1. Then 
there exist n— 1 independent characters of A in V, and by the induction 
hypothesis A = B -+ D where D is a direct sum of n— 1 cyclic groups of 
order 0. If every character of A in V would map B on the 0-element of V, 
the character group of A in V would be the same as the character group of 
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Din V. The latter is by 5.3 a direct sum of n»— 1 cyclic groups ‘of order 0 
since D is the direct sum of n— 1 cyclic groups of order 0. But this implies 
that Cy(A) is a direct sum of n—1 cyclic groups, and by 2.8 this is 
impossible since by hypothesis Cp(A) contains n independent elements. 

Thus there exists a character f of ‘4 in V and an element b in B such 
that f(b) 40. Denote by B’ the set of all elements x in B such that f(x) —0. 
pes B’ is a proper subgroup of B (possibly B’=0), and f defines an 

“ anti-isomorphism ” of B/B’ upon a subgroup of the cyclic group V. As right 
ideals in R’ are principal right ideals, this subgroup V’ of V is cyclic of 
order 0, i. e., V’ == vR for some element v in V. Denote by g some element 
in B such fiat f(g) =v. That B is a direct sum of B’ and the cyclic group 
generated by g is proved as follows. Assume first that 2 is any element in B. 
Then there exists some element r in R such that f(z) = vr., Hence f (£ —rg) 
= f(x) — f(g) -7 =0, i.e. , T— rg is an element in B’; and B is generated 
by g and B’. Suppose, fas nei that wis an element of B’ and that.s is 
an element in R such that u + sg = 0, then 0 — f(u + sg) —f(u) +f (sg) 
= f(g) °s’ == vs’, as u is in B’. Since v is of order 0, this implies that 
$= 0; hence u = 0 too. This proves that A == B’ + {g} + D, i.e, 4 pos- 
sesses a direct summand D + {g} which is a direct sum of n cyclic groups 
of order 0. 

Let B be a group all of whose elements =< 0 are of order 0. B is said, to 
be of finite rank if there exists an integer n = 0 such that any n -+ 1 ele- 
ments in B are dependent. The smallest integer n of this type is the rank of 
B: r(B) =n. 


7.2. COROLLARY. Suppose that V is cyche of order 0 and that all 
-the elements of A (other than the O-element) are of order 0. Then r(A) 
— [Cy (4) ] is fintte if, and only if, A is a direct sum of a finite number of 
cyclic groups of order 0. 


Proof. Suppose that r(A) <—r[Cy(A)]—n. Then by 7.1 A = B+ D 
where B is the direct sum of n cyclic groups of order 0. Since r(A) = r(B), 
it follows that D = 0. The converse is a direct consequence of 5. 3. 

An example may be given to show that the Corollary does not hold if the 
rank of A is not finite. Let M be isomorphic to the group of rational numbers 
[taking R as the domain of ordinary integers]. If V is cyclic of order 0, note 
that Cy(M) = 0. Let B be a direct sum of N cyclic groups of order 0. Then 
by 6.4 r[Cy(B)] — 8’ where 8’ > 8. Put D equal to the direct sum of W 
groups isomorphic to M, and define A = B+ D. Then Cy(A) = Cy(B). 
+ Cy(D) —Cy(B) since Cy(D) =0. But r[Cy(A)]=1r(A), and A is 
certainly not a direct sum of cyclic groups. 
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8. The main theorems. 


8.1. THEOREM. Let A be an abelian group without elements of order 0. 
Then Cy(A) ~A tf, and only if, the following two, conditions hold: 


a). A isa direct sum of a finite number of cyclic groups. 
b). If A contains an element of order (r), then the subgroup (V,1’) 
== (1, V) of V ts cyclic of order (r). 


Proof. The sufficiency follows from 5,3. Assume that Cy(A) ~ A. 
Then by 2.3 A == $, Ap where A, is the primary component of A of charac- 


p 

teristic (p) and the summation is taken over all distinct prime ideals in R. 

From 6.6 it follows that Cy(Ay) ~ Ap for every (p) in R. Theorem 6.11 

now implies thet the order-exponents of the elements of A, are bounded; 

3. 8 shows that Ap == >) Zpv where Zp is cyclic. Then A == X, Ap == X, X, Zp, 
P p p P? 


which states that A is a direct sum of cyclic groups of orders different from 0. 
By 6. 7 only a finite number of the Zp» are different from 0, and this completes 
the proof of a). 

As noted above, A is a direct sum of its primary components; and since 
A is [by part a) already proved] a direct sum of a finite number of cyclic 
groups, only a finite number of the primary components Áp, of A are dif- 
ferent from 0. Then A = Ap + Ap, +: +--+ Ap, for some integer n and 
Ay, 0, (pi) Æ (p;) for +47. By 4.2 it follows that Cy(A) = Cy(A,,) 
-+- Cy(Ap,) +: +++ Cr(Ap,), and 6.6 implies that Cy(Ap,) ~ Ap, for 
i==1,2,---,n. Since A is a direct sum of a finite number of cyclic groups, 
it follows by 2.13 that ‘Ay, is likewise a direct sum of a finite number of cyclic 
groups. That is [dropping the subscript on pi], Ap == Zi + Ze +--+ > + 2m 
for some m and where 0(2;) = (p*) for t==1,2,---,m. Let k be the 
maximum of the a. Then 4.1 implies that V contains an element of order 
(p*). Suppose that V contains two independent elements of order (p). Then 
V contains a direct sum of two groups V; and Va where each F; contains an 
element of order (p). By 4.3 Cy(A) = Cy,(A) + Cy,(A), and this implies 
that Cy(Ap) contains at least 2m independent elements of order (p). By 2.7 
there are only m independent elements in Ap [and hence in Cy(Ap) because 
of the condition of isomorphism] of order (p). Hence this contradiction 


„implies that any two elements of order (p) in V are dependent, so that 


(p*, V) = (V, p™*) is cyclic of order (p*). 


8.2. THEOREM. Let A and V be abehan groups. Then Cy(S) ~S8 
for every subgroup 8 of A tf, and only if, the following two conditions hold: 
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a). A ts a direct sum of a finite number of cyclic groups. 
b). Jf A contains an element of order (r) which may be 0 or not, then 
(V,1°) = (r, V) ts cyclic of order (r). 


Proof. The sufficiency is a consequence of 5. 3. Assume that Cy (S)~ 8 
for every subgroup § of A, and let v be an arbitrary element of A. Then 
B == {x} is cyclic of some order, say (r), where (r) may be 0 or not. By 5.1 
Cy(A) ~ (V,7), and by hypothesis Cy(B) ~B; hence B~ (V,1’). Now 
O(B) == (r), and it follows that O(V, 1’) is also (r). This proves statement b). 

As is indicated in the remark to 5.3, condition b) implies that A cannot 
contain both elements of order 0 and also elements of order different from 0. 
The two cases are, then, considered separately. 

If A contains no element of order 0, the theorem is a consequence of 8. 1. 
Suppose then that A contains only elements of order 0, and let x be any ele- 
ment different from 0 in A. Then X = {v} is cyclic of order 0. Since by 
hypothesis Cy(X) ~ X, 5.1 implies that (V,0’) == V is also cyclic of 
order 0. Let B be a greatest independent subset of A. Then by hypothesis 
Cy({B}) ~ {B}, and 6.7 implies that B contains only a finite number of 
elements. Hence r(A) is finite, and condition a) follows from 7.2. 

Theorems 8.3 to 8.6 inclusive do not hold when F is a field. 


8.3. Lemma. Let A and V be abelian groups and assume that R ts not 
a field. Then the conditions 


a). Cy(S)~S for every subgroup S of A, 
b). Cy(A/S) ~ A/S for every subgroup Ş of A, 
imply that A does not contain elements of order 0. 


Proof. Assume that v is an element of order 0 in A. Since È is not a 
field, there is in E an element n=£0 which is not a unit. Put {nz} = B. 
Then A/B contains the element B + v of order (n)540. Since by condi- 
tion b) Cy(A/B) ~ A/B,.6.1 implies that V contains an element v of order 
(n). Denote by T the cyclic group generated by s. Then 5.1 shows there 
exists a character f of T in V such that f(t) =v. Hence f is of order 
(n) 40, Then it is impossible that Cy(T} be isomorphic to 7’, in contra- 
diction to condition a). Hence no such element v exists. 


8.4. THEOREM. If A and V are abelian groups and R is not a feld, 
then the following two statements are equwalent : 


1). a. A is a direct sum of a finite number of cyclic groups of orders 


0; 
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$ If there ts an element in A lag order (n), then (V,n y =x an; V) 
1s cyclic of order (n). 


2). a. S~Cy(S) for every subgroup 8 of A, 
b. A/S ~ Cy(A/S) for every subgroup S of A. 


Proof. If 2) is satisfied, then 8.3 implies that A does not contain 
elements of order 0, and statement 1) is then a consequence of 8. 1. 

Assume 1) is satisfied. If A is a direct sum of a finite number of cyclic 
groups of orders different from 0, then 3.13 implies that every subgroup and 
every quotient group A/S of ‘A also satisfies the same condition. Condition 
1) b certainly holds for S and A/S since it holds for A. Statement 2) is then 
a direct consequence of 5. 3. 


8.5. Lemma. Let A and V be abelian groups and assume that R is not 
a field. Then the statement Cy(A/S) ~ A/S for every subgroup S of A 
implies that A does not contain a cyclic quotient group of order 0. 


Proof. Assume that A/T for T a subgroup of A is cyclic of order 0. 
Then A/T is generated by some element T +g. Since R is not a field, there 
exists an element 1°54 0 in Æ which is not a unit. Suppose r(T + 2) generates 
A/T. Then there exists an element 7 in R such that F(T + £) =T +z. 
Since T -+ x is of order 0, it follows that,7 <= 1 which is impossible since r 
is nota unit. Hence r: (A/T) < A/T. Therefore there is a subgroup L of A 
such that TS L < A and L/T =r: (A/T). Clearly A/D is a cyclic group 
of order (r) 540. Since Cr(A/L) ~ A/L, it follows by 6.1 that V contains 
an element v of order (r) +40. Now since A/T is of order 0, Cy(A/T) 
~ (V,0’) =V. But as just shown, V contains an element of order (r). Hence 
it is impossible that V! be cyclic of order 0, and therefore Cy(4/T) ~ A/T. 
This contradiction completes the proof. 


8.6. THEOREM. Let A and V be abelian groups and assume that R ts 
nota field. Then Cy(A/S) ~ A/S for every subgroup S of A if, and only tf, 


a). A isa direct sum of a finite number of cyclic groups of orders 340, 

b). If A contains an element of order (r), then (V, ) = (r, V). is 
cyclic of order (r). 

Proof. The necessity follows from 3.13 and 5. 3. 


Assume that A contains elements of order 0. Then A’ = A/F(A) con- 
tains only elements [different from 0] of order 0. Let b,, ba, '>' be a greatest 
independent subset of A’. Define B as the closure of the group generated by . 
the elements 6.2, bs,:--. Then any two elements of D— A’/B are dependent, 
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since every element of D depends on B + b,. Furthermore, if B’ = {B +b}, 
then A” = D/B’ has only elements of orders different from 0, and A” can be 
expressed as a quotient group of A. Hence by the hypothesis of the theorem | 
it follows that Cy(A”) ~ A”. Then by 8.1 A” is a direct sum of a finite 
number of cyclic groups of orders s4 0. This implies that D is generated by 
a finite number of elements of order 0 [namely, the finite number of repre- | 
sentatives of A” and B + bı]. Since any two elements of D are dependent, 
this fact by 3.12 implies that D is cyclic of order 0. Now D can be repre- 
sented as a cyclic quotient group A/S’ of A, and hence it follows by 8. 5 that 
Cy( A/S") + A/S” for some &” contained in A.: This contradicts the 
hypothesis of the theorem, and hence the assumption that A contains an - 
element of order 0 is wrong; i.e., A does not contain elements of order 0. 
Since the condition Cy(A/S) ~ A/S for every subgroup S of A implies that 
Cy(A) ~A, the sufficiency now follows from 8.1. | 

If the ring: È is a field, the following theorems may be stated in order 
to extend the theory for this particular case. The proofs are not difficult and 
hence are omitted. 


8.7. THEOREM. Jf A and V are abelian groups admitting the field R 
as operator-system, then Cy(A) ~A if, and only if, 


a). The rank of A ts finite; b). V is cyclic and different from 0. 

8.8. COROLLARY. Let A and V be abelian groups admitting the field R 
as operator-system. ‘Then Cy(S) ~8 for every subgroup S of A tf, and only if, 

a). The rank of A ts finite; b). V is cyche and different from 0. 


8.9. COROLLARY. Let A and V be abelian groups admitting the field R 
as operator-system. Then Cy(A/S) ~ A/S for every subgroup S of A if, and 
only if, | 


a). The rank of A is finite; b). V ts cyche and different from 0. 


Note in particular that 8.6 does not hold when È is a field; 8.9 is its 
analogue in this special case. For ordinary abelian groups the ring Æ becomes 
' the domain of ordinary integers. Hence the theory for ordinary abelian groups 
is included in Theorems 8. 1 to 8. 6 inclusive. 


OKLAHOMA AGRICULTURAL AND MECHANICAL COLLEGE. 


ON A STATISTICS OF THE RAMANUJAN SUMS.* 


By AUREL WINTNER. 


The Ramanujan sums* q»,(7) are generalizations of the Mobius function 
(m), to which they reduce when n= 1. It is easy to see? that the prime 
number theorem can be formulated in purely statistical terms, by saying that 
the. function »(m) has an asymptotic distribution function. Hence, it is 
natural to ask what, if any, is the asymptotic distribution of the function 
Cm(n) of m for varying values of n. The following considerations deal with 
this question and with its statistical implications. It turns out that an 
asymptotic distribution function (with respect to m) exists for every n. 
This will be shown by applying the fundamental Tauberian theorem of prime 
number theory infinitely often, that is, once for every n. In principle, it would 
be possible to start with the classical case, n == 1, of prime number theory, 
and to reduce the case of an arbitrary n > 1 to the case n =— 1 of the Mobius 
function, by using an identity of O. Holder;* an identity which expresses 
the Ramanujan sums in terms of the functions of Euler and Möbius and the 
greatest common divisor of m and n, as follows: 

calm (Garay) = 904 (T) 
However, for the actual computation of the statistical momenta or Fourier- 
Stieltjes transforms, the analytical procedure to be applied here appears to be 
more convenient. In this way it will be possible to calculate the probabilities 
represented by the asymptotic distributions involved. 

The Ramanujan sums are the real integers * 








Cm (1), (m —— Ls 2, © „æ > 3 a} eae 1, 2s . i ss 
defined by | 
(1)  Cmn(n) =Z a”, e, Gn(n) = È exp T= 3 cos ; 
w 0< ram m oc<rám 
(r,m)=1 {(r,m})=i 


* Received November 26, 1940. 

1 S. Ramanujan, Collected Papers, Cambridge University Press (1927), pp. 179-199. 

7 Cf. p. 111 below. 

30. Hélder, “Zur Theorie der Kreisteilungsgleichung,” Ztohtenstein Memorial 
Volume, 1936, pp. 13-23. - = 7 

t That the numbers (1) are integers, is implied by the irreducibility theorem of 
Kronecker. 
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where w runs through the primitive m-th roots of unity. The number of such 
roots is ¢(m), where ¢ is Eulers function. It is any to see’ that 


(2) EE En. 
If m is & prime power, m = p*, then (1) reduces to 
pe — pe if L=k, 


(3) (n) =< — pet if l =k — 1, 
0 - if OSISb—2B, 


where | == lps is the function of p and n defined as follows: 
(A Tsz pln but ptn. 


Let (1) be thought of as a function of m for ui fixed n. For instance, 
the first function is 


(5) on (1) = 30; 60 that Gm (1) = p(m), 


where p is the Möbius symbol. A fundamental property of all these functions 


of m is expressed by the fact that each of them is a multiplicative function, 
i. e., that 


(6) Omma (1) = Con (1) Cang() Whenever (ma ma) = 1. 


This implies the relation 
(7) a(n) =1 


(which is clear, of course, from (1) also}. 

Let Gm (2), where j —= 1,2,- , denote the j-th power, ci, of C= Cafn). 
Since cm(n)J is, in view of (6), a maoka function of m, it is clear 
from the order of magnitude of the values (3), that the Dirichlet series 


(8) fa P (8) — Y Cm (12) 4 


m? 
is absolutely convergent for c> 1 and admits the Euler factorization 
: OO i 
(9) f(s) aa (143 SEX), 
? p 


if e >1, where s =o + ti. 
It is clear from (3) that 


ay RAMa OP a irmo 
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while ' 
11 < r pe et ey 
(11) = pe y if m 0, 


where 1 is, according to (4), uniquely determined by p and n. Thus 9) can 
be reordered into 


(12) fa? (0) — Pai (s) (14-9), edn), 
if Fa (s) is defined by 
1)4 1 cp) 
m noop (HER) (ok eas a) 
it being understood that the indices p, g of the last product run through those 
pairs of primes p and positive integers g for which p” is a divisor of n, where 


_ only the highest exponent is reckoned for every prime divisor p of n. For 
instance, if n is a prime power, n = p*, then (13) reduces to 


4) FY = (1 4 0) yy (, pe San pne 


pe) 2 





Hence, on writing & for g in (13), one sees that 
(15) Pa‘? (8) = i Fa” (s) 


for every n. 
The functions (9) can Ji expressed in terms of the functions (14) ann 
their products (15), as follows: 


(16) fa CD (8) =— Fa P (8)£(8)/£ (28), 
while 
(17) fa D (8) = Fy (25-2) (8) /2(s). 


This is clear from (12), since, by the Euler factorization of the Riemann zeta 
function, | | 
, 1 t(s) 2 ae ee 
nutili IOa >n 

It is clear that the functions (14) are regular in the half-plane o > 0. 
Hence, (15) shows that the same is true of the functions Fx!) (s). It follows, 
therefore, from (16), (1%) and from the non-vanishing of £(s) on the line 
g = 1, that the functions f,'/)(s)/£(s) attain continuous boundary values on 
the line o—1. Since (2) implies that, if n'and 7 are fixed, ca(n)/ remains 
bounded as m> o, it follows that Ikehara’s Tauberian theorem is applicable 
to each of the Dirichlet series (8), which define the functions fa (8) for 
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o œ> 1. Accordingly, there exists for every n and every j an average Min{em(n) 4}, 
where 


(18) | Mn {dm} iy ESE 
M00 
According to Dirichlets Abelian theorem, the value of Mm{cm(n)‘} 
must be the limit of fa” (s)/¢(s) as s—>1. Consequently, from (16), 


(19) Mim {Cn (1) *4} = Fa” (1)/€(2), 
while, from (17), : 
(20) Mas{cn(n)¥*} — 0. 


According to (15), the Abelian relation (19) can be written as 
6 
21 Min{ Gan (1) #4} = — I Pye?” (1), 
(21) (con(n)**} = = UL Ft?” (1) 
while (14) shows that the factors of the product (21) are given by 
- k nl) 2f 
(2a) Be (14i) a3 PPDY y pema), 
: A=1 


p* 
Let the 0-th power of c = &m(n) be defined to be 1 also if c==0: 
(23) Cm(m)i = 1 if j = 0; so that Mm{en(n)°} = 1, 
by (18). 


It is clear from (2) and (18) that 
| Mm{en(m)*} | = Min{om(n) 4} S n”. 
Hence, the radius of convergence of the power series 
| Z Lmtom (nm) *} a) j 
(24) Galu) B= (— ut 


is infinite for every n (= 1, 2,-- n According to (23) and (21), these entire 
functions cáin be written in the form 





= $ (“7 po 
(25) Gy (u) Í Fa 5 a (27) | T (1). 
In particular, if n is a prime power, n == 7#, then, according to (22), 
= 6/7” (P — ar es (2f—1) K-12 Gee ut) i 
Gp (u) 1 F 1 + pt 3 (1 +3 p* TP ae 7 aie (2 4) 


Since the last series can be written as the sum, 3 of 
z1 





(wy £1 pp, 1 (utp 
GD tar GM TP G? 
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it is identical with | 
F NS eee -1 EEA 
—1 feos AmE ee 
azil 


Hence ue 
j Z l ` vE 
T k+l : __ pnk-i , 
wu) =i tr fal- C toon + 3 RP Oe) 
* and so | | 
6 1— -f k 
ee) Go (u) =(1—5 =F) +5(1+2) (3 = n 4. ee 


where ¢ is Eulers function (¢(p°) =1). 
It is clear from (26) that, if k is fixed, 


| 6\ 6 | 
(27) . Gau) > (1-5) +5 cosu as p—> oO, 
and that, if p is fixed, 


(28) @n(u) > (1—Ssqroa) +5 (142 x) ase as koa 
provided that u is restricted to be real; and that (27) and (28) hold uniformly 
for —ao < u< o. 

According to (13), 
(29) F (8) =1. 
Hence, from (19), 


(80)  Mmfea(1)*} = 6/23; G=128 e) [e (8) 1. 
Consequently, (21) can be written in the form | 
(31) Mom { Con (1) 72} = a Fe (1), 

pein 


where the asterisk means that p*—1 is thought of as a divisor of n. On 
applying (31) to n == p*(= 1), and substituting the result into (31), one 
sees that 


(32) Mm {cn (1) ¥} — 1% Mafon (2) 


for every n = 1 and for every j Z 0. 
Correspondingly, from (25) and (30), 


= -= -n mm ma y ae bes e o 
- me m — ee = 


easy oe ie, 


me m amo 





' V a)? e pan (=u) ae nee 
CP ES Ophea -3 Gyr werd), 


by (28).. Hence, from (31) and (32), 





(34) Gali) = 3 CERT Ue Mnfon( i)”. 
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If n= 1, then (34) reduces, in view of (30), to 
(35) Gy (a) = (1 — 6/7°) + (6/2*) cosu l [ef. (27)]. 


A real sequence @,° ©, am, ° oË numbers is said to have an asymp- 
totic distribution function, p, if there exists a monotone function p(a), 
—o<a< ©, which satisfies the boundary conditions p(— œ) = 0, 
p(«) = 1 and is such that 


(36) 3 Fala) y o(a); ies ©, 


- holds at every continuity point a of p, where Nm(a) denotes the number of 
those among the m values a;,- - *, dw which are less than «. It is known * 
that, if the sequence {a} is bounded, 


(37) lim sup | dm | < œ, 
O m> ‘ 
it has an asymptotic distribution function, p, if and only if the m-average 
Men{Qm4} exists for every j; in which case . 
(38) Hn { dan) } — Lely for j= 0, Dores (Lelo = 1), 
where [p]; denotes the j-th momentum, 


oO 


(39) Loli f odela). 
Obviously, / = 
(40) | Ee]; | & (lim sup | am |}. 


As an illustration, let am == y(m), where u is the Möbius function. The 
prime number theorem is equivalent to the estimate 


(1) + + a(m) = om), mo, 


which, in turn, is equivalent to the existence of the average Mm{yu(m)}; 
it being an elementary fact that if this average exists, it must be 0 (Huler). 
Furthermore, it is an elementary fact that Min{| »(m)|} exists (== 6/1’). 
` Since (m) is either 0 or + 1, it follows that the prime number theorem is 
equivalent to the statement that Mm{a(m)i} exists for every j, le., that 
#(m) has an asymptotic distribution function, p. Clearly, p= p(«) is the 


. 5 Cf., e.g, A. Wintner, “On an application of diophantine approximations to the 


repartition problems of dynamics,” Journal of the London Mathematical Sooiety, vol. 7 - 


(1932), pp. 242-246. 
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step function which has the saltus 3/x?, 1—6/x*, 3/7? at a == — 1,0,1, 
respectively. | 
Correspondingly, the above results on the Ramanujan sequences (1), 
where n is arbitrarily fixed, can be formulated in terms of asymptotic 
distribution functions, as follows: 
| Let dn = ¢m(n), where m is fixed. According to (2), condition (37) is 
satisfied. Hence, the existence of the averages (19), (20) is equivalent to the 
statement that the function am == Cm (n) of m has an asymptotic distribution 
function, pn = pna(%),— © <a<o. Furthermore, from (20), (30), (32) 
and (38), | 


(41) [pn]; n [e]; (j — 0, 1,2, ` -), 


where, according to (19), (22), (20) and (80) 


i 6 L\7 /& * : 
tort = 3 (1 +=) (3 oP" + perms), [ppt ley1 = 0 if k> 
m P o P 

(42) 

while [pi] = 6/7”, [pr foj-1 = 0; (j = 1,2, +). 


= Let L(u;p) denote the Fourier-Stieltjes transform of p; so that - 
n | 
(43) L(u;p) = f. edp(a); a cuca 
om OK ý 


Thus, from (39) and (40), the power series expansion 
wo ij 
(4) Lup) = 3 Heliu,  (L(0;p) = [l= 1), 
is valid for every u. 
It is clear from (20), (24), (41) and (44) that 
(45) Gn(u) = L(t; pn). 


As an application of the fundamental relation (45), one sees from (27) 
and (35) that 


(46) lim L (2; p) = L(w5p:), i.e, lim pp*(a) = pi (8), 
pom Pow 


where k is any fixed positive integer. A similar interpretation holds for (28). 
According to (45) and (26), 
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“N Iwe) =h i mr) tal +2)" tinies 


T 1 p° r , 
> expiġ(h)u , exp iptu exp —ip(h)u | oe) 
(3 a ee ee aoe a 


Hence, it is seen from (43) that pp = pp*(a), where pp*(— œ) = 0, is the 
step function which has at 


a = 0, i x= + $(p*), where an ae G=ot kh 


the respective jumps 


Se Sane eld : 3 1\+ 
Tp : a ta F i Jp (t+5) 
(which add up to 1); while (35) shows again that pı == pi(a) has at «—0 
und a == + 1 the jumps 1 — 6/r° and 3/7”, respectively. 

Accordingly, all that remains to be discussed is the statistical meaning 
of the operation which expresses an arbitrary distribution function p, in terms 
of the distribution functions p, and ppt, where p* is an arbitrary prime power. 

- To this end, consider first two distribution functions, say 7,(«) and 
ts(@), which are constant for — œ < «a < 0 and are absolutely continuous; 
so that the distributions can be expressed in terms of their densities 7’,(a), 
z'a(@), which vanish for — œ <a<0 (the primes denote differentiations 
with respect to a). Clearly, the Mellin transform, 





(48) | fe (a ap, = <a, 


. defines a function which is the density of a distribution function; and this 
distribution function, which will be denoted by 7, f rz ==11(@) ¢72({a), satisfies 
the same conditions as either of its components ri, Ta It is also seen that 
(49) rit r= Te TT and (T1 ts) F Ta = t1 T (72 f 72), 


where rs is any distribution function satisfying the same conditions. 

Clearly, the Mellin convolution. r, f re has with reference to the multi- 
plication of independent functions the same statistical R as the usual 
convolution, 


OO 
1 * Ty E= T: (2) * Tafa) — f 71(a— B) dr2(B), 
has with reference to addition. S 
8 


114 AUREL WINTNER. 


If i and rz have finite momenta, the same is true of r, +72; in which 
case it is easily verified from (89) and from the definition, (48), of the 
density of 7, f 72, that | 
(50) Lra t rely = [rilalr] 


Obviously, the assumption that the 7 are absolutely continuous is unessen- 
tial in these considerations. In fact, it is sufficient that the r should vanish for 
—~ œo < & < 0, and that a trivial precaution be taken for the possible jumps at 
Q m= Q). 

Consequently, the above explicit description of p, and of the pp, when 
compared with (41) and (49)-(50), supplies an arbitrary p, in explicit terms 
of statistical significance. In fact, pı and pp are symmetric distribution 
functions and can, therefore, be reduced to the case of distribution func- 
tions which are constant for — œ < a < 0 and carry for 2 >0 a doubled 
probability. 


THE JOHNS HOPKINS UNIVERSITY. 


PROJECTIONS OF NON-ABELIAN GROUPS UPON ABELIAN 
GROUPS CONTAINING ELEMENTS OF INFINITE ORDER.* 


By Ross A. BEAUMONT 


I. Introduction. A function f of the subgroups of a group Œ upon the 
subgroups of a group @ is called a projectivity of G upon Q if: 


(1) For every subgroup S of G, f(S8) is a subgroup of G; 


(2) If S’ is a subgroup of G”, then there exists a subgroup S of G such 
that f(S) = 8’; 


(3) If S and T are subgroups of G, SST is a necessary and sufficient 
condition that f(S) = F(T). 

The correspondence f is a single-valued monotone-increasing function 
with a single-valued inverse and is a generalization of the ordinary concept 
of a projectivity between a projective space S, and a projective space 8’, where 
for subspaces Sy and Sx of Sn, S; SS Sy is a necessary and sufficient condition 
that a; < Sx. 

In the study of groups which have projections on abelian groups, it is 
natural to divide abelian groups into two classes: groups without elements 
of infinite order, and groups with elements-of infinite order. In this paper 
the latter are studied. Baer has shown + that if an abelian group G contains 
at least two independent elements of infinite order, then every projectivity 
of G is induced by an isomorphism. Hence in a survey of groups which have 
projections on abelian groups containing elements of infinite order, only abelian 
groups G where G/F (Œ) is of rank 1 need be considered. An important class 
of such groups are those for which G/F (G) is an infinite cyclic group. 

We first derive necessary conditions that a group have a projection on an 
abelian group G containing elements of infinite order; and, where G/F (G) is 
an infinite cyclic group, we show that, under certain additional conditions, 
these necessary conditions are sufficient. 

For future reference we collect the following definitions and notations: 

A projectivity f of a group G upon a group @ is said to be inder- 

* Received March 10, 1941; Revised April 15, 1941; Presented to the American 
Mathematical Society, April 13, 1940. . 

1R. Baer, “ The Significance of the System of Subgroups for the Structure of the 


Group,” American Journal of Mathematics, vol. 61 (1939), pp. 1-44. Hereafter this 
paper will be referred to as (B). 
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The following formulae for multiplication of the elements in H are a 


consequence of 2.3. For z in F(H,p) we haye by complete induction from . 
2.3: 


2.3.1. vay = x pow m [1 + pe(p,v)]*. : 
We then have by complete induction from 2. 3.1: 
2.8.2 (m) "= a pow [m(1 + {1+ po(p,0)}*+ {1 + pole, ))™ 


+- + + {1+ po(p, v)}o-*)] om 
= z pow [m({1-+ po(p.v)}*—1)/(( + pe(p,0)}#—1)] om 


l Now consider an element a of F(H) where a is of composite order, i. e. 
a= ]]a(p), a(p) in F(H,p) and almost every a(p) = 1. 
s l 


(alp) Jo*)*— qii oH [TL a(p)] 0) o = qi II oHa (p) jor 
= dn a(p) pow [1 +.pe(p, v)] #)u™ by 2:3.1 


= (ILH a(o) pow [1+ po(p,»)] *)o™ 
= (11 (zp) pow [1 + {1+ pe(p,v) }*. 
bb {T+ po(p, 9) a om 
2. 3.3. | — (La(p) pom LG i PCR a a one 


2.3.2 and 2.3.3 lead to the following useful formula : 
2.3.4. (L a(p)] ot)" = (EE patpat ba a a 


We now derive otic: necessary conditions. 


2.4. If vts any element of infinite order in H, then c(2, v) ==0 mod 2 if 
F(G,2) contains an element of order 4. 


Proof. By Theorem 3.2'in (B) there exists an element z of infinite 
' order in G such that f({z}) = {v}; suppose u is in F\(G,2) where the order 
of u is at least 4. By Theorem 9.2 in (B) there exists one and only one 
element u’ in H such that f({u}) = {w} and f({uz}) — {wv}. By 2.2 
f({u?}) — f({u})?— {w}? and Fe) == f({2})*— (o) and again by 
Theorem 9.2 in (B) there exists one and only one element w” in H such that 
FWY) = {W} and f({ws?}) — (W) Since {W} — {u"2}, wu 
where p is odd, and f({u?z*}) = {w 2}, By 2.2 f({u227}) == f({uz}?) = 
f({uz})? — {(u’v)*}, Since u is in F(G, 2), u pow 2* = 1, f({u pow 2*}) = 
f({u}) pow 2* = {w pow 2*} = 1 and w is in F(H,2). By 2.3.2 (wv)? = 
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w pow [1+ {1-+ 2¢(2,v)}] v? = w pow 2[1 + ¢(2,v)] 0% We now have 
{w Py} =m {w pow 2 [1+ ¢(2,v)]v?} which implies that w == wu’ pow 
2 [1 + ¢(2,v)], 2ps=2 [1 + ¢(2, v)] mod 2, p= 1 + c(2,v) mod 271. Now 
k > 1, since the order of u is at least 4. Since p is odd, 1 + c(2,v) is odd 
and ¢(2,v) is even. Hence c(2,v) =0 mod 2. 

Later we shall need a particular form of the exponent ([1 + pe(p, ia nt 
—1)/({1 + pe(p, v)]*—1) which appears in 2.3.2 for certain values of n 
and k. We prove the following lemma: 


LEMMA 2.4.1. If (4,9) =—1 ands Z t= 0, then 
(CL + po(p, v)} **—1)/([1 + pe(p,v) ]?*" —1) = kpt where (k, p) =1. 
Proof. We first prove a special case of the lemma: 


2.4.1.1. ([1+pe(p,v)] ®—1)/([1 + po(p, v)] —1) — mp 
where (m, p) = 1. 


([1 + pe(p, v)] ®*— 1)/(E(1 + pe(p, v)] —1) 
<= (ip'pe(p, v) + ip (ip — 1) p?e(p, v)?/2! 
+: + p pow [tp*|c(p, v) pow [tp*]) /pe(p, v) 
2.4.1.2 = pP + ir (ip — 1)pe(p,v)/2! 
+: -+p pow [ip — 1]e(p, v) pow [ip — 1]. 


Consider the general term of the expression 2.4.1.2. It has the form: 
ip (ip! — 1) (ip — 2): (ip — r + 1)p o(p, 0) yrl. 
Now r == mp" where m = 1 or (m, p) = 1. We have: 

i(i — 1): - (p — mp + 1)/mp"! =a, an integer. 

(ap! — 1) (tp*— 2); - + (ip"— mp” + 1)/ (mp7 — 1)! =b, an integer. 
a==ip'b/mp™ and since m is prime to p, tb/m =c, an integer. Hence the 
general term has the form: 
cptp pow [mp™’—1]c(p,v) pow [mp™’—1]/p™ and we wish to show that 
cp pow [mp —1]}e(p,v) pow [mp7 —1]/p” is an integer divisible by p for 
ree mp > 1. 

Case I r= 0 

If += 0 the above expression has the form: cp™"*c(p,v)™*. r==m>1 
so that cp™“*c(p,v)™ is an integer divisible by p. 
Case II r > 0 l 

It is sufficient to prove that r < mp” — 1 or r4-1< mp’. Now r+ 1 
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S 27S p S mp’ and 27 = p" only when p == 2, since r > 0, so that we need 
only examine the case p==2. +7-+-1=<=2r only when +r=1, since r> 0. 
When p= 2, r= 1, the above expression has the form c2?"-1¢(2,v)?™-4/2 
which is an integer divisible by 2 for all m>1. When m =a 1, ¢(2,”) is 
divisible by 2 if F(G,2) contains an element of order 4 since c(2, v) ==0 
_ mod 2 by 2.4. If all the elements of F(G,2) are of order 2, it follows from 
2. 3 that the elements of F(H,2) permute with any element of infinite order 
in H, and hence 2. 3. 2 reduces to (2v*)" =a gmnynk go that 2. 4. 1. 1 is trivially 
satisfied. 
Hence every term after the first term of: 


2.4.1.3 1+ i(ip?—1)pe(p,v)/2! 
+: +++ ppow[ip —1—s]e(p, v) pow[tp* — 1] 


ig an integer divisible by p and since 1 is prime to p, the expression 2. 4. 1. 3 is 
an integer prime to p, which completes the proof of 2. 4.1.1. 
Now 
({1 + pe(p v) }?* —1)/([1 + pe(p, »)]?** — 1) 
= ([1 + pe(p, v) ]”—1)/ (T1 + pe(p, v)] — 1) 
-= ([1 + pe(p, v)]?*" —1)/([1 + pe(p, v)] —1) 
a Mp? / Map — Map? i 


where (m;, p) = 1 by 2.4.1.1, and this completes the proof of the lemma. 


Remark. Note that for p542 every term after the first term of 2.4.1.3 
is divisible by pe(p, v) so that 2.4.1.2 has the form: 


pelt + pe(p, v) {ilip —1)/2 
+: ++ p pow [tp*—s— 2]o(p, v) pow [tp* — 2]}] 
— p[i + kpe(p, v) |. 
Then in the Lemma m,—[i-+ Apce(p,v)], M= [1 -4+ Bpc(p,v)], and 
m/m = k, so that k<=t+ (A—KB)pec(p,v) = 1 + tpe(p, v). 


2.5. If F(Q, p) contains at least two independent elements of order p”, 
then every v of infinite order in H permutes with every z in F(H, p) such that 
z pow p” = 1. 


Proof. TÉ v is an element of infinite order in H, then f({z}) = {v} where 
{z} is an infinite cyclic subgroup of G by Theorem 3.2 (B). Suppose that 
F(G) contains two independent elements, s, t of order n and let F(G), 
= (F(G); z= 1). Let G=F(G), X {2} and f(@)—H. It follows 
from 2.2 that f(P(@)n)—F(H)n— (F(A); a*=1). Hence f(G) 
= {f(F(@)n), f({2})} = (F(A), 0} =H and F(H), is a characteristic. 
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| subgroup of A and in particular is & Normal subgroup. Now Q" == {z"} and 
FCG) =— f({z}") == f ( {2} )" = {v"} = Ë" by 2.2. H” is a characteristic sub- 
group of H and hence is normal in H. Since f(@) = Ë and f(G*) = A”, the 
lattice of subgroups between Ẹ and G* is isomorphic to the lattice of subgroups 
between H and fl” and this lattice omer induces a projectivity of G/G" 
upon A/H" which is index-preserving. 

Now all the elements of G/G" have orders dividing n and there are at 
least three independent elements of order n, namely {z*}s, {z*}t, and {2"}z. 
By Lemma 11.5 (B) G/G* and H/H* are isomorphic and hence H/H* is 
abelian. Then the commutator subgroup of H is contained in H” so that 
vva ig in Ë” for z in Ë. If x is of finite order, F({z,v}) = {z} and z is 
normal in {z,v}. Hence vavtg? = rt, i. e. vovg is in F(H) = F(H)n. 
Thus for z in Ẹ of finite order vrv2 is in H"a F(H), = 1, and v permutes 
with every v in F(H),. This fact is equivalent to 2. 5. 


2.5 is equivalent to the following condition: 


2.5.1. If F(G, p) contains two independent elements of order p”, then 
c(p,v) =0 mod p° for any element v of infinite order in H. 


Proof. Suppose 2.5 is satisfied. Then s, of order p” in F(H)p per- 
mutes with v, i.e. vsv = s. By 2.3 vev“ = y pow [1 + pe(p,v)] for every 
x in F(H,p) and since F(H, p) = F(H)pr which contains s, vsv == s pow 
[i+ pe(p,v)]. Hence s == s pow [1 + pe(p,v)], 1== 1 + pe(p,v) mod p”, 
pe(p, v) = 0 mod p", c (p, v) = 0 mod p°. i 

If 2.5.1 is satisfied, c(p, v) = 0 mod p™t and hence c (p, v) =— prte (pw). 
For every z in F (H, p), vev = g pow [1 + pre’(p,v)]: For z in F(H)r, 
voy == T so that v permutes with z. 

By 2.1 f(F(G)) = F(A) is the subgroup of all the elements of finite 
order in H and F(#) is isomorphic to F(G), so that in particular F (H) is 
abelian. F(G) =e, p), F(A) = I PCH, p) and the neue i, of 


F(G) upon F(H) sends each F(G, p) a the corresponding F (H, p). 
F'(G, p) be any subgroup of F (G, p) and let F (H, p) be the pa 
subgroup of F (H, p) under the isomorphism of F(G) upon F(H). We prove 
the following: 

LEMMA 2.6. F'(H, p) is either part of the central of H or else ts the 
direct product of a group K’ and a group U’ where K’ is part of the central 
of H, where U’ is either cyclic or of type? p®, and where U’ contains elements 
of an order exceeding the orders of all the elements in K’. 3 


3A croup G is a group of type pœ if G is generated by an infinite sequence u, of 
elements so that 4, is of order p and (u, JP =u, for every i. 
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Proof. If F(Q, p) contains two independent elements of order p” for 
all n > 0 where n is rélevant for F” (G, p), then it is a consequence of 2.5 
and the fact that F (H) is abelian that F” (H, p) is a part of the central of H. 

If #’(G, p) contains two independent elements of order p” for 0 <n & k 
and elements of higher order such that any two elements of order p” are 
dependent for n > k, then it is a standard result? for abelian groups that, 
F (G, p) = K X U where U is either a cyclic group of order p*** or a group 
of type p® according as the orders of the elements of F (G, p) are bounded or 
not bounded. Moreover the orders of all the elements of K divide p* since U 
contains elements of all higher orders which are independent of all the elements 
in K. 

Since Æ (H, p) is isomorphic to F’(G,p), F (H, p) —K’ X U’ where 
K’ = H, and H> is part of the central of H by 2.5. U’ is cyclic or of type 
p© and contains elements of an order exceeding 7’. 


III. The Case of Cyclic G/F(G). Let A be an abelian group without 
elements of infinite order and Z be an infinite -cyclic group {z}. Then 
@ = Á X Z is an'abelian group containing elements of infinite order where 
A = F(G@) and G/F(@) is an infinite cyclic group. Iff is a projectivity of G 
upon a group H, then H satisfies, in addition to the conditions 2.1, 2.3, 2. 4, 
and 2. 5, the condition: 


3.1. H/F (A) is an infinite cyclic group. ` 


Proof. F(H} is a characteristic subgroup of H and in particular is a 
normal subgroup. Since f(@) =f(A X Z) =H and f(A) = F(A) by 2.1, 
the set of subgroups between A and A X Z is isomorphic to the set of sub- 
groups between F(H) and H and this isomorphism induces a projectivity 
of (A X Z)/A upon H/F(H). Now (A X Z)/A is an infinite cyclic group 
and it follows from Theorem 3.2 in (B) that H/F(#) is an infinite cyclic 
group. 

Hence if H is a projection of the abelian group G—F(@) X {z}, H 
satisfies 2.1, 2.3, 2.4, 2.5, and 3.1. It will be the object of the remainder 
of this paper to show that if H is a group satisfying these necessary conditions, 
then there exists a projectivity, f, of G upon H. 

If H is any group satisfying 2.1, 2.3, 2.4, 2.5, and 3.1, then H == 
{F (H), v} where F(H)} is isomorphic to F(G@) by 2.1 and {v} is an infinite 
cyclic group by 3.1. By 2.3 v induees an automorphism in F(H} and in 
every F (H, p) which sends each subgroup of F(H)} into itself. 


3 E.g. R. Baer, American Journal of Mathematics, vol. 49 (1937), pp. 99-101. 
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F(Q) — II F(Q, p) since F(G) is abelian and since F(Ħ) is isomorphic 
p 
to F(G@), F(H) =I F(E, p). 
P? 
All prime numbers, p, are divided into two classes: 


(A) those prime numbers, p, for which F(G, p) contains two independent 
- elements of order p” for all n > 0 where n is relevant for F(G, p); 


(B) those prime numbers, p, for which F (G, p) contains two independent 
elements of order p” for 0 < nk and elements of higher order such that 
any two elements of order p” are dependent for n > k. 


THEOREM 3.2. If G=AXZ where A=F(G) is an abelian group 
without elements of infinite order and Z is an infinite cyclic group, and if the 
prime number pts not of class (A), then F(G, p) does not contain elements 
of order p’; then tf fisa Peery of G upon any group H, G and H are 
isomorphic groups. 


Proof. If f(@) = H, H satisfies 2.1, 2.3, 2.4, 2.5, and 3.1, and 

H = {F(H),v} where F(H) is isomorphic to A and {v} is an infinite cyclic ` 

group, A= F(G) = ]I F(Q, p) and F(X) = [I PF (FZ, p). If pisa prime 
P P 


of class (A), it follows from Lemma 2.6 that F(H, p) is contained in the 
central of H. If p is not a prime of class (A), F(H,p) does not contain 
elements of order p° since F (G, p) and F(H, p) are isomorphic. Then by 2. 3, 
vzv“ = g pow [1 + pv(p,v)] =v for z in F(H,p) and F(H, p) is in the 
central of H. Thus F(H)} is in the central of H and H is abelian. Hence 
tim — F(H) X {v} where F(H) is isomorphic to A and {v} is isomorphic 
to {z}. 


Remark. Hereafter we shall denote c(p, v} by c(p). Every element of 
infinite order in H has the form av* where a is in F(H). By 2.3 
(av*)a(av')--—=¢ pow [1-+pe(p,av*)| for s in F(H, p). By 2.3.1 
(av) z (a) — a (vsr) at = ax pow[1 + po(p) ]* wt — 2 powll + pe(p) * 
since F(H) is abelian. Hence [1 + pe(p) ]*=[1-+ pe(p, av*)] mod p* for 
every n relevant for F (H, p). 


IV. A Correspondence between the Cyclic Subgroups of G= 
F(G) X {z} and a Group H Satisfying the Necessary Conditions. 


Definition. A (1-1) correspondence f between the cyclic subgroups of a 
group G and the cyclic subgroups of a group H is called tndez-preserving if 
for every cyclic subgroup {x} of G, f({x}™) — f({z})™. 

We shall show that given an abelian group G@— F(@) X {z} and any 
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group H satisfying 2.1, 2.3, 2.4, 2.5, and 3.1 that such an index-preserving 
(1-1) correspondence f exists between the cyclic subgroups of G and those of H. 
We shall establish this correspondence by first considering the case where F (G) 
is a primary abelian group F(G,p). After obtaining this correspondence 
between the cyclic groups, we shall extend it to a projectivity of G upon H. 


THEOREM 4.1. If G= F(G, p) X {z} and H is any group satisfying .° 
2.1, 2.3, 2.4, 2.5, and 3.1, then there exists an indez-preserving (1-1) ' 
correspondence f between the cyclic subgroups of G and those of H. 


Proof. If p is of class (A), it follows from the proof of Theorem 3.2 
that Œ and H are isomorphic groups and this isomorphism induces the corre- 
spondence f. 


1) If p is of class (B) and the orders of the elements of F(G,p) are 
bounded, then by 2.6 @==K X {u} X {z} and H = {K' X {u’},v} where 
K” is contained in the central of H and {w} is a cyclic group of order p**". 
Any cyclic subgroup of G has the form {aw™z"} where a is in K, m=0, 
‘nO. H n0, {au"z”} can be put in the canonical form {au pow [17p* | 
z pow [ip*]}, where (i, p) = 1, (j,p) = 1 or j= 0, and where a; +, t, s are 
uniquely determined, 7 is uniquely determined mod the order of u™.. If n= 0, 
{au™} can be put in the form {bu pow [jp']} where b is in K, j == 0 or j = 1. 
b is not in this case uniquely determined. Conversely it is obvious that every 
a; t, 7, t, s uniquely determine a cyclic subgroup of G. os 

Similarly every cyclic subgroup of H has.either the form {a'w pow [1jp*] 
v pow [tp*]|} or the form {a'w pow [jp*]} where a’; i, j, t s are determined 
as above. | 

We now establish a correspondence, fi, which maps: 


4, 1. 1. Case 1 == 0. 
fı({au pow [jp*]}) = {vw pow [jp']} 
4.1.2. Case 1 £0, t= 8. 


fi({au pow [ijp"]z pow [ip*]}) 
== {a'w pow [jp**([1 + pe(p) 1?’ —1)/((1 + p00) aa DJ pow eiei 


which if p42 has the form 
` {a'u pow jp'[é-+ y(i p, 8) pe(p)] » pow [ip"]} 


by 2. 4, 1 and the remark following 2. 4. 1; 
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4.1.3. Case iX0,t<s, 


f.( {au pow [ijp ]z pow [tp*]}) 
== {aw pow [j([1 + pe(p)]®* —1)/([1 + pelo) JP“ —1)] v pow [ip']} 


which if p 56 2 has the form 


{a'u pow jp'[t + H(p, t s, t)pe(p)] v pow [tp*]} 
by 2.4.1 and the remark following 2.4.1; where a <>a’, u> u’ under the 
isomorphism of F (G,p) upon F(H, p). In 4.1.2 the exponent of w is given 
by 2.3.2 applied on (w pow [ipt*]v) pow [ip’], i.e. with m = jp, k= 1, 
n= ip'. In 4.1.3 the exponent of w’ is given by 2.3.2 applied ‘on 
(uly pow [p*"*]) pow [tp*], i.e. with m =a j, kam pe!) n = tpt, 

If p is of class (B) and the orders of the elements of F(Q, p) are not 
bounded, then by 2.6, G==K X U X {z} and H = {K X U’,v} where K’ 
is contained in the central of H and U’ is a group of type p®. It follows from 
the definition * of a group of type p© that any cyclic subgroup of G has the 
form {auy."2"} where a is in K and ugs is the (k + 1)-st generator in the infinite | 
. sequence of generators of U. ug is of order p***. If n==0 the cyclic group 
has the form {bus pow [jp*]} where if k— t> 0, k—t is uniquely deter- 
mined; j7=0 or j==1;0 is in K. If n>£0 the cyclic group has the form 
(aus pow [ijp"]e pow [ip']} where (i,p)—1; (j,p)—=1 or f—0; if 
k—t> 0, a, i, k—t, s are uniquely determined; j is uniquely determined 
mod the order of 1”. Conversely every a; i, j, k— t, s uniquely determine 
a cyclic subgroup of G.- Moreover; aus pow [tjp']z pow [ip] = aurt” 
z pow [ip] == atts. pow [tjp*]z pow [ipt] == a(uet402) pow [ip*]. Note that 
if y >, Uey—1. Hence every infinite cyclic group of G has the form 
{a(wie-t.22) pow [ip*]}. Similarly every cyclic subgroup of H has either the’ 
form {a’u’, pow [jp*]} or {0 Ukts pow [t7p*]v pow [tp*]} where a; 1, 7, k— t, 
s are determined as above. | 

We establish a correspondence, fs, which maps: 


4.1.4.  f2({aux pow [jp*]}) — {a’ws pow [jp']}; 


4.1.5. fa({a(Wr-t2) pow [tp*]}) - | 
== {U Wrta pow [7( [1 + pe(p) ]®* —1)/({1 + pe(p)] —1) ]» pow [ip']} 


which if p £2 has the form 
{a'w pow j# [i + y (p, i 8) pe(p) |v pow [tp*]} 


by 2. 4. 1 and the remark following 2.4.1; where a <> a’, TOR <> Urt UNGer 
the isomorphism between F(G,p) and F(H, p). Note that the mapping 
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defined by 4. 1. 6 is essentially the same as in 4.1.2. The exEOuenty of Wrota 
is obtained in the same way from 2. 3. 2. 

Both mappings fı and fz, defined above, are single-valued, since identical 
cyclic subgroups of G haye m same eO form which determines the 
mapping. 

2) Suppose that two cyclic raus of G are eae on the same cyclic 
subgroup of H by fı or fz. If one of these cyclic subgroups of G is of finite 
order, the other must be also since both mappings send finite cyclic groups 
into finite cyclic groups and infinite cyclic groups into infinite cyclic groups. 
Hence both cyclic subgroups of G are finite or both are infinite. Since for 
finite cyclic groups both f, and fs are induced by the isomorphism of F'(G, p) 
upon F(H, p), finite cyclic groups of G which are mapped on the same cyclic 
subgroup of H are identical. 

If both cyclic subgroups of G are of infinite order they have the form 


{au pow [t,j.p*]zpow [np*]} and {azu pow [t2jep's|z pow [ip*]}, 
if the orders of the elements of F' (G, p) are bounded, and are mapped by f4 into 
{aw pow [j.p*m,]v pow [tp"]} and {a’zu’ pow [japme2]v pow [t2p"]} 
where m, and mg, are integers prime to p by 2.4.1. We are assuming 
{aiw pow [jpm ]v pow [t,p"]} — {raw pow [jopms |v pow [t.p*]}. 
Since v is of infinite order and up“ and tp* are positive, 
a'w pow [jip"m,]v pow [fp] = a'a pow [japtm,]» pow [iap*]. 


Hence tp" m= tp", t= 12, S1 == 82; Wy = Wa, = Og} Jimi p == Jgmop mod 

pith tı = t}, Since s, = s,, and t, = tz, both cyclic groups in @ are mapped 

by the same rule 4. 1. 2 or 4.1.3 and hence m, = m, Then j,p* == jp" mod 

ph, igiph == iejap mod pt, u pow [ijp] = u pow [tj2p*] and hence 
au pow [tnjip]2 pow [hp] = azu pow [tajap"*]z pow [tp] 

so that the cyclic subgroups in G are identical. 


If the orders of the elements of F(G, p) are not bounded, the two infinite 
cyclic subgroups of G have the form 


{a,(wr,-t48,2) pow [hpt]} and {d2(W%e,-t0%) pow [tep*]} 
and are mapped by f: (4.1.5) into 


{U W rts, POW [j:mip™|v pow [hp ]} > 
and . 


{U W katrie POW [Jam p |v pow [t2p*} } 


+ - 
cerry e aonane “a 
el eee eT 
AAO ele ele ete, 
- 
, 
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which we are assuming identical. m, and m; are prime to p by 2.4.1. Again 
we have 


a’ ,U'x,-t,+8, POW [fimip™]v pow [tp*] = o 1U rtra: POW [Jamep |v pow [t2p*] 
and hence: 4p = hp”, h = te, 81 == 8.3 Mi == M; Ci = G2, hh — ka; 
Wrts, POW [JiM p] == Ue, ters, POW [jeep]. 
If kı == k, then 


the,-t118, POW [Jam p] == tny-tyrs, POW [Jamap"? | 


by the argument above, and hence the cyclic subgroups in G are genial 
If kı < k: then wp = TaN [p**] and we have: , 


w ka=ty+8, POW [7 mp] 
= wpm = we, pow [imp] = Wr pow [jim pik] 
= Wtr teres POW [Jomp] = wim mm t's, POW [jamap]. 
Hence i | 
jim pith As == 4qmop*s mod or, japit trk: = Jap"? mod prt, 
Uk, pow [jap] == ux, pow [jap], Wrot = Wirty 
‘Ud,-ty8, POW [Jama p] == they-tysey POW [Joep]. 
If ke < hy, Wr = Ur, pow [p***], and the above process shows 
ti, trse, POW [Jm p] == Uke-terey POW [Jamep"]. 
In either case the cyclic subgroups in G are identical. 

We have shown that both mappings fı and f: send distinct cyclic sub- 
groups of G into distinct cyclic subgroups of H. 

3) Every cyclic subgroup of H has the form {a’w’ pow [jp*]} or {a’u’ pow | 
[tjp*]v pow [tp*]} where the orders of the elements of F(G, p) are bounded; 
the form {a'u’, pow [jp']} or {T Wrts pow [tjp ]v pow [tp"]} where the orders 
of the elements of F(G@, p) are not bounded. For finite cyclic subgroups 
of H the inverse images under f, and f, are {au pow |[jp*]} and {aurs pow [jp*]} 
respectively. Since 

fı({au pow [17’p*]z pow [tp*]}) — {£w pow [7’mp*]» pow [tp*]} 
and 
fa ( {auts pow [i7 p"]z pow [ip']}) = {Wrts pow [F mp"]v pow [tp*]} 
where (m, p} = 1 by 2.4.1, it is only necessary to choose 7’ so that 7’m == ji 
mod p where p is the order of u’ pow [p°] or We-ts pow [p]. This is possible 
since m, j, and 1 are all prime to p. Hence every infinite cyclic subgroup of H 
has an inverse image under f, and fa. | 
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In 1), 2}, and 3) we have shown that each mapping fı and fai is a (1-1) 
correspondence. 


4) -Since for finite cyclic subgroups, both mappings fı, and f: are induced 
by an isomorphism, f, and f, are index-preserving as far as finite cyclic sub- 
groups are concerned. 

If the orders of the elements of F(G, p) are bounded, any cyclic subgroup ` 
of @ has the form {au pow [tjp*]z pow [ip']} and 


{au pow [tjp*]z pow [+p*]}" = {au pow [tjp*]z pow [ip"]} pow Emp] 
where (m,p) =—= 1: Suppose t= s. Then by 4.1.2: 
fa({au pow [ijp']z pow [ipt]}) — {a’(w’ pow [jp**]v) pow [ip*]}. 
fi ({au pow [+jp*]z pow [ip*]} pow [mp]) | 
— f.({a pow [mp"]upow [ijmp*"]z pow [imp**]}) 
= {a pow [mp] (w pow [jp**]v) pow [tmp] } 
— {a (w pow [jp'*Jv) pow [ip']} pow mp" 
— fı ({au pow [tjp*]z pow [tp*]}) pow [mpr] 
since @ is in K’ which is contained in the central of H. 
The above argument holds for ¢ < s since by 4.1.3 


fı ({au pow [ijp*]2 pow [ip]}) = {a (wiv pow [p**]) pow [ip*]}. 
Hence f, is index-preserving. | 
If the orders of the elements of F(G, p) are not bounded, since 
fa({auet+o pow [ijp"]z pow [tp*]}) = {0 (urt v) pow [tp*]} 
by 4.1.5, the same argument shows fs to be index-preserving. 
We have shown that both mappings f, and f are index-preserving (1-1) 
correspondences between the cyclic subgroups of G and those of H and this 
completes the proof of Theorem 4. 1. : 


Again consider the abelian group G= A XZ nee A contains no 
elements of infinite order and Z is an infinite cyclic group {z}. 


G = P(A) X {2} = I P(G, p) X {2} 


and 


IL F(G, p) = II F(G, p(A)) II F(G, p(B)) II F(G, p(B:)) 
Pp pA) p(B) p( Ba) 


where the primes p(A) are primes of class A, p(B.) are primes of class B 
and the orders of the elements of F'(G, p(Bi)) are bounded, p(Be) are primes 
of class B and the orders of the elements of F(G, p(B.)) are not bounded. 


4 
> 
ee, 
ne nents 
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THEOREM 4.2. If F(G) X {z} is an abelian group and H is any group 
satisfying 2.1, 2.3, 2.4, 2.5, and 3.1, then there exists an index-preserving 
(1-1) correspondence f between the cyclic subgroups of G and those of H. 


| Proof. H == {F(G@),v} where F(H) is isomorphic to F(@) and {v} is 
an infinite cyclic group. It follows from Lemma 2. 6 that every element of @ 


” has the form: 


Talp) T a(p)u(p)™® M a(p)w(p) M2? z ; 


p(A) 
0 (P) TT e H (P) EB 


where I a(p) is mapped by the isomorphism of F(G) upon F(H) into the 
element He (p) which is in the central of H by Lemma 2.6; u(p) is of | 


order a nii of p; and u(p)s is a canonical generating element of a group 
of type p©®. We can write the general element in either the form: 


4.2.1. Tla(p)x II u(p) pow [i(p)j(p) po] 
Pp p(By)lé(pes(p)] 
ow [i tp 
seodh ra u(p) pow [1(p)7(p) pO] 
X FI u(p)es-tors80 pow [i(p)i (p) PP] Xz 
where 0 < r — 14(p) p*?), and each term of the product is reduced to the above 
form, by the methods of Theorem 4.1; or the form: 
4.2.2 [fa(p) TI u(p) pow o] i u(p)ro pow Hpo 


- where f == 0. 


Every cyclic subgroup of G is generated by an element of the form 4. 2. 1 
or 4.2.2 and we establish a correspondence f which maps the cyclic subgroups 
generated by 4.2.1 and 4.2.2 upon the cyclic subgroups of H generated 


respectively by: 
4.2.8  Ilg(p) 
p 


<x Tw’ (p) pow [j (p) pi") ([1 ++ pe(p) Or”? 
p(Bylt(pesty)] 
—1)/({1 + pe(p)]—1)] 
x H u (p) pow [7(p) ([1 + pe(p)] P"? 
p(B ilp) < elp) 
—1)/([1 + pe(p) 177P —1)] 


X U (Punios » pow [j (p) (EL + po(p) JO” 
—1)/([1 + pe(p)]—1)] xv, 


4.2.4. ILe (p) II W(P) pow [j(p) p0] TE w (P) pow [j(p) po, 
p p(B) -> p(B) 
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where the primed elements are the corresponds in H under the isomorphism of 
F(G) upon F(H) and the exponents of the w (p) are given by 4.1.2, 4.1. 8, 
and 4. 1. 5. | 

f defines a (1-1) correspondence between the cyclic subgroups of G and 
those of H since the terms of the products 4.2.3 and 4.2.4 which are in 
different primary groups F'(G,p) are independent, and each of these terms 
is mapped by a rule which gives a (1-1) correspondence by Theorem 4. 1. 

We may now write 4.2.3 in another form: 


4.2.5. J[a’(p) 


(W (p) pow [j (p) p*@*)]») pow [i(p) po] 


v pow [— i(p) p” ]} 
(w (p) Pw pow [p*®)*@)]) pow [i(p) p] 
ens v pow [— +(p) p*)]} 
X TL omo v) pow [i(p) pX*]» pow [— ilp) p]} X 


Now the n-th power of the cyclic subgroup of G generated by 4.2.1 is 
mapped by f on the cyclic subgroup of H generated by: 


4,2. 6. IL a’(p)” 
P. 


LH 
p(B)LiCp)Zs0)] 


II 
p( By) itp) < sp) 


{(w (p) pow [j(p) pt?) ]v) pow [m(p)p P] 
v pow [— ni(p) p“??]} 

{ (w (p) Ow pow [ps)-(?)]) pow [ne(p) pP] 

v pow [— ni(p) pr] } 


B x Ht (w (PiP epa) Y) POW [nt (p) pP |v pow [— ni(p) p ™]} X o 


which is just the n-th power of 4.2.5 by 2.3. 4. 

Hence as far as infinite cyclic subgroups are concerned f is index-pre- 
serving. Since for finite cyclic groups f is induced by an isomorphism, f is 
also index-preserving on finite cyclic groups. 


dl 
p(B lpp) 


JI 
p( By) [t(p) < s(p)] 


V. Extension of the Correspondence between the Cyclic Subgroups 
to a Projectivity of G upon H. Consider the following conditions on the 
correspondence, f, established in Theorem 4.2, between the cyclic subgroups 
of G and those of H. 

5.1. If 8 = {a,b} = {a} X {b} is a subgroup of G where a is any 
element of finite order in Œ and b is any element of infinite order in G, then 
F({ab}) S {(f({a}), f({b})} ia H. 

5.2. If 8’ me {{c’}, {a }} is a subgroup of H where g is any element of 
finite order in H and d’ is any element of infinite order in H, then 


9 


= 


r 
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PUI = {F ({e}), HAED) = F ({}) XE ATY) | 
in G. 

We shall show that if f satisfies 5.1 and 5.2, then there exists a pro- 
jectivity of the abelian group G == F (G) X {z} which induces f. We shall 
further show under what conditions f satisfies 5.1 and 5. 2. 

If S is any subgroup of’ G == F(G) X {2}, F(S) = F(G) ^ S is a charac- 
teristic subgroup of S, and it is a standard result that 5/F' (8) is isomorphic 
to a subgroup of G/F(G@). Then S/F(8) is either the identity F(9) or an 
infinite cyclic group {F (9)w}. In the latter case S — F(8) X {w} where 
w in S is of infinite order and hence w—az', k>0, a is in F(G). Thus 
every subgroup 8 of G has the form F(S) X {w} where either w= 1 or 


w= az*, k >0,a isin F(G). 


THEOREM 5.3. If the (1-1) index- preserving E A f, between 
the cyclic subgroups of G and those of H satisfies conditions 6.1 and 5. 2, then 
the correspondence g(S) — g (F (8) X {w}) = {F (8Y, f({w})}, where F(S)’ 
ts the subgroup of H which corresponds to F(S) under the isomorphism of 
F(Q) upon F(H), is an index-preserving projectivity of the group G upon 
the group H. 

Proof. For every subgroup S of G; g(S) is a subgroup of Hand any 
subgroup 8’ of H has the form {#'(8’), {w’}}-s0 that there exists a i 
8 = F (8) X f* ({w}) where P(8Y — E (8) such that g(S) = 

5.8.1. If Sa F (8) X {w}, then f({aw"}) S {F(S)’, f({w})} where 
a is in F(8). 

{F(8)", F({w})} = Fw)” = fw) = f({w*}) 

{F(S)’, f({w})} = FUa}) = {e}. 
Hence {F(8)’, f({w})} = (Fw), f({a})}. Now 8 = {wt} X {a} and by 
5.1 f({aw*})  (F({w}), F({a})}.- 

Now consider 8; = F (81) X {wi} SS: = F (S82) X {we}. Since F(S:) | 
= F(S;), F(8,)’ = F(S8:)’. Now w, = aw," where a is in F(S;) and it 
follows from 5.3.1 that | | 

f({wi}) = F({aws?}) S {F (8V, f({w2})}- 
Hence l i 
| {F (81y, f (1w:})} S {F (8y, f({w:})} 
` or S; S Sa implies g (S1) = g (82). We have now shown that g is single-valued. 


— 5.38.2. IE g(8) = (F(8). f({w})}, then f*({a'w"}) SF (8) X {w}, 
where a’ is in F(8Y and {w} == f({w}). 
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S=F(S) X {w} Z {w} = P ({w}) = F (w)}) 
S= F (8) X {w} = {a} = F ({e}) 


Hence S=f*({w’}) X f7({@}) and by 5.2 f> ({alw™}) < f ({w)}) 
x Fr({a}) SS. 

Consider g(Si) = {F (8Y, #({w.))} S9(8) = {F(82)’, f({we2})}- 
‘Since F(81)’ S F(82)’, F(81) SF(S2). Let f({wi}) = {w} and f({wa}) ` 
— {w}. w’,—<aw’" where a’ is in F(S2)’. -It follows from 5.3.2 that 
(w) = f*((w's}) =f ({a'w'd}) S Bs, Hence’ S, = F(S:) X {0} S 9 
== F (83) X {we}. | 

We have shown that g satisfies the definition of a projectivity of G 
upon H. Since g induces f on the cyclic subgroups, g is index-preserving. 


THEOREM 6.4. If G=F(G,p) X {z} is an abelian group where p42 
and H is any group satisfying 2.1, 2.3, 2.4, 2.5, and 3.1, then the corre- 
spondence, f, between the cyclic subgroups of G and those of H satisfies 
conditions 5.1 and 5.2. . | 


Proof. If p is a prime of class A, it follows from Theorem 38. 2 that f is 
induced by an isomorphism of G upon H and hence 5.1 and 5. 2 are satisfied. 

5.4.1. Proof of 5.1. 

Case I. pis a prime of class Be 

By 2.6, F(G, p) =K X {u}. where {u} is a Cyel group of m path 
and the orders of all the elements of K divide p*. F(H,p) = K X {w} 
where K’ is contained in the central of H. Any element of finite order in G 
has the form a = du pow [gp”] where d is in K, (g, p) — 1 or g=0. Any 
infinite cyclic subgroup of G is generated by an element of the form b = 
cu pow [ijp*]z pow [tp*] where c is in K, (i, p) 1, (j, p) —=1 or j= 0. 

Since (t,p) = 1, (t, p) = 1 where p” is the order of a and there exist 
integers m, n such that im + pn—1. tm=s1mod p where (m,p) —1. 
Hence we have a == a™ = d'™y pow [imgp"] = du pow [imgp®] and ab = 
deu pow [ (mgp” + jp*)i]z pow [tp*]. 

I£ t < w, ab = dcu pow[ (gmp + j)ip*]z pow [ip'] where (gmp + 7) 
is prime to p and we have by either 4. 1. 2 or 4.1.3: 


— F({}) — {cw pow [jp*{i + pe(p)4}]v pow [ip"]} 
f({ab}) — {dew pow [ (gmp + 7) p {t + pe(p)A} |v pow [ip"]} 
where A = $(p,1,8,t) if t < s and A= =¥(p,t,8) if tZs. 


If t > w, ab =— dcu pow [(gm + jp”) tp” |z pow [tp*] where (gm as jpt) 
is prime to p and there are three possibilities : 


wn 
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1) s>t>w 
F({b}) = {cw pow [ypt{t + po(p)o(p, +, 8, t)}]v pow [tp*]} by 4.1.3. 
f({ab}) == {Vew pow [(gm + jp) p?{t + pe(p)e(p i s, w)}]v pow [tp*]} 
by 4.1.3. | | 

2) t=3>w 
f({0}) — {cw pow [jp {i + pe(p)y (p, 4, 8) }]v pow [tp*]} by 4.1.2 
f({ab}) — {Ew pow [ (gm + jp”) p*{t + pe(p)>(p, i 8, w) }]v pow [ip*}} 
by 4.1.3. 

8) t>wzZeg 

f({0}) = {cu pow [jp*{t + pe(p)y (p, t s)} Jv pow [tp*]} by 4.1.2 
F({ab}) — {(d'c'w pow [ (gm + jp) pti -+ po(p)¥(p, is) }]v pow [tp] } 
by 4.1.2. | 


If t= w, ab = dcu pow {| (gm + j)ip']z pow [ip] and, gm +4— np? 
where (n, p) = 1 or n==1. Hence ab — dcu pow [inp ]z pow [ip'] and 


_ there are three possibilities: 


1) Z8 . 
f({b}) — {cw pow [jp {i+ po(p)b(p, gs) }] v pow [tp*]} by 4.1.2 
f (raty) = {d'u pow [np {i+ pe(p)y (p.i, 8) } Jv pow [ip']} by 4.1.2 
Oy: tye St | 
f({b}) — {ew pow [jp*{t + pe(p) b(t, p, 8,¢t)}] v pow [tp*]} by 4.1.3 
f({ab}) = {Vew pow [np {t+ po(p) p(t, p, s)}]v pow [tp*]} by 4.1.2 
8) s>t+vZt . 
f({b}) — {cw pow [jp {i+ pe(p) > (t p, s,t)}] v pow [tp*]} by 4.1.3 
f({ab}) = {d'ew pow [np {i+ pe(p)¢> (i, p, 8,t + v)} |v pow [tp*]} by 4. 1. 3. 
Every possibility is enumerated above and each is included in one of the 
two general classifications : 
(I.a) F} = {ow pow [jp {i+ po(p)A}]o pow [ip*]} — {br}, 
f ({ab}) = {Vw pow [( gmp” + jp) {t+ pe(p)A}]v pow [tp*]}. 
By 4.1.1 f({a}) = {d’w’ pow [gp”]} = {är} and we have: 
{f ({a}), f({0}) } = {ar br} = {ar pow [m{t + pe(p) A}]b7} 
= {(d’u pow[gp”]) pow[m{i + po(p)A}] w pow[jp{t + pe(p)A}] 


v pow[+p*] } | | 
— {dcw pow] (mgp” + jpt) {t+ pe(p)A}]v pow [tp*]} —f({ab}) 
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since im = 1 mod p”, pe(p) == 0 mod p*, and d’ in K’ is of order "p* where . 
kt<r,k* Sk, | 


(I.b)  f({0}) = {cw pow [jp'{t + pe(p)A}]v pow [tp*]}, 
f({ab}) = {d'u pow [ (mgp? + jp ey: pe(p)B}]v pow [tp*]}, 

where Á =< B. 

It should be noted that for every possibility in this classification t = w. ` 
We shall prove that there exists an exponent y such that {abr} = f({ab}) and 
hence f({ab}) 5 {f({a}), f({b})}. 

Let y = 1 + zp* where p* is the order of d’ and hence k* Sk. Then 
we have 


ar” == (d'u pow [gp”]) pow [1 + ap*"] = d'w pow [gp” + sgp] 
and we wish to determine v go that: 


(Tw pow [gp” + zgp**"]) (cw pow [jp'{t + pe(p)A}]v pow [tp*]) 
: — d'ew pow [(mgp” + jpt) {++ pe(p)B}]v pow [ip]. 


This is equivalent to finding an integral solution for the congruence: 


gp” + gp + jpt{t + pe(p) A} = (mgp” + jpt) {a+ pep) B} mod p**, 
rgpe* == migp” — gp” + ij — ijp | . 

+ p’pe(p){mgB + jp B — jp A} mod p**, 
agp = mig — g + pe(p)D mod pHh*y, 


Since m= 1 mod p and r=k+h—w we have sgp" = pe(p)D mod 
priv, Since pe(p) =0 mod p*, pe(p)D — pS and the congruence reduces 
to: sg = S mod phe", If k* =k +h—vw, any value for x satisfies the 
congruence. Otherwise r= ng where ng==1 mod p*t*-w-+* ig an integral 
solution of the congruence. 


Case II. p is a prime of class By. 

By 2.6, F(G, p) =K X U where U is a group of type p™ and the orders 
of all the elements of K divide p*. F(H, p) —K’ X U’ where K’ is contained 
in the central of H. Every element of finite order in G@ has the form 
a = dur, pow [gp”] where d is in K and ur, is one of the canonical generating 
elements of U. Every infinite cyclic subgroup of G@ is generated by an element 
of the form b = cu,, pow [17p*|z pow [tp*] where c is in K and ur, is a canonical 
' generating element of U. 

If ri S12, Ur, — Ur, pow [p] and a= dur, pow [gpt] 


Hence: f({a}) — {d’w’,, pow [gp’"=™]} = {ar} by 4.1.4 
f({b}) = {c'u',, pow [jp {i + pe(p)y(p, 4,8) }]v pow [tpt] } = {by} by 4.1.5. 


134 ROSS A. BEAUMONT. 


m is determined so that im == 1 mod p" where p" is the order of a, and 
aa — (du, pow [gp] du;, pow [gimp] 
and hence: | 
ab =< deur, pow | (mgp r": -+ jpt)i]z pow [ip"] 
and 


` f({ab}) = {d’c’u’,, pow [ (mgp + jpt) {i + pe(p)y(p, i s)}]v pow [ip*] } 


by 4.1.5. 

By (I. a) 
f({ab}) = {ay pow [m{i + po(p)¥(p.i 8) }]O/} S F({a}), F((3})}- 
If 14> Te, Ur, = Ur, pow [p] and the above argument again applies. 
5.4.2. Proof of 5.2. 


Case I. pis a prime of class B.. 

F(H, p) = K’ X U’ == {w} is a cyclic group of order p***, K is contained 
in the central of H, and the orders of all the elements of K’ divide p*. Any 
element of finite order in H has the form a’ = d'w pow [gp”] where d@ is in 
- K’, (g,p) =1 or g=0. Any infinite cyclic subgroup of H is generated by 
an element of the form b= c'u pow [ijp"]v pow [ip*] where (i, p) =I, 
(j,p) = 1 or j =0, ¢ isin K. 

m is determined so that im == 1 mod p” where p” is the order of a@. Then 
a’ = d'u’ pow [gimp®] and 


a’b! == ddw pow [ (gmp + jpt)ilv pow [ip']. 
(I.a) <w 
O WV m dtu pow [(gmp¥t + 7 jip] v pow [tp] 
where (gmp®-t -+ 7) is prime to p. It follows from 4.1.2 or 4.1.3 that: 
F ({B}) = {cu pow [rijp] pow [ip"]} = {b) 
where r[i + pe(p) A] =i mod p*, 
Then r(gmp®* + j)[i+ pe(p) 4] =t(gmp’* + 7) mod p™* and by 
4.1.2 or 4.1.3: 
f*({a’b’}) = {cdu pow [r (gmp + j)ip']e pow [ip']} 
— {du pow [rgimp"]b} == {du pow [rgp"]b} 


since im == 1 mod p’ and r Z k + h— w. 
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: F a) — {du pow [gp”]} = {a} ° 
by 4. 1. i 

Now rt==t—rpe(p)A as (r—1) ==—rpc(p)Amod p** and 
since (tp) =1 and pe(p)==0mod p* it follows that r= l mod p* or 
r= 1 -+ Bp. Then du pow [rgp”]b == (du pow [gp") )* b since the order of 
d divides p*. Hence 


HD) = {0b} S (fF ({a}), f° (EH). 
(Lb) Èw 


` Eb m d'w pow [(gm + jp”) ip» |» pow [ip] 

= ¢d'u’ pow [17’p**?]v pow [tp* | 
where (j’,p) == 1 and j’p° == gm -+ jp. It follows from 4.1.2 or 4.1.3 
that: 


f* ({a’b’}) = {edu pow [st + j’p*'?]2 pow [ip']} 
= {cdu pow [si(gmp" + jp*) Jz pow[tp*]} 
where s[i -+ pe(p)B] =i mod pF, 
We shall prove that there exists an exponent y == 1 + ap* where p% is 
the order of d so that {a¥b} = f({a’b’}) and hence f+ ({a Dp S&S {w}, 
f*({0'})}. Thus we must determine g so that: 


(du pow [gp”]) pow [1 + zp*"] (cu pow [rijp']z pow [tp*]) 
== cdu pow [gp + gap’ 4- rijp*]z pow [ip"] 
== cdu pow [si(gmp” + jp*) ]z pow [spt]. 


This is equivalent to finding an integral solution for the congruence: 


gp? + gape + rijp = sigmp” + sijp mod ph, 

gep” == simg — g + sigph” — rijp” mod pir. 

gep == g(s—1) + ijp” (s —r) mod piv 
 gince im = 1 modp' and r È k + h— w. Now s= 1 mod p* and r= s mod p* 
so that the congruence reduces to gz == gpt" M + tpi FN mod pth", 
gz == S mod pFh-w-k, 

If k? =k + h—vw, any value for z satisfies the congruence. Otherwise 

£ = 2S where ng = 1 mod p*-¥-* ig an integral solution: 


Case II. pis a prime of class Bs. 

The proof reduces to (I.a) above in the same way that it did in 5.4.1 
and this completes the proof of Theorem 5.4. 

The above proof depends entirely on the remark following T 2.4.1 
which holds when p42. However, if p==2 we may prove the following: 


~ am 
— ws 
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THEOREM 6.5. If G — F(G,2) X {2} is an abelian group and H is any 
group satisfying 2.1, 2.3, 2.4, 2.5, and 8.1, then the correspondence, f, 
between the cyclic subgroups of Gand those of H satisfies 5.1 and 5. 2 if etther: 


(a) 248 a prime of class (A); or 
(b) all the elements of F(G,2) have orders dividing 4. 


Proof. If (a) is satisfied, it follows from Theorem 4. 2 that f is induced 


by an isomorphism of @ upon H, and hence 5.1 and 5. 2 are satisfied. 


Suppose (b) is satisfied. Then if /(G,2) contains an element of order 4, 
H is abelian by 2.4 and 2.3 and f is induced by an isomorphism of G upon 
H. If F(G,2) does not contain an element of order 4, H is abelian by 2.8, 
and again f is induced by an isomorphism. Hence 5.1 and 5.2 are satisfied. 


COROLLARY 5.6. If G=F(G) X {2} ts an abelian group which satisfies 


evther : 


(a) 24s a prime of class (A); 
(b) all the elements of F(G,2) have orders ned 45 or 


(c) 2 is an irrelevant prime number for G; 


and H is any group satisfying 2.1, 2.3, 2.4, 2.5, and 3.1, then the T 
dence, f, between the cyclic subgroups of G and those of H satisfies 5. 1 and 5. 2. 


Proof. Since G= JI F(G, p) X {z}, every element of finite order in G 

P 
has the form [] a(p) where a(p) is in F(G, p) and every element of infinite 
p l 


© order has the form [MI b(p)]z* where b(p) is in F(G, p). The orders of the 


factors of II a(p) and of i b(p) are relatively prime so that it follows from 
‘Theorems 5. 4 and 5.5 ma from the definition of the correspondence f given 


in 4.2.8 and 4. 2. 4 that f satisfies 5.1 and 5.2. 
Corollary 5.6 and Theorem 5.3 give us our final result: 


THEOREM 5.7. If G—=—F(G) X {z} is an abelian group which satisfies 
(a), (b), or (c) of Corollary 5.6, then there exists a projectintty of G upon 
the group H if, and only if, H satisfies 2.1, 2.3, 2.4, 2.5, and 3.1. 
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HOMOGENEITY OF PROJECTIVE PLANES.*? 


REINHOLD BAER. 


) 


A satisfactory analytic theory may be developed for every projective plane ` 
in which Desargues’ Theorem is valid, since it is then possible to describe the 
points of the plane by means of codrdinates taken from a (not necessarily 
commutative) field; and this field will be commutative if, and only if, Pappus’ 
Theorem is valid in the plane. It is well known? that these properties are 
intimately connected with properties of the transformations the plane may 
undergo. But whereas Desargues’ property is equivalent to the existence of 
certain transformations, the theorem of Pappus is usually linked with non- 
existence, i. e., with the property that there exists at most one transformation 
meeting certain requirements. 

It is the object of this note to show that Pappus’ andi Desargues’ proper- 
ties are equivalent to conditions assuring the existence of transformations 
only. Since any point-point-transformation one might wish for exists in a 
projective plane over a (not necessarily commutative) field, we shall have to 
consider dualities which map points on lines and lines on points. 

To every projective plane there exists a dual one and thus the theory as 
a whole is self-dual. But a projective plane over a field is self-dual if, and 
only if, this field admits of an anti-automorphism; and the identity is an 
anti-automorphism if, and only if, the field is commutative. Thus the condi- 
tions with which we are concerned will have to assure the existence of very 
special dualities, namely dualities possessing ap axis and a center; as a matter 
of fact our main result states that it is sufficient to assure the existence of two 
one-parameter families of such dualtties. 


1. Preliminaries. A projective plane consists of two classes of ele- 
ments: points p,q,'' <, and lines #,8,--- which are connected by one 
relation: p< ÈE signifying that the point p is on the line R and that the 
line Æ passes through the point p. The negation of this relation is denoted 
by p< Ek. Points, lines and the relation “<” are subject to the following 
rules. 


* Received February 28, 1941. 

1 Presented to the American Mathematical Society, April, 1941. 

a Cf. O. Veblen-J. W. Young: Projeotive Geometry. E. Artin: Reports of a Mathe- 
matical Colloquium, Second Series, 2 (1940), 15-20 and in particular W. Schwan: 
Mathematische Zeitschrift 3 (1919), 11-28. | 
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(1) There exist at least two different lines and two different points. 


(2) If pand q are two different points, then there exists one and only 
one line passing through p and q; this line is denoted by p + q. 

(3) If P and Q are two different lines, then there exists one and only 
one point which is on both these lines; this point is denoted by PQ. ’ 


(4) Every point is on at least three different lines and every line 
contains at least three different points. 


Points lying on a line and lines passing through one point shall be termed 
collinear points or lines respectively. . 


2. Dualities and transformations. A function f defined for all the 
points and lines of a projective plane is said to be a transformation of the 
plane, if it satisfies the following conditions. 

(i) f is a 1 — 1-correspondence of the class of all the points upon itself. 


(ii) fisa 1 — L-correspondence of the class of all the lines upon itself. 
(ii) # +g =(p+4), PQ — (PQY. 

A function f defined for the points and lines of a projective plane is said 
to be a duality of the plane, if it satisfies the following conditions. 


Gi*) fisa 1—1-correspondence which maps the class of points upon the 
class of all the lines. 


(ii*) f ig.a 1— 1-correspondence which maps the class of lines upon the 
class of all the points. 


Gii*) pg = (p+), Pl+ Q = (PQY. 


The product of two dualities of the projective plane under discussion is 
clearly a transformation of the plane; and the transformations of the plane 
form a group. There exists always at least one transformation of the plane; 
but there are planes which do not admit of dualities. 

Our discussion will not be concerned with all the possible transformations 
and dualities of the plane. If p is a point and L a line of the plane, then the 
transformation f of the plane is termed a p — L-transformatton, if 


(iv) R= fo p<E and q=g¢ for q< L. 
If p + L, then the duality f of the plane is termed a p — L-dualtly, if 
(iv*) Ril= kW for p< R and q+ p=q4f for q< L. 


Again it is clear that the p — L-transformations form a group, that the 


X 
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Inverse of a p— L-duality as well as the product of a p— L-duality and a 
p— L[-transformation is a p— L-duality, and that the product of two 
p — L-dualities is a p — L-transformation. 

Suppose now that f is a p— L-transformation, that q is a point which 
is different from p and which does not lie on L and that q = qf. If Ris a 
line, then # is certainly left invariant by f, if R=L or if p< R. If , 
q < E, thn R==q-+ RL so that such a line R is left invariant by f too, 
since both q and AL are fixed-points of f. If x is a point not on p + q, then 
xr = (p-+2)(q¢-+-2). Hence such a point v is a fixed-point too, since both 
lines p + x and q + v are left invariant by f. Now it is clear that every line 
is left invariant by f, since a line is either equal to p + q or else contains at 
least two different points not on p+ q; and since all the lines are left 
invariant by f, all the points are fixed-points, i. e., f = 1. Likewise we might 
have proved that the p— L-transformation f is the identity, if it leaves 
invariant a line different from L not passing through p. 

Noting that the quotients of two p — L-transformations as well as the 
quotients of two p— L-dualities are p— L-transformations, the following 
facts are direct consequences of what we have shown just now. 


THEOREM 2.1. If fand g are p— L-transformattons (p — L-dualttres) 
such that q! == g® for some point q diferent from p and not on L, then f =g. 


If f and g are p— L-transformations (p— L-dualittes) such that 
Q! == QE for some line Q different from L and not containing p, then f =g. 


The following criteria will prove helpful. 


Lexma 2.2. If R, S, L are three diferent lines, and if f is a trans- 
formation of the plane such that R = BS, § = Of and p= p for every p< L, 
then f is an (RS) — L-transformation. s : 


Proof.. If the point RS is not on L, X any line passing through RS, 
then X = RS 4+ XL; and (RS) = RfS — RS and (XL)f—XL imply 
X — Xf. Hence we assume now that RS < L, and that p is a point neither 
on R nor on § such that p 54 p. Then p -+ p! = P is a well determined line 
different from L so that P = p + # = ø» + PL = PL + p and consequently 
P =— Pf, All we have to prove now is that PL = RS. Let us assume that 
PL- RS. Then PR and PS are two different points not on L and they are 
fixed-points, since the lines P, R, S are left invariant by f. Hence it follows 
as before that every line through PR and every line through PS is left 
invariant by f. Thus it follows that f is both a PR—L- and a PS—L- 
transformation; and since PR and PS are different points not on L, it follows 
from Theorem 2.1 that f = 1, a contradiction which completes the proof. 
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COROLLARY 2.3. I f a transformation f of the plane leaves invartant all 
the points of a line L, then f is a p— L-transformation (for some point p). 


Proof. If f51, then there exists a point g, not on L, such that q£ g'. 


Since (q + gf) L is a fixed-point under f, the line q + qf is left invariant by f. 


Since there exist points that are neither on L nor on q + gf, it follows that | 


” there exist at least two lines different from L that are left invariant by f; 


and now our statement is a consequence of Lemma 2. 2. 


COROLLARY 2.4. If K and L are two (distinct or coincident) ‘lines, 
then the p — L-transformations for p < K form a group. 


Proof. Suppose that f is a p — L-transformation, that g is a g — L- 
transformation, and that both p and q are on K. It follows from Corollary 2.3 
that fg is an r— L-transformation for some point r. If KL, fg #1, 
then the line K is invariant under fg and r is on K, since otherwise fg = 1. 
If K = L, fg 1, but r not on L, then 1f == re" so that p =q and f =g} 
by Theorem 2.1, contradicting fg 541. Thus it follows that fg is an r— L- 
transformation for r < K; and this proves our statement. 


3. Transitivity and homogeneity. The projective plane is p— L- 
transitive, if there exists, to every pair of points r, s such that r and s are 
different from p and not on L and such that p, r, s are collinear, a p— L- 
transformation mapping r upon s. 


THEOREM 3.1. The projective plane is p— L-transitive, if there extsts 
a point r different from p and not on L with the following property. 


If s is a point on p+ r, not on L and different from p, then there exists 
a p— L-transformation mapping T upon s. 


Proof. Suppose that u and v are two points (which are not on L and 
which are both different from p) such that p, u, v are collinear. Then either 
both u and v are on p + r or neither of them is on p +r. In the first case 
there exists a p— J-transformation f mapping r upon u and a p—L- 
transformation g mapping r upon v so that the p — L-transformation fg 
maps u upon v. In the second case we consider the line u + r different from 
both p +r and L. Then r= (u +r)(p +r), L(u +r) isa point different 
from p; and (p+r)(v+L(u+r)) =w is a point on p+r, not on L 
and different from p. There exists, therefore, a p— L-transformation f 
mapping + upon w and f maps u upon v, since 


u= (u+ p) (u +r) = (ut p)(r+Lu+r)) F 
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v= (v + p) (v + L(u +r)) = (u + p) (w + L(u +r)); 
and this completes the proof. ~ 


and 


If K and L are two lines, then the projective plane is said to be K — L- 
transtiive, if it is p — L-transitive for every point p on K. 


Lemma 3.2. If K and L are two (equal or diferent) lines, and if the 
projective plane: is p — L-transitive for at least two different points p on K, 
then the plane is K — L-transttive. 


Proof. Suppose that p and g are two different points on K such that 
the plane is both p — L- and q — L-transitive. If u and v are two different 
points which are neither on L nor on K, then p+ u and q+% are two 
different lines such that w = (p+ u)(q+7v) is a point not on K. We 
distinguish two cases. 

A. w noton L. 

Since w +4 p, and since p, u, w are collinear, there exists a p— L- 
transformation f, mapping u upon w; and since w£ q, and q, v, w are col- 
linear, there exists a g — L-transformation g, mapping w upon v. The product 
fg is a transformation of the plane which. leaves every point on L invariant 
and which maps u upon v. Hence, it follows from Corollary 2.4 that fg is a 
K (u + v) — L-transformation, mapping u upon v. | 


B. won L. 

Since our lemma clearly is true, if lines contain exactly three or four 
points, we may assume now that lines contain more than four points. Thus 
there exists on' the line u + v a point t which is different from u, v and which 
is neither on K nor on L. Since t&v is on u + v, it follows that the two 
different lines p + u and q + t meet in a point not on L; and hence it fol- 
lows from what has been proved in A, that there exists a K (u + t) — L- 
transformation r mapping u upon ¢. Likewise it follows that there exists a 
K (t+ v) — L-transformation s mapping ¢ upon v. Since u, v, ¢ are collinear, 
K(u +v) =K(u+t)=K(t+ 7v), and consequently rs is a K (u +v) — L- 
transformation mapping u upon v. | 


Thus we have proved that there exists to every pair of different points 
u,v which are both neither on K nor on L a K(u-+ v) — L-transformation 
which maps u upon v; and hence it follows immediately from Theorem 3.1 
that the plane is K — J-transitive. 


If L is a line and p is a point not on L, then we say that the plane is 
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p — L-homogeneous, if there exists to every line W which is different from L 
and which does not pass through p and to every point v on p + WL which is 
different from both p and WL a p— L-duality which maps W upon v. Note 
that the restrictions in the choice of v are due to the fact that p— L-dualities 
map WL upon p+ WL so that WL < W implies v < p+ WL. 


THEOREM 3.3. If the point prs not on the line L, and if the plane is 
p — L-homogeneous, then the plane ts p — L-transttwe. 


Proof. Suppose that u and v are two points not on Z and different from 
p such that u, v, p are collinear. Let W be any line different from L and u + v 
which contains the point L(u + v). There exists a p — L-duality d which 
maps W upon u and there exists a p— L-duality e which maps W upon v.. 
The quotient de is a p— L-transformation which maps u upon v so that 
the plane is p — L-transitive. 

Note that, conversely, the plane is p— L-~homogeneous, if it is p — L- . 
transitive and if there exists at least one p — L-duality. | 

If K and L are two different lines, then the plane is said to be K — L- 
homogeneous, if it is p— L-homogeneous for every point p on. K which is 
different from KL. / ' 


THEOREM 3.4. If the plane ts K — L-homogeneous, then tt ts K — L- 
transitive. 


For let p and q be two different points on K which are both different 
from KL. Then it follows from Theorem 3.3 that the plane is both p— L- and 
q — L-transitive; and it follows from Lemma 3.2 that the plane is K —L- | 
transitive. 


4, Cartesian coérdinates. Suppose that X, ¥, Z are three different 
points on a line L and that O is a point not on L. (Since these four points 
will play an exceptional réle in the following discussion, it may be allowed to 
designate them by capitals.) We denote by F the system of those points on 
O + Y which are different from Y (and therefore not on L). The elements 
in F will serve us as coordinates and we shall introduce later on addition and 
multiplication of the elements in F. 

If c is an element in F, then X + c is a line and we shall designate this 
line—for reasons that will be apparent very soon—by (y = c). 


3 Since we give preference to the line L, our approach may be described as affine 
and the coordinates we introduce are inhomogeneous. That there are inner reasons for 
doing this, may be seen from the fact that the possibility of introducing homogeneous 
coordinates—whatever that may mean—is essentially equivalent to the validity of 
Desargues’ Theorem—a proof of this statement will be given elsewhere. 
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If c is an element in F, then Z 4- c is a line which is different from the 
line O + X. They meet in the point (Z + c) (O + X) which is not on L, 
since Z and X are different points on L, and since neither c nor O is on L. 
Thus Y + (Z +0) (0 -+ X) is a well-determined line different from L which 
we shall designate by (v = c). 
Noting that (X + e) (0 +- F) =c, it follows that (y == c) =— (y = d) * 
}f, and only if, c = d; and noting that (0 + F) (Z + (z=c¢c)(0+Z)) =e, . 
it follows that (s = o) = (x= ġ) if, and only if, c =d. 
If c and d are elements in F, then (s == c) and (y= d) are different 
lines which meet in a point not on L, since Y54X; and we denote this 
point by (c,d). From (c, d) == (x= c) (y = d), and from the last paragraph, 
it follows immediately that (c,d) =— (c,d) if, and only if, c =g, d =d. 
Suppose now that p is a point not on L. Then the lines p+ X 
and O-+Y¥ meet. in a well-determined point not on L; and likewise 
(O+ Y)(Z2+ (p+ Y)(O ca is a well-determined point not on L; 
and one verifies that 


p= ((0 +F) (Z+ (p-+¥)(0+X)), OTHE). 


Thus: the pointa not on L are in 1 — 1-correspondence ka the pairs (c,d) 
of elements in F. 

In'order to be able to ‘aoc addition in F we have to assume that 
the projective plane is Y —L-transttive. If cis any element i in F, then there 
exists—because of Y — L-transitivity and Theorem 2.1—one and only one 
Y — L-transformation f — f(c) such that c== Of. If cand d are any two 


cence. in F, then we define: 


C — d ae pierce 


and it is clear that an isomorphism is defined by mapping the Y — L- 
transformation f upon the element Of in F so that in particular the additive 
system F — F, is a group; though thus far we have no reason to assume d 
F, be commutative. 

If f is any Y — L-transformation, then (r= c) = (z —c), since 
(z==c) is a line through Y..If c is any element in a then c is @ point on 
0 +F, a and we find that 


g= (eI AO Hh — ON + Xm (y= eH 0), 


since f = f(O*). v 
If p is any point not on L, then p = (c, a) for suitable c,d in F; and 
we find that 


p= (c,d + OF), 


3 
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If p is any element in F, then (O, p), (p, O) and Z are three collinear 
points. If q is any other element in F, then (0, p)!@—=(0,p+q), 
(p, O)” == (p,q) and:Z are collinear points too; and this shows that the 
lines through Z which are different from L are characterized by the equation: 


et+y=—c or y =— T+ e. 
In order to be able to characterize all the lines different from L by means 
of equations—and at the same time to describe the points on L—we need a 
suitable definition of multiplication in F; and in order to do this we have to 
give preference to some element different from 0 which shall serve as a left- 
unit of this multiplication. This element may otherwise be chosen at random, 


'. though different choices lead to different definitions of multiplication. 


Thus let 1 be some element in F which is different from 0. If r and s 
are elements in F, then (x =r) and O + (1,8) are two different lines which 
meet in a point not on L. Thus we may define the product rs as the uniquely 
determined element in F satisfying: | 

(r, rs) = (=r) (0+ (1, s)). 

If M is any line which does not pass through F —is not of ‘the form 
(2 = c) — then M meets O + Y in a point (0, m) for suitable m in F and 
MC is a line passing through O. This line meets (z= 1) in a point 
(1,8) for s in F; and it is an immediate consequence of our definition of 
multiplication that a 

: Mim) — O + (1,8) = (y = zs) 
so that 
M = (O + (1,8))}™ = (y = zst m). 


The lines (y == ts +- m) and (y =m rt -+ n) meet in a point on L if, and 
only if, s==¢; and thus the common point of all the lines (y = zs +- m) 
for variable m may very well be denoted by L(s)—and F as the common 
point of all the lines (s =c) should then be denoted by L(œ). We note 
furthermore that not only does every line determine an equation; but the lines 
exhaust the admissible equations ; and two lines are equal if, and only if, their 
equations are identical. , 
Since 
(0,0) = 0 = (z= 0) (0 + (1,8)) == (0, 08), 


and since 
(7,70) = (z =r) (0 + (1, D) = e= yo = (r, 0), 
it follows that r0 = 0 = 0s. Since 
(1, 1s) = (£ = 1) (0 + (1,8)) = (1,8), 


} 


HOMOGENEITY OF PROJECTIVE PLANES. | 145 


it follows that 1s = 8, ginc 
T E 

it follows that — z == z(—1}. Since the lines (y == zr) and (y = zs + ) 
for r 5&5 meet in one and only one point which is not on L, it follows that 
for given elementa r, s, t in F such that r s£ s, there exists one and only one 
element in F satisfying — Ts -+ srr = t. Since the points (r,0) and (s, t) 
for r 54s determine one and only one line of the type (y= 2m + n) where 
the elements m and n \in F satisfy the equations 0 = rm 4+- n or n = —rm 
and t= sm + n= sm — rm, it follows that for given elements r, s, t in'F 
such that r&s, there exists one and only one element z in F satisfying 
st — Tr =}. 

For convenient enunciation of our results let us introduce a few terms. 
A Cartesian number system is a set F of elements with double composition: 
addition m -+ n and multiplication mn, subject to the following rules. 


(1) F is a group with regard to addition. 

(2) The product mn of the elements m = n (in this order) is a 
uniquely determined element in F. , 

(3) -Om == m0 —0 for every m in F. 

(4) There exists an element 1540 in F satisfying 1m == m, m(— 1) 
== —-m for every m in F. 

(5) Ir, s, tare elements in F id that eed g, then there.exists one 


and only one element v and one and only one element y in F such that 
— T8 4- Tr — $, sy — TY =m t. 

If F is a Cartesian number ee then denote by P(F) the system of | 
all the pairs (p,q) for p and q in F together with symbols L(p) for p in F 
and a symbol L( œ) == Y. To derive from this system P(F) of points a pro- 


jective plane, it suffices to state which sets of points are the sets of all the 
points on & given line. 


a. The line L consists of all points L(p) and F. 

b. The line (x = c) consists of 'Y and of all the points (c, y). 

c. The line (y= zr + 8) consists of L(r) and of all the pairs (z, sr -+ 8). 

The set P(F) together with this definition of line constitutes the 
projective plane over F. ana this really is a projective plane in the sense of 
Section 1. is readily verified. ~ 


If c is some element in F, then a 1 —1-correspondence f between the 
points of the projective plane over F is defined by - 


10 
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(zy) = (zy +c), p=p' for p-on L. 

This transformation f leaves L and every line (s = d) invariant and it 
maps the line (y = zr -+ s) upon the line (y =r +8 -+ c), ie, f is an 
L( œ) — L-transformation of the plane. This shows that the projective plane 
over F is L( œ) — L-transitive. 

Collecting all the results of this section we obtain now the following 


THEOREM 4.1.4 The projective plane is p— R-transitive for p< R if, 
‘and only if, there exists a Cartesian number system F and a transformation 
of the projective plane upon the projective plane over F which preserves 
collinearity and maps p upon L(:o) and R upon L./ l 

5. Transitive and homogeneous planes. On account of the result of 
the last section we may restrict our attention to the consideration of ProjecHye 
planes over Cartesian number systems. 


THEOREM 6.1. The projective plane over the Cartesian number system - 
F, is (O + L(0)) — L-transttwe if, and only tf, the following conditions 
are satisfied by F. i l 
(6) r(s + t) =rs 4 rt for r,3,¢ in F. 
(7) r(st) = (rs)t for r,s,t m F. 

Proof. If the projective plane over the Cartesian number system F is 
(O + L(«)) — L-transitive, then it is, in particular, O — L-transitive; 
and there exists therefore to every given element r40 in F an 0O — L- 
transformation k == h(r) which maps (1,0) upon (r,0). 

Since h leaves all the points on ZL invariant, it follows that 


(z —=1)*— ((1,0) + ¥)*= (7,0) +F = (=r). 


Since every line through O is left invariant by h, and since (1, s) is a point 
on the line (y == 2s) through O, it follows that 


(1, 8)* = (z = 1)*(y = z8)* mm (3 — r) (y — zs) = (r, 8). 
Consequently 


(y = 8)* = ((1,8) + L(0))* = (r, rs) + L(0) a (y = r8), 

(2 == 8)" = ( (8, —8) + L(%))* = (s, —8)* + L(%) 
= (y = — £)*(y = — s)* + L(%) = (y = —2) (y =r(—8)) + Lc 
om (—r(—s), r(—s)) + L(0) = (z =— r(—s8)) 


t It should be mentioned here that this theorem provides a convenient, machinery 
with which to translate the formal laws of addition and multiplication—apart from 
statements concerning commutativity—into conditions postulating g-S-transitivity for 
suitable points q and lines 8; and this will be done in a forthcoming publication by 
H. F. Gingerich. 


~ 
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and hence finally | : 
(z, y)" = (—r(—2), ry). 
Considering now that (p, pt) is a point on the line (y = qt) which is 
left invariant by h, it follows that | 


(p, pt)* = (—r(—p), r(pt)) — (—r(— p), (—r(— p) )t) 
so that 
r(pt) = (—r(—p))t for r,p,t in F. 


Furthermore we have 


EEE E E OE E E 


and since (1,8 + t) < (y = Ts + t), it follows that (r,r(s + t)). 
< (y = xs + rt) so that r(s + t) = rs + rt, verifying (6). This left- 
distributive law implies in particular r(—-s) = — rs so that we have 


r(pt) —(—r(—p))t— (rp)t, i.e., the associative law (7). 


If, conversely, (6) and (7) are satisfied by F, then the transformation 
h defined by | a 
(z, y)* = (rz, ry) for some r540 


is one-to-one and maps the line (< = c) upon-the line (z = rc) and the line 
(y =zs + t) upon the line which consists of the points (rz,r(zs-+ t)) 
== (rv,r(zs) + rt) = (rz, (rz)s + rt), i.e., upon the line (y = zs + rt) so 
that h clearly induces an O — L-transformation mapping (1,0) upon (r, 0) ; 
and this shows—Theorem 3. 1—the O — L-transitivity of the plane. Applying 
Lemma 3.2 and Theorem 4.1 it follows that the plane is (O + L(œ))— L- 
transitive. 


THEOREM 5.2. The projectwe plane over the Cartesian number system 
F is (O+ L(«)) —L-homogeneous if, and only tf, F is an ordinary 
commutative field. 


Proof. If the projective plane over F is (O + L ('œ% ) ) — L-homogeneous, 
then it certainly is—by Theorem 3. 4— (0O + L(œ))— L-transitive. Tt fol- 
lows, therefore, from Theorem 5.1 that F is a group with regard to multi- 
plication (excepting 0) and that F is left-distributive. Thus all we, have to 
prove is the commutativity of multiplication. 

The projective plane is in particular O — L-homogeneous. Hence there 
exists an O — L-duality d of the projective plane which maps the line (z =1) 
upon the point (0,—1). (This choice is admissible, since (s = 1) + L, 
and since (0, —1) < (z = 0) =O+4L(0) =0 + L(t =1).) 


O N 
Be Pas Ne, 
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We note that d interchanges 26) and L(a), (z =0) and L(o), 
L and O. Hence we find that 


(1,4)? = ( (z = 1) (y = ra) ) 4 = (egea) 
= (0, —1) + L(a) = (y = za — 1), 
(y = c)? = ( (1, e) + L(0))¥ = (y = zc —1) (y =0) | 
= (c4,0) for c40, 


since F is a group with regard to multiplication ; 


(csc) = ((y = 1) (y = 6))# = L(1) + (c4,0) 
= (y == g — c1) for c40 ` 


(considering ri = 1r = r), 


| (=c) = ((c, c) + L(%))t = (y = s — oc) (z = 0) 
== (0, —c*) for c0," 
(p9)? = ((z = p) (y = q)) == (0, — p>) + (5,0) 
s (y agp pa 


for q and p diferent from 0, again B the fact that F is a group. under 
multiplication. 

Suppose now that r and s are two elements in F. If one of them is 0, 
then certainly rs == sr. If none of them is 0, then we consider the point 
(r, rs) < (y = as). Since d is a duality, we find that 


L(8) = (y = z8)? < (1,18)4 = (y = grs 1% — r”) 
` and this implies that | | 
(y= ors? — 1) == (yY == 73—r), 


Consequently s == rsr* or sr == rs as was to be proved. 

Assume now, conversely, that F is an ordinary commutative field. Then 
it follows from Theorem 5.1 that the projective plane over F is (O + L()) 
— [-transitive. Hence it suffices to prove the existence of one O — L-duality 
in order to assure (O + L(œ )) — L-homogeneity. 7 

A duality d which meets our requirements may be defined as follows. 


Ot = L, (0,c)¢=(r=c") for cs£0, 
(c, d)? = (ym gdo — o) for c0, 
L( œ)? = (z =0), L(a)? == (y = za); 
[4 = 0, (z == 0) t == L( œ), (y = ra)t = L(a), 
(z == c) = (0,—-c*) for c40, 
(y = za +- c) = (c, c*a) for c0., 
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Combining this last theorem with the well-known result that.a projective 
plane is a projective plane over an ordinary commutative field if, and only if, 
the theorems of Desargues and Pappus are valid in this plane, we find: 


The theorems of Desargues and Pappus are valid in a projectwe plane if, 
and only if, there exist two different lines K and I, such that the plane 48 
K — L-homogeneous. 


6. The characteristic configurations.. Suppose that p is a point not 
on the line L. We intend to characterize p — L-homogeneity by means of a 
certain configuration. With this in mind we introduce the following 
p — L-property: Whenever z(i), y(t), z(i) for i= 1,2 are points such that 
y(1) =y (2), 2(1) 2(2), y(t) = z(i), 
y(t) <L, z(t) < L, x(t) noton L, and 
L(2(2) +p), (21) +9(1))(@+y(2)), (2(1) +2(1)) (p+ <(2)) 
are three different collinear points,” then 
L(@(1) +p), (2(2) +9(2))(p-+y(1)), (2(2) +2(2)) (p+ 2(1)) 
are three different collinear points. | 
The second of these triplets of collinear points is obtained from the first 
one by interchanging 1 and 2.° Thus the p— L-property implies the . 
following fact: f 
L(z(2) +p), (21) +y(1)) (p +y(2)), (2(1) +2(1)) (p +2(2)) 
are three different collinear points if, and only if, 


L(2(1) +p), (2(2@) +9(2))(pt+y(1)), (e(2) +2(2)) (p+ 2(1)) 
are three different collinear points. 


THEOREM 6.1. The projective plane 1s p — L-homogeneous (p $ L) 
if, and only if, the p — L-property is satisfied by the points of the plane. 


Proof. Assume “first that the projective plane is p — L-homogeneous, 
that z(t), y(t), z(t) are, for i = 1,2, points such. that 


y(1) Ay(2), 2(1) A2(2), y(t) a(t), y(t) <L, 2(4) <L, 


5 Note e. g. that this implies ~(2) >< p, since otherwise LD(w(2) + p) = 0 and not 
a point. 
‘H. Liebmann has introduced two exchange postulates which are rather different 
from the p — L-property though his “ preat exchange postulate” seems to be equivalent 
to the condition that the p — Z-condition should be satisfied for every p not on L which 
' is on a given line K # L; cf. M. Steck: Deutsche Mathematik I (1936), 165-174. 
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z(t) not on L, and such that 


q= L(e(2) +p), ym (21) +901)) (P+ 9(2)) 


- and z= (z(1) +2(1))(p+ z(2)) are three different collinear points. Put 
Weeg+y+z. : 

If W and L were equal, then y would be on L, and since z(1) and p are 
not on L, it would follow that y = y(1) —y(2) which is impossible. If W 
and p + q were equal, then p, y and z would be equal points which contradicts 
our hypothesis that y 5&2. Since the three lines W, L, p + 2(2) meet in the 


OD et a s{3) Llp + #{1)] i ¥(2) 





b= [2(1) (1) ]L(2) be) 


point q, and since the plane is p— D-homogeneous, there exists a p-— L- 
duality d which maps W upon 2(2). 

Since p is not on W, y= W(y+p). Since y+p—p-+y(2), it 
follows that i 

+ 
yt == (2) + y(2) and likewise zł = 27(2) -+ 2(2). 
Since 
y +a) =2(1) +y) =y +90), 
it follows that 
(y +a(1))t = (2(2) + 9(2)) (p+ 9(1)) 


and likewise that | 
(z + 2(1))4=— (2(2) + 2(2)) (p+ 2(1)) 


Bg 
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and finally we have l 2 
(p +2(1))?=L(p + z(1)). 


- Since the three lines on the left are three different lines passing through the | 


point (1)—otherwise either 2(1) == 2(2) or y(1) = (2) or y(1) == z(1)— 
it follows that the three expressions on the right signify three different col- 
linear points; and this proves that the p— L-property is a consequence of 
p —~ £-homogeneity. 

Assume now, conversely, that W is a line different from L, that p is not 
on L and that (2) is a point on p + WL which is different from both p and 
WL =g. We define a function d of the points of our plane as follows. 


ple L, ri = p tr for r< L,’ 
vi = r(2) + (p+uv)b fo v< W. 


If finally z(1) is a point neither on W nor on L, then let y be some point 
on W which is neither on L nor on p+ z(1). We put 


d(z(1),y) —y*(L(2(1) + 9))*+ (p+ 2(1))* 
= (2(2) + (p+ y)L) (p+ (E1) + y)L) + (p+ 2(1))L 
= (2(2) + y(2))(p+901)) + (p+2(1))L 


and it is a consequence of the p — L-property that d(x(1),y) — d(2(1),2), 
if g is another point on W meeting all the requirements. Thus we may put 
finally x(1)¢==d(x(1),y) for y any point on W, not on L or p-+-2(1). 
lt is an immediate consequence of our construction that d is a 1—1- 
correspondence mapping points upon: lines and collinear points upon collinear 
lines; and thus d defines a duality which meets all the requirements. 


THEOREM 6.2. The projective plane is p— L-transttive (where the 


point p may or may not be on the line 2) if, and only tf, the following — 


condition ts satisfied. 
Whenever b(1), c(t) for t= 1, 2,3 are triplets of points such that 


b(t), c(t), p are collinear for 1 == 1, 2, 3, 


(6(+) + b(7)) (c(t) + ¢(f)) ts for i£ j a.point different from p and such | 
that at least two different ones of the points (b(t) + 6(7)) (c(t) + ¢(7)) 


for +54 j are on L, then the third one ts on L too. 

The condition of this theorem may be described as the p — L-Desargnes 
condition The customary enunciation of Desargues’ Theorem : 

Two triangles are perspective from some point if, and only if, corre- 
sponding sides meet in collinear points, l 


É: 
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though sounding more elegant is quite see since there do not exist 
projective planes with this property. 


Proof. Suppose first that the plane is p — I-transitive, ihat b(t), c(i) 
are points such that b (1), c(t), p are collinear for i == 1, 2, 3, d(¢, j) == (b(t) 
-H 6(7)) (e(t) + elj) ) for +547 are points different from p and that at least 
- two of these points, say d(1,2) and d(1,3), are on L. Since b(1), c(i), p 
are three different collinear points, and since neither 6(1) nor c(1) is on L. 
—since otherwise c(1, 2) == c(1,3)—there exists a p — L-transformation f 
mapping b(1) upon c(1). If +541, then ) 


b(4)4 mm (B(t) Hp) (i) + (4,1) )% = (b(t) + p)(B(1) + c(t, 1))f 
w= ((t) +p) (c(1) + ¢(t,1)) = (c(t) + p) (1) + ¢(t)) — c(t) 

so that L(b(+) + b(j)) —=L(c(t) + ¢(j)) —=d(t,7) a8 was to be shown. 

Assume, conversely, that the condition of the theorem holds true; and 
that r, s are points not on L and different from p such that p, r, s are collinear. 
Let g be some point on L such that p, r, s, q are not collinear. Then the lines 
R=r-+q and S=s-+q are different from L, pass through q, but not 
through p; and it will clearly-be sufficient to prove the existence of a p — L- 
transformation mapping R upon J. 

If z.is any point of the plane, not on L, then let k be some point on L 
which is different from L(p + z); and put - 


f(z; k) = (p+2)(k+S(p+ (z+ %)#)). 
Tt is then an immediate consequence of the p — L-Desargues condition, that 
f(z; k) —f(2;h) for k and h points on L, not on p+ T; 


and a transformation f meeting all the requirements may therefore be defined 
by the formulas: 
z= zf for z on L, p= f, 
zf == f(z; k) for z not on L, tp, 


and k any point on L, not on s + p. 
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SQUARE ROOTS OF MEASURE PRESERVING 
TRANSFORMATIONS.* | 


| By PauL R. HALMOS. 


1. Introduction. Let X be a metric, complete, separable space, and let l 
m(E) be a measure defined on a Borel field of subsets of X. Sets of this 
Borel field will be called measurable sets. Concerning m we assume that 
spheres are measurable and have positive measure, m(X) < œ, and that 
every measurable set is contained in a Gs of the same measure.’ Let T be a 
one to one, measure preserving, (not necessarily continuous), transformation 
of X into itself. A classical problem concerning such measure preserving 
transformations is their embeddability into a flow: does there exist a one 
_ parameter group of measure preserving transformations Ts, satisfying suitable 
regularity requirements with respect to the real parameter ¢, and also the- 
group condition 7:7’. == Tia, for which Tı = T? Other problems of interest 
center around, the subject of change of velocities in a flow: what purely geo- 
metric properties of a flow remain invariant when we replace Ti by another 
flow S, related to it by the sole requirement that the complete trajectory of 
every point remains the same? One discrete analog of this latter problem 
might be the replacement of a transformation T by another transformation S 
related to it by the requirement that the orbit under T of every point is a 
subset of its orbit under 8. It is the purpose of this paper to make a first 
step in both these directions by finding necessary and sufficient conditions 
tor the existence of a transformation 9, called a square root of T, for which 
S? == T.? Clearly the existence of a square root is a necessary condition for 
embeddability into a flow,:and the finding of a square root is the simplest 
speeding up we can effect on a transformation. 

Consider the unitary operator U defined in L,(X) by Uf(x) = f(T x). 
The correspondence between the set of all measure preserving transformations 


* Received September 17, 1940; Revised May 25, 1941. 

2In the terminology of J. von Neumann, (“ Einige Sätze über messbare Abbil- 
dungen,” Annals of Afathematios, vol: 33 (1932), pp. 574-586), X is an m-space and the 
measure is obtained from an l-measure. We shall not. make explicit use of the topo- 
logical properties of X, but we assume them in order to be able to make use of von 
Neumann’s results. See also remark {C} in § 4. 

7The equality of the two transformations, 83 and T, as well as every statement 
we make concerning the vanishing of a function, the existence of a function or of a 
transformation, the equality of two sets or two functions, ete., is to be qualified, through- 
out this paper, by the phrase “ almost everywhere.” 
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T and those unitary operators U which are obtained from them is one to one, 
and the analytical tools available in the study of operdtors make it easier to 
investigate U. We shall give a complete solution of our problem in case U 
has pure point spectrum: in other words, in case there exists a sequence of 
complex numbers àn, (characteristic values of U), and a complete orthogonal 

set of functions f4(z), (characteristic functions of U), such that Ufa == Anfa. 
' The principal tool that we shall use is the following result, due to von 
Neumann, which, for convenience of reference, we state in the form of a lemma. 


Lemma 1. If U ts a umtary operator on La(X) such that for every 
par f,g of bounded measurable functions 


(*) UU (fg) = Uf Ug 


then there exists on X a one to one measure preserving transformation T such 
that Uf (x£) = f (Tr). 


In order to facilitate the application of this lemma we make the following 
remarks, | 


(A) If U. satisfies (*) for f,g in a complete set in Le then U satisfies 
(+) for all f, g. This is easily verified by letting f and g be linear combina- 
tions of functions in the complete set and limits of such linear combinations. 


(B) If M is the set of functions in Lẹ satisfying Uf == Af for some 
fixed A then there exists in M a complete orthogonal set of bounded functions, ~ 
For, let fa(z), »=1,2,---, be a complete set in M. For every positive 
integer k let fa¥ (£) = fa (£) whenever | fa(v)| Sk; fa (z) == 0 otherwise. 
Then f,*(x) «eM: and together the f,*(x) are a complete set in M; by an 
application. of the Schmidt orthogonalization process * we obtain the desired set. 


(C) If E is a measurable subset of X and if U’ is a unitary operator on 
L,(E) satisfying (*) for all bounded f, g in Z,(/), then there exists on E a 
one to one measure preserving transformation T” such that U’f(x) == f (T's). 
For, we may apply Lemma 1 to the operator U defined by the relations 
Uf == U"f if f == 0 on the complement of F, Uf =f if f=0 on E. 


We call attention to the following notations, used throughout the paper. 
If FẸ is any subset of X, # will denote the complementary set X — E. If P 
is any proposition concerning points £ eX, »{P} will denote the set of points 


8 Here fg is the ordinary product f(~)g(w). See J. von Neumann, “ Zur Operatoren- 
methode in der Klassischen Mechanik,” Annals of Mathematics, vol. 33 (1932), pp. 587- 
642, particularly pp. 618-619. _ 

t See R, Courant and D. Hilbert, Methoden der mathematisohen Physik, Springer, 
1931, vol. 1, p. 41. , 
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where P is true. T will always be a given one to one and measure preserving 
transformation of X into itself, and U its corresponding unitary operator. 


2. The necessary and sufficient conditions. We are now in a position’ 
to begin the characterization of transformations which have square roots. 


THEOREM 1. If T has a square root, T = S*, then —1 is a charac- 
teristic value of U of even multiplicity (= 0,2,4, =, œ). 


Proof. We shall prove the theorem by making correspond to each charac- 
teristic function f(s) belonging to the characteristic value — 1 another such 
characteristic function f*(x) with the following properties: (i) f(z) and 
f* (z) are orthogonal; (ii) if f.(z) is orthogonal to f,(z) and f*,(2). then 
so is f*2(a) ; (iil) > (s) =— f(z). 

Suppose that f(T) = — f(z). We define f*(z) =f(Sz).° We have 

ft (Ta) = (82) = f(T8x) = —f (Sx) = — f* (2); 
it remains to be proved that f*(<) has the properties (i), (ii), (iti). 

Since S is a measure preserving transformation we have, for any 
integrable function u(x), fu(z)dr= fu(Sx)de. Writing u(r) = f(x) f*(z), 
it follows easily that fu(r)dr = — fu(Sr)de—0. Next: if f(z) and 
fe(z) are orthogonal characteristic functions of T belonging to the charac- 
teristic value — 1, and if f(x) is also orthogonal to f*:(v) =f, (Sz), then an 
application of § to the arguments of the integrands in ff,(2)f*.(x) dae and 
ff" (2) f*2.(@) de shows that f*,(z) is orthogonal to both f,(z) and fe(2). 
Finally it follows from the definition of f* (s) that f**(z) =— — f(s). This 
completes the proof. l 

The result of Theorem 1 motivates the following theorem which will be 
used to split up the study of transformations, satisfying the necessary condi- 
tion of Theorem 1, into two cases. In Theorem 2 and in much of what follows 
we shall make repeated use of a concept for which it is therefore desirable to 
introduce a convenient notation. If A is a characteristic value of U and If is 
a subset of X, we shall denote by (#,2) the class of characteristic functions 
belonging to the characteristic value A, which vanish on Æ. We shall refer to 
a member of this class as an (#,A)-function. 


THEOREM 2. To every T there corresponds a measurable set E, invariant 
under T, such that there are no (E, —1)-functions other than f(r) ==0, and 
such that there is at least one (#,—1)-function which does not vanish on B.* 


5 ž is the conjugate of the complex number z. 
6 E may be the whole space or the empty set. In the case where H turns out to be 
X the theorem says that —-1 is not a proper eigenvalue of U, (i.e. the only charac- 
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= Proof. Let M be the set of functions f(z) in L: for which f(Ts) 
= — f(x). If M is of dimension 0 we write E == X, (see footnote ‘®); 
otherwise let fı, f2,* * © be a complete orthogonal set in M. Since along with 
fn, E(fa) and I(fn) also belong to M, and since the set 


{E (fa), I (fa); EE me 


` ig complete, the Schmidt orthogonalization process permits us to assume that 
the f» are real valued. Let # be the set 


E == s{f1 = 0} + a{f2 = 0} ` 


Since fa(Tr) == — fa(x) the set o{fm = 0} is invariant under T, and there- 
fore so is F. Suppose now that f(z) is a bounded (#,—1)-function. Since - 


we may write f (x) = > aif,(z), (the Fourier series converging in the mean), 


we have f(z) —0 on E; since Š hypothesis f(z) —0 on #, it follows that 
f(a) =0. 

To construct an (#,—1) Podm which does not vanish on Ë we ae: 
ceed as follows. Let An be the set {fı =O}: tt s{fm1—=—0}, n = 2, 3)-- 
Aı = X, and let a(x) be the characteristic function of An. Write | 


F(z) = © an(2)fn(z). The series converges everywhere since, as is easily 
n=1 


verified, for each 2 at most one term'is different from zero. We may now define - 


f(z) 
T 1 .1flr\|? 
eO] 
then f(z) is an (£,—1)-function in Ls, (in fact f(z) is bounded), and 
f(z) does not vanish on Æ; we remark that f(z) is real valued by construction. 
Retaining the-notation of the above proof we have 


Lemma 2. If T has a square root S, then SE = E. 


Proof. If EX or E =O, the lemma is trivial. In any other case 
let f(z) be an (#,—1)-function which does not vanish on Æ; write 
G = a{g (x) = 0}, where g(x) —f(S*z). Since E = {f (z) —0}, we have 
SH — G; Since, furthermore, g(Tr) =— g(s), it follows that g(z) ==0 
on E, so that E & G; since, (9 being a measure preserving transformation), 
m(E) = m(@), we have E = G = SE. 


teristic function corresponding to — 1 is f(w) = 0), and the condition on Ď is satisfied 
vacuously. In the case where H = 0, the theorem says that there exists a characteristic 
function corresponding to — 1 which never vanishes. 

TR(g) and I(g) are the real and imaginary parts, respectively, oF the sa 
number g. 
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Considering the transformation T only on the subspaces F and # we 
observe that the last two results enable us to split the problem of finding 
square roots into two cases. 


Case I. The only function satisfying f(Tx) aes is f(z) =0. 


Case II. There exists a nowhere vanishing real valued function f(z) 
for which f(Txr) == — f(z). ? | 


The only detail we have to verify is whether or not Lemma 1 is oat 
to the subspaces E and Æ. This is answered in the affirmative by the remark 
(C) following Lemma 1. 

We shall be able to prove that if T has a pure joii spectrum ë and 
belongs to case I then T always has a square root. First, however, we shall 

'prove a special case of this theorem because the special case is sufficiently 
important to make a simple proof desirable and because the proof of the 
special case will serve as a guiding thread in the steps of the general proof. 
We recall a definition: T is said to be metrically transitive if T has no non- 
trivial invariant sets: more precisely, if TE = E implies m(H)m(#) = 0. 


THEOREM 3. If T is a metrically transitive transformation with a pure 
point spectrum not containing —1 then T has a square root. 


The proof of this theorem depends on the following lemma. 


Leama 3. If Gisa countable multiplicatiwe group of complex numbers 
of modulus one which does not contain —1, then there exists an tsomorphic 
group Œ such that if A and XN correspond under the isomorphism then 
(X)? =À. 


Proof of Lemma 3. We observe that it is impossible that both the 
numbers à and —-A should be in G, for any A, for then we should have 
(A) (—1/A) = — 1« G, contrary to our hypothesis. Hence if we denote by H 
the subgroup of squares in G, then to each ue H there corresponds a unique 
àe G for which A? == u: throughout this proof we shall denote à by Vp 

Let A, be an arbitrary element of H ; choose A, in G but not in H, às in 
G but not in H nor in àH (where AH means the set of all numbers of the 
form Ap, pe H), and so on. In this way we obtain a finite or infinite sequence 
of elements Ax, àn, © - in G, such that the cosets àH, àH, <- are disjoint 
and exhaust G. If we define MH © AH = AA;H, then under this compo- 
sition the cosets A,H. form a group isomorphic with the quotient group G/H. 
We observe that every element in this (abelian) quotient group is of order 


8 This means, of course, that U has pure point spectrum. 
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two, since àn e H implies An? = H for n==1,2,---. Hence we may find 
in this quotient group a basis represented by, say, the cosets àn H, aH, t 
This implies that every element of G is uniquely expressible in the form 


Àn Aaga N 


_ Where «e; ==0 or 1, pe H, and only a finite number of the e; are different from 
zero. We now choose, for each j, either of the two values of Vasa, : we denote 


this number by va To the general element of G written above we make 
correspond the ‘number 


¥q,% Vaa a ae V [be 


It is easily verified that the set of all these numbers forms a group @ with 
the desired properties, 


Proof -of Theorem 3. Since T is metrically transitive, U has simple 
- spectrum, so that to each characteristic value A; there corresponds a charac- 
teristic function f, uniquely determined except for a constant multiplicative 
factor, and by hypothesis the fı form a complete orthogonal set in Le. Since 
U (Ffi) = (UF) (Ufi) = Aadsfify, we must have Aid == rx, fify = cfe for 
some positive integer k and constant c. The set of all characteristic values 
forms therefore a group GŒ to which Lemma 3 may be applied to obtain an 
isomorphic square root group @. A unique unitary operator V may be defined 
by the conditions Ffi = Asfi; where A’; is the isomorph of A; in G’. It is 
clear that F?=— U; and since we have V (fifi) = CV fk == Cyfr, and 
(Vis) OTi) = XX fifi = Nach, so that V(fifi) = (Vii) (Vis), Lemma 1 
and the remark (A) following it yield the proof of the theorem. 

By means of this theorem it is easy to give a complete spectral charac- 
terization of the metrically transitive transformations with pure point 
spectrum which have a square root, In fact we can show that the sufficient 
condition of Theorem 3 is necessary, even without the assumption of pure 
point spectrum. 


THEOREM 4. Jf —1 tsa characteristic value of the metrically transitive 
transformation T then T does not have a square root. 


This theorem is an immediate consequence of Theorem 1 and the fact 
that the characteristic values of a metrically transitive transformation are 
simple. We elect, however, to give another proof to which we shall have 
occasion to refer later. (See the proof of Theorem 6.) 


Proof of Theorem 4. Suppose that f(z) is a characteristic function 
lelonging to the characteristic value —1. Then f(z) is an invariant func- 
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_ tion under U?, so that 7? is not metrically transitive. Let Cg be a non-trivial 
invariant set of T° (i.e, 0< m(Co) <m(X)). Then since Cp 4-TCo is 
invariant under T we must have Co + TCo = X, and since Co TC, 18 Invariant 
under T, Cs: TO —0. We write TCy— Ci. | 

Suppose further that T has a square root 8. Writing Cis = 01: SC;, - 
we have S04; = SC;- TC; = Oja SCi = Cj11,4 (where the subscripts are to be - 
interpreted modulo 2), so that TOi = Cin, zı It follows that ‘A = Coo + Cn, 
and B = Cv + Cio, are non-trivial invariant sets under 7’,. contradicting 
the hypothesis of metrical transitivity. This proves the ir of the 
existence of J. 

‘We return now to the more denera oe T give the proot of the 
following theorem. 


THeorem 5. IfT has pure poini spectrum not PET — 1 then T 
hàs a square root. | 


Proof. For any complex number à of absolute value one we define a set 
M (A) as follows. If A is not a:characteristic value of U we define M(A) to 
be the null set. If A is a characteristic value, let fi, f2,- - - be a complete 
orthogonal set of functions in the manifold of characteristic functions 
belonging to A. Let K= K(à) be the set o{f; = Q} - {f2 = 0} ` +--+; write 
M(A) =. Just as in the proof of Theorem 2 we see that. there are no 
(K,)-functions, and that there is at least one (M(A),A)-function which 
does not vanish on M(A). We introduce the convention that VA, for any À 
of modulus one, is that value of the square root of A whose argument lies in 
the interval 0 = @ <`. rr 

Consider, for any A, the sets M(A) and M(—A). We remark that these 
two sets are disjoint, for otherwise we should have bounded characteristic 
functions, f belonging to A, and g belonging to —A, ‘such that the set where 
neither vanishes is of positive measure. Then the function f- ‘does not vanish 
identically, and it is a characteristic function belonging to (A)(—A) =—1. 

Now let Aw be any one of the characteristic values of U ; write 


F,—=M(Van), Ge—=M(—Van), Hn = M (dn) — (Fa + Ge), 
K, = X — (Fa + Gu + Ha). 


In view of the remark above the sets Fn, Ga, Hm, Kn, for any fixed n, are 
disjoint and cover X. 

We shall now define a unitary operator Y which will turn out to iis the 
unitary correspondent of one of the square roots of T. Because of the 


° It is easy to see that M (Ax) D M (+ Vra). 
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hypothesis of pure point spectrum it is sufficient to define V for a complete . 
- subset of the set of all characteristic functions of U: it will -then have a 
uniquely determined extension to all La. We shall explicitly define V for 
all (Fa, àn)-functions, all (Ga,An)-functions, and, for each fixed n, for all 
(HE, 4n)-functions, where the Hy will be a suitably chosen finite collection 
_ of disjoint measurable sets covering X. The totality of all functions here 
` listed is obviously complete. 

_ For every (Fa, Aw)-function f we write Vf = VAnf; for every (Gh, va) 


function g, Vg = — Vang. For (Hn, \)-functions we shall give the defini- 
tion of V by induction on n. For every (A, A,)-function h we define 
Vh == VAh. In defining V for (Hs, à)-functions we distinguish between 
two possibilities. (i) No odd power of às is in the (cyclic) group generated 
by A; In this case we define, for every (Ha, d2)-function A, Vh = V Ash. 
(ii) There is an odd power of A, in the group generated by à In this case 
we define V separately for the four possible classes of functions 


(HPs, Aa), (HG, dz), (Hoy, Az); (HK, Az). 


For any function & of the last class we define Vk = V Agk. The definitions 
of V for the other three classes are similar to each other: we give the defini- 
tion only for the first class (HF, àa). By hypothesis A,"*—A,™ with ne odd. 
Then às is one of the values of A,™/"», To the class of functions (Fj, à) we 
have already made correspond one of the values, say vı, of the square root 
of à We now make correspond to the class (HF, Àa) that uniquely deter- 
_ mined value, v2, of v,~/" which is a square root of A, The existence, of such 
a vg is obvious and its uniqueness follows from the fact that nsis odd, so that — 
no n-th root of unity is — 1. It still remains to be shown that if we also 
have do": == ,"2, where n’, is odd, then the square root y} obtained from 
`. this relation by our process is the same as yz. This'is true because the square 
root v” obtained from the relation A,"="’2 —=A,™™1 is seen to be equal to both 
ve and v'a. Our notation being consistent we may define Vf, for any (H2F1, Aa)- 
function f, by Vf = ref. 

The details of the general step in the inductive process are cumbersome : 
we merely sketch them. Suppose then that V has been defined for all 
characteristic functions belonging to Ay, j==1,---,23; we are to define V 
for the class (Hai, Ani). We do this by considering separately the classes 
(HyisA:A2**-An, Anu) where each A; may be Fy, Gj, Hj, Ky, j= 1, > 
In any one of these classes a certain number of A’s may be K’s. We consider 
only those numbers of the set A1,---,An whose subscripts correspond to the 
other A’s: those which are F's, G’s, or H’s. We distinguish between two 
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possibilities according as there is or is not an odd power of àm, in the group 
generated by the A’s under consideration. In the latter case we associate with 
the function class under consideration an arbitrary one of the two values of 
V mii; in the former case we prove as above the existence of a unique square 
root of Asi: compatible with the previously chosen square roots. 
V is now defined; we shall show that it satisfies (*), (see Lemma 1), , 
thereby concluding tite proof of the theorem. 
For each positive integer n we suppose that we have given a complete set 
of bounded characteristic functions belonging to A, such that every member 
of the set belongs to one of the. function classes (A141 < An, Àn) where 
A; om Fi, Gj, Hi, Ki, = 1, cyn. Let o, and dw be such characteristic 
functions corresponding to Ay» and àm respectively. If dadm==0 then 
V(g¢nom) = 0 == (Von) (Fem), so that (*) is satisfied in this case. If 
dnom 340 then this product is a characteristic function belonging to the 
characteristic value Ay, say, where Ay—AnAn. In this case the function 
dj, 1 = n, m, k, can be written as a sum of functions fy, Gy Meg fig hy? 
where f; is an (x, A;)-function, g; is a (Gy, Ay)-function, and A;* is a func- 
tion in the i-th class of the classes (HpArAa' > ‘ Ar- àJ) (in some order), 
where Ar = Fr, Qr Hr, Kry r = 1,2,°--,#—1,. 
We have l l 
pı = fj tgi Hh t: Hh, (j =n, m, k). 
We are to show that 
Vie Vin’ Vim, Vg =V gn' Vgm, Vhat = Vhat: Vhmt, (t=1,-°-, 7). 


Now Vf = wfr, where w is one of the square roots of às. On the other hand 
Vin Vin = Vatelafon = vnymfe. We must have vnum — ve for vaum is one of the 
square roots of Ay and if it were not equal to w then Fs would intersect both 
the sets M (Vs) and M(— Vx) and this is impossible by the definition 
of Fe. The same reasoning establishes the desired result for the gs. For the 
h’s the situation is even simpler: of the three numbers Aq, Am, Ax the one with 
highest subscript is included in the group generated by the other two, and 
therefore by the way F was defined for the A’s the corresponding square root 
choices are compatible. l 

‘ In order to be able to state our final theorem we need to define a concept 
introduced by A. Haar.*° An orthogonal set fı, fz,¢ - - of bounded functions 
is said to be e complete if the function f(x) == 1, and- the functions 
fafm, n, m = 1, 2,* +- belong to the closed linear manifold spanner by the fy. 
In terms of this see we can state our final theorem. 


10 A. Haar, “ Uber die Multiplikationstabelle der orthoganalen Funktionensysteme,” . 
Mathematisohe Zeitschrift, vol. 31 (1930), pp. 769-798. 
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THEOREM 6, I f T has pure point spectrum and if there exrsis a nowhere 
vanishing real valued characteristic function n(x) belonging to the charac- 
teristic value — 1, then a necessary and sufficient condition that T have a 
square root is that there exist a function p(x) invariant under T and taking 
only the values +1, and a relatively complete orthogonal set ¢1,¢2,° °° 
of characteristic functions such that the totality of the functions 


{n (T), p(3)pn(T); n= 1,2, > 3} 
is a complete orthogonal set in Lp. 


Remark. If we write A =2{p(z) = + 1}, B = X — A, then the con- 
dition says, essentially, that the transformation T behaves about the same way 
on the two invariant sets A and B. For, let P be the projection in L, on the 
manifold of all functions which vanish on A and let Q == I — P; write 
On = Pon, By = Qon. Then {an} and {Ba} are complete orthogonal sets of 
characteristic functions of T on the manifolds 2,(A) and Le(B) respectively. 
The fact that ¢,(%)-is orthogonal to p(2)¢,(z) implies that the linear 
operator W with domain L(A) and range La(B) defined by Wa, = 8n iB 
isometric. Moreover the relative completeness of the set n implies W (anam) 
= am. By an easy modification, of Lemma 1 this is seen to imply that 
there exists a one to one measure preserving transformation & of A on B 
such that for every fe La( 4), Wf (c) = f (Re). Since the transformations T4 
and Tg induced by T on A and B, respectively, have a, and fn» as charac- 
teristic functions corresponding to the same characteristic value, it is easy to 
verify that AT sit = Tp. 


Proof of necessity. Suppose that T has a square root, T == 87. Write 
Co ema o{n(T) > 0}, 0, — o{n(Z) < 0}. 


Then TO: = Cin, (where the subscripts are interpreted modulo 2). If we 
write Ci; =O;°SC;, and A = Coo + Cu, B = Oo + Cio then it follows, 
just as in the proof of Theorem 4, that TA = SB = A, TB = ŞA =B. 

Let à» be any one of the characteristic values of U; let {a,*(z)} be a 
complete orthogonal set of bounded functions in the manifold of (A, Aw)- 
functions. Write b,” (£) —a"(Sz)/An: then {0,"(x)} is a complete ortho- 
gonal set in the manifold of (B,An)-functions, and together the ai*(r) and 
b;*(x) are a complete orthogonal set in the manifold of all characteristic 
functions of characteristic value Ay. We write 


f(s) = u” (£) +b” (2), g(x) = p(w) fi®(Z) = a” (s) — bit (2). 


It is immediately verified that these functions are a complete orthogonal set 
in the manifold of characteristic functions of An. 
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We shall now prove that the set of functions f:*(z), i, n = 1,2,- 
is a relatively complete set. Let a(z) and b(x) be the characteristic functions 
of A and B respectively ; suppose that A, —.1. Then since a(x) 18 | an (A, A1)- 
function we have a(z) == ZaCala (x) and 
b (1) = a(S) — Zacatts! (St) — Zaaba (2), 
go that | à i 
Le=a(r) -+b (2) = Zala (ta (1) + ba (2)) = BaCafa* (x). 
Hence the function f(r) ==1 is in the manifold of functions spanned by 
the fı”. If f:"(x) fi" (x) ==0 then clearly this product is also in this manifold; 
if fs*(z)f;"(c) £0 then this product is a characteristic function belonging 
to the characteristic value Ay say. We have | 
ffi” = (a + Ba") (ay + b”) = ai" ay™ + Bis. 
Since, clearly, a,"a;” is an (A, Az)-function, we have | 
ax" (x) as"(%) = Batata (T) | 

so that 

bi" (xz) by" (1) — 
Tt follows that 


a” (Sz) a” (Sx) 
An 


ag (Sz) 
Acs Ax 


= Bala wom ZoCabg* (T). 
Tof” rm Bala (da* + bat) a Bafa. 
This completes the proof of the necessity of our conditions. 

Proof of sufficiency. Let M, Asn’ be all characteristic values of T 
and let a complete orthogonal set of bounded characteristic functions belong- 
ing to A, be {f* (x), gs4(z)}, where gs*(2) == p(x) fi*(x) and where the 
f(x), i, n= 1,2,- - - are a relatively complete set. (We may take, for n 
fixed, fa” (z), t= 1,2,---, to be those characteristic functions of the set 
$1 $2,°°* Which correspond to An). Take arbitrary fixed values of 4, 7, n, m; 
if AnAm is a characteristic value write Ay —AnAm, Otherwise write Àr == à; = 1. 
The hypotheses made imply the following relations: 

fifi" = 9" 5™ — Batafa (x), 
figs” =— gi” fi” = ZalaGga*(z). 
We define an operator V by the equations: 


vpe = (H) pa + (E) g 


a) pa q (=M) ot 


Tt is easy to verify that V is a unitary operator whose square is U. We prove 








Vg; = (; z 


` 
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that V (4) = (V¢) (Vw) whenever ¢ and y are chosen from the set fi”, g;. 
The proof is merely a matter of calculation; we give the steps for only one . 
of three possible cases. 


orm) + (GE) oe] 


(CS) (==) on 


(ate) (EFH) Hage) (==) 
= ata i =) fa + (==> gat | — Visas") 


The theorem now follows from Lemma 1 and the remark (A) following it. 











3. Examples, In this section we give some examples illustrating the 
scope of our theore ‘ns and demonstrating the peer of the detailed proofs 
of Theorems 5 and 6. | 

Let X be a finite interval, a S s < b, and y an arbitrary real number. 
Denote by T (a, b; y) the transformation defined by Te = g + y, mod (a,b): 
i,e., the transformation that sends each point z, a sre b, into y =z + y 
-+ n(6—a), where n is the unique integer for which a S y < b. T (a,b; y) 
ig a one to one measure preserving transformation of (a,b) into itself; it is 
known that T(a,b;y) is metrically transitive if and only if y/(b—a) is 
irrational and that T has pure point spectrum with characteristic values 
e*rtny/(t-a) and OSALE characteristic functions ¢?*#*(e-9)/ (a) for 
Ne=Q, 1, + 2, 

(1) Let X be a finite interval, a= 2 < b, and let Jti N an 


irrational number. Denote by R == E (a, b; y) the transformation defined as 
follows: 
For a& z< (a+b)/2, Rr=T (a,b; (a + b)/2)z == x -+ (a+) /2; 
for (a+b)/2Sc2<b, Re=T (a, (a + b)/2;y)T (a,b; (a + b)/2)z. 
It is readily verified that R is a metrically transitive transformation with 
pure point spectrum (which is therefore simple) and that —-1 is a charac- 
teristic value of R. Hence by Theorem 4, R does not have a square root. 
(2) The most important property of metrically transitive transforma- 
tions used in the proof of Theorem 3 is the fact that the characteristic values 
form a group, and in fact it is easy to extend the proof to all transformations 
with this property. The following is an example of a transformation which 
does not have this property. Let X be the interval 0S r< 1 and y an 
irrational number. Define § by the conditions 
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- ## 


Sz —=T'(0,1/2;y)2 . for OS2t< 1/2, 
Szr—=T(1/2,1;7-+ (1/4))e@ for 1/2Se¢<1. 


It is easy to see that — 1 is not in the spectrum of S, but + e**#¥ are both 
characteristic values. 


(3) The above example had the property that X was decomposable into 
invariant sets on which the characteristic values form a group. To show, that 
this is not the general case we consider the following example. Denote by 
S(y) the transformation in (2). Let X be the (countably) infinite dimen- 
sional product space of the unit interval with itself, with the usual multipli- 
cative measure, and let y1,y2,°:: be a sequence of linearly independent real 
numbers. Define the transformation S’ for a point te X, z= (ti, 2a," * `) 
by Sa = (8 (y1) S(y2)%2,° * *). In this case it is impossible to split X 
into a countable number of pana on each of which the characteristic values 
of 9’ form a group. 


(4) An example which typifies the situation described in Theorem 6 
is the following. Let X be the unit interval, and y an irrational number. 
Let R’ be defined by the relations 


Raw R(0,1/2;y)s for 0 S2e<1/2, 
g == R(1/2,1;y)s for 1/22<1, 
where R(a,b;y) is the transformation defined in (1). Let ete) =e for 
Sx rt L< 1/2, p(z)= 1 for 1/2 Sr< 1. Let. 
dn(Z) = erin for 0 Sr< 1/4 and E S2< 3/4, 
dalz) = Aa for 4s =2< 1/2 and 8/4 = =r<1, 
(n= = 0, +1, +2, -). 
The functions p(x) and ¢1,¢3,° - > satisfy the hypotheses of Theorem 6, 


and therefore R’ has a square root. One such square root Q that our pmnetnod 
vields is defined as follows: 


For 0 <2<i/, Or = T(0,1;1/2)2 —2 -+1/2, 
for  1/⁄4&r<1/2, Qr=T(0,1;1/2)z =s + 1/2, 
‘for 1/2& r< 3/4, Qr= T(0,1;3/4)z, 

for  3/⁄4Z&r<1,  Qr=T(0,1/4;y)T(0,1;1/4)z. 


4, Concluding remarks. (A) We.observe that no sort of uniqueness 
could be hoped for in any general theorem that asserts the existence of a square 
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root: witness, for instance, the identity transformation, which has any trans- 
formation of order two for a square root. The method of Theorem 5 (or of 
Theorem 3) yields a unique square root only if every characteristic value is 
the square of another characteristic value; in all other cases there are several 
square roots obtainable by that method. The unique square root which the 
method associates with the identity transformation is the identity itself; 
more generally if the characteristic values of a transformation form a finite 
group not containing — 1 then the method of Theorem 5 yields as a square 
root a transformation with the same group of characteristic values. (This 
fact is most easily seen by an examination of the proof of Lemma 3.) Thus, 
for example, the square root, given by Theorem 5, of 7'(0,1;1/3) is not 
T(0,1;1/6) but 7'(0,1; 2/3). 


(B) ‘The square root of a transformation is more likely to be metrically 
transitive and less likely to be continuous than the transformation itself. 
For if 8? == T, then any set invariant under S is invariant under T, but not 
conversely. If T is the transformation defined by Tr == — z for —1 Sr S1 
ihen a square root for T' is easily found by Theorem 6, but since T and the 
identity are the only two continuous measure preserving transformations of 
(—1,1) into itself, 7 has no continuous square roots. 


(C) We remark, finally, on the réle of the topological assumptions we 
made on X. They were necessary only in order to apply Lemma 1: a result 
which most likely remains true if all topological assumptions are removed, 
but which has never been proved without them. .We can, however, get along 
without the topology even so, if we are willing to restrict our attention to set 
transformations. The sort of set correspondences we consider are, of course, - 
one to one and measure preserving, and preserve (countable) sum, product, 
and complement. To any such transformation T there corresponds a unitary 
operator U determined by the condition that if F is the characteristic function 
of a measurable set E, then Uf is the characteristic function of TE. All our 
results may be applied to these unitary operators and our theorems yield, 
whenever possible, a unitary operator V satisfying (*) and V°== U. The 
advantage of considering set transformations (and the rôle of Lemma 1 and 
the topological assumptions necessary for its proof) becomes apparent only 
now: it takes Lemma 1 to assure us of the existence of a point transformation 
which generates V, but a set transformation which generates V always exists. 
(See reference in footnote ©). 
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POST ALGEBRAS. J. POSTULATES AND GENERAL THEORY.* 


By Paur C. ROSENBLOOM. 


Historical introduction and summary of results. In 1920, Post? (1) 
gave a definition of n-valued logic that was a generalization of the usual 2-valued 
calculus. He defined, the most important operations and discussed some of 
their properties by means of tables of values. Webb (2) reduced the required 
number of undefined ideas to one. Later Webb (3) proved most of the impor- 
tant propositions of the m-valued logic by the numerical interpretation in 
terms of congruences. This consists, essentially, in using tables of values in 
a general way that eliminates trial and error. The Lukasiewicz-Tarski (4) 
n-valued logics are included in the Post calculi, but not conversely. In fact, 
the Post logics are symbolically complete,? i.e., all operations and relations 
in these systems definable by tables of values are definable in terms of the 
primitive ideas of these logics; the Lukasiewicz-Tarski systems do not share 
this property. We shall confine our attention, in this paper, to the Post 
algebras,’ not concerning ourselvés with their interpretation as logics, but 
with the abstract algebraic properties of the systems. 

We give here the first* postulate-set for Post algebras and prove the 
fundamental theorems from the assumptions. The Post algebras are here 
generalized in analogy to the extension from 2-element Boolean algebras to 
n-element Boolean algebras. We prove that two n-valued Post algebras with 
the same ‘finite number of elements are simply isomorphic, and deduce, as a 
corollary, that our postulate-set is complete when a postulate as to the number 
of elements is added. The analogues to the prime elements in Boolean algebras 
are defined and a unique factorization theorem is proven. This leads to the 
theorem that an n-valued Post algebra with m(= 1) prime elements has n” 
elements, and also to a numerical interpretation analogous to the Sheffer 


* Received November 6, 1940; Revised June 28, 1941. 

1 The numbers in parentheses refer to the bibliography at the end of the paper. 

2 This term is attributed by Webb to J. C. C. McKinsey. 

8 We believe this term most appropriate for the algebras described here, just as 
Boolean algebra seems the best term for the algebra corresponding to the two valued 
logic. 
: t Since this was written Rosser’s paper (8) appeared. His “ Axiom group I” corre- 
sponds to the present development. However, he has a propositional calculus whereas 
we have here an algebra. The former explicitly states its rules of deduction, while the 
latter is “embedded” in ordinary logic, which is assumed implicitly. 
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“Boolean numbers.” It turns out that Boolean algebra is such a degenerate 
special case that most Boolean theorems generalize into several theorems and 
most Boolean operations into several Post operations. In fact, the first Post 
algebra which exhibits the typical properties of them all is the six-valued case.® 

Post algebras should have many applications since every operation or 
relation defined on a finite range can be defined in terms of Post operations,’ 
and many cases of multiply-isomorphic objects’ can be dealt with simultane- 
ously. It follows from results of Bernstein (5) that this is not true of con- 
‘ gruences, i.e., we cannot in general get a definition of an object isomorphic 
to a given finite operation or relation in terms of arithmetical addition and, 
multiplication with respect to some modulus.? Furthermore, algebraic manipu- 
lationa in Post algebras are in many ways simpler than the corresponding 
arithmetical operations. 


The primitive frame.” We take as undefined a class K of elements, 
a binary™ operation ++, and a unary? operation ’ and make the following 
assumptions about them: ** 


Undefined: K, +, ’. 

We make the following definition’ in order to be able to state our postu- 
lates in convenient form. We take n = 2 to be some fixed positive integer. 
Di. ptqatr=(p+q)-+7. (Similarly for p +-g -+r + s, ete.) 

i l E 
De. 2a f (4) = f(a) P+ FC). 
D3. pomp. p = (p™)’, 


4 


ë For example, P9 does not begin to show ite general form until n =8. Of course, 
this is true only with respect to the way in which. the theorems are derived from the 
postulates and not for the class of theorems as such. 

¢ See Post (1), Webb (3), or this paper T57, which implies as a corollary that every 
n-ary operation on a range of n elements can be defined in terms of the operations in 
an n-valued Post algebra. l 

7? The definition alluded to in 5 will yield an operation multiply oiio puig to the « 
given one defined on & range of n™ elements. 

* If the range has a prime number of elements, it is possible to define an isomorphic 
operation or relation in terms of addition and multiplication with respect to a modulus; 
see Bernstein (5). 

° This term, introduced by Curry, means the totality of undefined ideas and 

-unproved propositions. 

10 In the logical interpretation these are die “ propositions.” 

12. Our + is Posts and Webb’s F, 

13 Qur (’) is Post’s and Webb’s ~, 

18 We use, for brevity, such arabol as —> for “implies,” «e, and 4 without rde 
comment, 
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D4. 1) = Ser. 

DB 2(p) = (1(p)y.  m(p) = (L(p)) (n> m= 2). 
D6. o KG) @) is OG). 
D7. | | p= & ps l 
D8. Pn = (Cp +20) E prye. (25 mS n— 1). 
D9. pit = (pt) ye 
D10. pi i, 


1(p), 2(p),- - -, etc., will-be proved independent of p. (T2, T3). They 
correspond to the so-called “troth values?” which appear in the interpreta- 
tion as logic. Pı, px, - are what might be called “step-functions” in view 
of T33 and T34 below. 

n-i 


D1i. —— p = 2 Pn”. 
p' and — p are two generalizations of the “complement of p” in Boolean 


algebra.!* In the two-valued case they degenerate to that operation. In 
general however, they are distinct. 


Diz. py p Gwe (Sp) (9) )- 
D13. par = (pq)r. 

PiL peK.>.p eK. 

P2. pqeK.=>.p+qeE. 

- For convenience, we use H(p, q,r,; °°) to mean “p,qg,7,--.-eK, and 
all their combinations mentioned in the conclusion are in K.” +5 
P3. H(p,4):>.p +4=4q+P. 
P4. H(p, 9,7) -—>- p+ (a+r) — (p-+@) tr. 
P65. | H(p).7>.p+p—p. 

. P6. = 1(p) = (1(p))* = (0(p))'. 
PY, H(p,q,7).->.p+ar—(p+q)(p+r). 
n-i 
P8. H(p, 4) -> . 2 pg” = p. 


P8 is a generalization of the Boolean law pq -+ pg = p. 


1 Our — is Posts a. 
18 The second part of the definition of H was mowi to facilitate the finding of 
possible independence pram ai 
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P9. mee p— pr +2(p)pm? +S (ip) + + 1] (p) }p-+ 
+ {[n— 2] (p) jp a (En— 1] (p) }p? + (0(p)) pr. 


P9 is'a generalization of the Boolean law p=p+0p’. It will be 
simplified in T30.18 | 


* P10. H(p, Ao 69 Aa ees È Apt y = = Ape | 
P10 isà generalization of the Boolean law (Aop + Ai)’ = sie + A’sp 


A system 18 which obeys the above postulates will be called a Post Algebra 


' of type n, and will be designated by Pa. If K contains exactly & elements 


(by P11, k = 2), Px will be said to have the order'k and will be designated 
by Pa(F).. 

_ We now develop the elementary, but fundamental, formal properties. - 
_ (Henceforth, such hypotheses as H(p,q) will be understood implicitly.) 


TI, pq = qp. i (D12, P3). 
T2. 1(p)=1(q). (D4, P8, T1, P3, P4, P8, D4). 
#—1 n-1 ` n-1 n-i n-i 
Proof.  1(p) = 2. pt — 2 are -2 ( 2 qip*) 


-f (Š p” = S gi = 1(9). 
T83. m(p) aay, (n—_1>m>0) (T2, D5, D6). 
D14. m=m(p). | (n—1=m= 0). 
D14 is justified since, by T3, m(p) is a unique element of Pa independent 


of p. From now on we shall use the notation of D14. Using this notation, 
the following theorems are mere restatements of D4, D5, D6, D8, P6, P9. 


n-i 
T4, ` 1 — > pt. 
4-0 


T5: o m=i" (n—1=m=1). 


1¢ This postulate combines T27 and T30 in view of T14; it is not necessary to 
work T31 into this postulate. These considerations explain the complicated structure 
of this postulate. 

17 For convenience we make the convention that with small Latin letters, subscripts 
are used in accordance with D7 and D8; with capital letters subscripts have the usual 
meaning. Thus here, 4,,A4,,--- are any n elements of K, not the elements derived 
from a single element A in accordance with D7 and D8. 

18 That is, an ordered triple (K,-+,’) 
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T6. 0 14, 
T7, Pm = ( (p +2) -+ pr)", (2<m<n—1}). 
T8. Paip 


T9% p=p +p + (it fet Mpa 
++ [n— a Le tp + 0px. 
T10. p+i=1+p=l. 


Proof. TERNERA E iion 

T10 is the analogue of the well-known Boolean law. 
TH, | (pm) ® ax p™*, " (Induction) 2° 
T12. ; m* = m. (T5; T11, T8; T6): 


T13. m*=[|m + k], where [m + k] ts the constant element of K 
represented by the least non-negative residue of m + k modulo n.” - 


We shall continue this convenient use of [m]. 
T14. m—=0. (mx%1;0SmSn—1) (D7, 713, T10, T6). 
my = 0. (mzk (mod n); OS m Sn—1, 1 Sk Sn). 
n-i 
Proof. Let m> 2. m, = ( Ð mi) == (mm + Smt) 
4=1 
= (1 + Smt) = 1% = 0, 


($? indicates summation over all terms except m*™*.) 

If m = 1, n— m + 1 = n; therefore this reasoning does not apply. 

If m = 0, ọ = 1 occurs in the summation and the above reasoning is 
valid. Ma = Mm. am [m + n — k + 1] == [m — k H 1] 


T15. p= p + pg = pq + P. (P8, P5, P8). 


A-1 n-1 fel 
Proof. p= 2 pg == pq + 2 pg == pq + pq + 2 Pg 


= pq + p — p + pq. 
T16. p= (p +49)p=p(p +1). (T15, P7, P5). 
Proof. p= p+ p= (p+ p)(p +9) —plp +4). 
T17. | p — pp. (T16, P5). 
T18. p = — (— p). (T17, D12, P5). 


19 T11 is just a notational theorem, i. e., it follows from D3 alone. 
0 Within square brackets, all operations are in ordinary arithmetic; ae 
they are always Post operations.. 


172 PAUL 0. ROSENBLOOM. 


Proof. p= pp =— ((—p) + (—p)) =— (— p). | 
T19. p= pl = ip. (T16, T10). 
This theorem shows that, as in Boolean algebra, 1 is the unit element. 
T20. p(qr) = (pq)r = pgr. (D12, T18, P4). 


Proof. i PO E E E AR 
E a e 
a (pq) +—r} = (pq)r. 


T21. pg + pr=—=p(q +r), l (E? TIo, P7, T16). 
Proof. pg + pr= (pq + p) (pq +r) = p(pg +1) 
= p(p +r) (q +r) =p +r). p 
T22. —0=1. (T9, T14, T17,.T15, D11, D8, P5, T13, T10, T6, T10). 


peer LL 42-043 (i+ iy fae: (a8, 
LAB OFS (i+ F+11)04 [n—2]0 + [n—1]0 40-0 
—ii+2- 0+ 2 G+ E+1)0+ [a—2]0 + [»—1]0 +0 
251, 420. | 
Pharetors —0=5 0t = l +2, +S o¥ = 1, + ((2 + 2) 2 + 92) 04 +304 
Lt (ete) + Sot + (ate) + Soe 
=h H 4 S01 + 0+ 50 ml + BO 


I have been unable to find a simpler proof of this theorem. 


T28, p0 =0p=0. (D12, T22, T10, T18). 
Proof. p0 =— (—p+— 0) =— (—p+1).=—1=— (—0) = 0. 

T24. PTI (D12, T18). 

T25. p +0 =0 +p =p. (T15, T23). 
_ Proof. p+ 0— p + 0p = p. | 


As in Boolean algebra, 0 is the zero element. 


T26. '  1,—1. | (See proof of T22). 
T27. i+ [i+ 1] = 4, (3 SiS n— 83). (T14, T19). 
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Proof. i=in +2[n+i—1h HE G+ [ji + [neli 3] 
eeir eti: 
a = 0 = [n + t—1]i = [iH h = iH 2]. 
0 = 44 except when n -+ i— 3] + 1=]1, mod n, i. e., t= 9, 
Then, tj = ], 
i= (i+ [64 1]) imit iH. 
We are now able to simplify P9. 


R~1 


T28. p =t pa +1: pe + 0° 9,3. (T27). 
T29. p’ = p. (T28, P10, T12). 
fel a-1 ‘ 
Proof, p= 2 ips + 1*p + Opr = 2 tp-+ + 1p. + Ops* — p. 
#-i n-1 
T30. i p = $, ipi = D ipa. 
i=0 i= 
T831. 2 H 2’ == 2, (n = 8). (T26, D7, T5, T29, Pō). 
nol n-i 
Proof. =h = (J91). ep Be pV me + (BI) 
=y Erer HEH Sine+y 43; 
moat 7 14 smn J? ame 2, 


T32. 2+ i=2. (2S1Sn—1,- or i—0). Similar to above proof. 


Now we are able to characterize the function p more precisely and show 
the agreement between our definition and Post’s. 


T33. | =0. (#541; 0SiSn—1,15kSn—1). - 
| (TY, T32, T183, T10, T6). 


Proof. ig m= { (i -4 2) pym — (2m1 4 gk) nt 
| = (1p #) = 1 0, 


T34. E (PY, T10, T6, T25, T13). 


Proof. l Ie = { (1 + 2)" -p Fp ee (1 p 14) 
sema (0 ao 1#)» RaR (1) a l uaa [k at n] sa 


T35. —i=[n—i +1]. OZS: ¿Sn 1) (D11, T33, T34, T18). 


- Proof. —i == 3 t47. Al the Ess aji 0 except the one with #/ = 1, 
fat 
ie; 7 = [nrn—i 4+ 1]. Hence, — i = 1; = j = [n—i + 1]. 
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D15. pC q.e. p +q =q. 
T36. pE q. <>. pg =p. 
Proof. p+g=gq.—>.p(p +1) =p = pg. 


p =p]. >. p +1 =p] +154. 
T37-T44 are proved by D15 or T36. 


T37. PpP&gqg.=.p+rCqg+r and prC gr. 

T38. pOCp+g pqCp. 

T39. pet p. 

T40. pC q and qCr.>7.pCr. 

T41. pC q and pCr. rm. pCear, 

T42. pOr and qCr.m.9p+qCnr.. 

T43. 0C pC. 

T44. pC q and qC p. >.p=}q. 

T45. pog.o.—qC—p (D15, T24, T36). 
Proof. pCq.o.p+q=—q9.0.(—p)(-—q) =—97.0.—qC—p. 

T46. ` aC 2, (2 SiS n— 1). (T32). 

T47. [n— 1] = — IC i (1 SiS n— 1). (T45, T46). 


T48. LSisjs[n—1: =>: CG ijen Yj. 
(T39, D15, T27, T46, T47). 
Proof. 1St—7S [n] mC 


If 1SiSjS[n—1], and jCi, and [J+1] S [n— 1], then 
LS¢e<[y+1] S [n—1], and [7 +1] Cj. Therefore [7 + 1] Ci. 
Therefore the theorem is true by induction on j. 


T49, Sis j S [rm1]. >. hi (T26, T14, T43). 
N Proof. j= 1 and hypothesis .— . j} = 1 = 1 = j, = h. >. hC Hh. 
7>£1 and hypothesis .—> . jı =0. >. hC 4. 

T0, 0147S [n— 1]. —. 049). me ja 

Proof. Either 1&3 or jr Assume +7. If t= 0, (i1 +ih =h 
mt +i. If 10,1 S5157] S [n— 1]. Therefore Ci stint. 
MCa n+tu—=t. Therefore (t+ 1)i = t =t +j By symmetry, the 
theorem is true for } S 4. 


The fundamental theorem in Post algebras. This is the analogue of 


the Boolean theorem f(p) —f(1)p+f(0)p’. Before we can prove the 
theorem in general, we must deduce certain special cases. 
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n-i n-i 
T51. p = X j'p = X [j + ips. (P10, T13). 
. j=0 j=0 
#-i 
T52. Spt =1. (T4, T21, T4). 
j=0 


n-i n-1 n-i n-i n-l nL n-i 
Proof. 1= È p = È (È jp) = È (LP) p- = E py Me™, 
4=0 4-0 jf=0 j=0 4=0 j=0 j=0 


n-1 n-i 
T53. F(p) = È f(t) p- = È f(— i) pt. 
4=0 4=0 
Proof. For f(p) = p, it is true by T30. For f(p) =, a constant, 


n- n—1 

we have by T52, 10: 1 =a X pi = Sapi. If T53 is true for f(p), 
4-0 4=0 

then for 9(p) = (F(p) Y, 


sP) — (Fp) = (Zi Opa =E (FO) pa = Eg pa 
If T53 is true for f(p) and g(p), then for h(p) = f (p) + g(p), 
h(p) = EFO pa +S g (i) pa = D (FO) + C) pam È h(i) pas 


By induction, then, T53 is true for all f(p) expressible in terms of the 
undefined ideas. 


n-1 
T54. f(p) = 2 Ap- for all p.. A; =f (îi). 
n-i 
Proof. f(t) -2 Ajij = Ay, by T13, T14, T26. Hence the expansion 


js unique. 
We now establish some important consequences, 


n-i n-i 
T55. f( XS Aipa) = X f (4) pa. 
4-0 4=0 
n-1 
Proof. Let g(q) = 2 Aigi; h(g) =f (g(g)), for all g. Then 
n-1 n—-1 nel 
h(p) = Z h (i) pai = È f (g (ê) ) pai = Z F (44) pi 
n-i n-i n-l. 
T56. (> Aip) (> Bipi) = $ 4iBip-i. 
4=0 4=0 4=0 
Proof. Let h(x) (S Aan S By) for all 2. Then 
4-68 {=0 


31 Throughout this paper fip), g(p), ete., stand for functions expressible in terms 
of the primitives, -+ and -. 
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| n-i : n-i 
h(p) = Z h(i) p- = X, AiBipa. 
i=0 i= 


-1l n-i #—i . 
' Tor. F(p, 9," > +8) —2 a LPG j, (+, hk) pags? l 8x. 


=$°f=0 : 
Proof. The theorem is true for functions of 1 variable. If the theorem 


- is true for functions of N variables, and F(p,q,----.s) is a function of 
N+1 variables; then 


m1 A 
F(p, 4, +8) == DG g e)p; bat 
€=0 n-i 


Fig: +8) =E F j BG s 
Therefore _ 


n-i n-i n-i 
P(p, gs8) =Z È SAS *yh)pig-y* * * 8a 
i=0 j=0 k0 
As before the coefficients are unique. 


Theorems T51-T5% hold equally well if + and - are the arithmetical 
operations modulo n and K ts the set of residue classes modulo n, provided 
that the p,’s are added as primitives (even this will be unnecessary if n is a 


d . : 
prime number.) To see this, let S F(t) be arithmetical summation. 
iza : 
n-i ; l 
Let g(p) == S f (i) X pu (here a X b is arithmetical multiplication). 
4=0 l 


Then g(m) = 5 f(t) X mi 


= f(m) X mm | E (by T14). 
= f(m) X 1 = f(m). | 
Therefore g(p) -$ (Dp = (Post operations !— by T53). 
= 5f) p — F(p) (by T53). 
far 


Therefore f(p) = 8] (i) X ps. 


From this the analogues in arithmetical Gi of (‘T51-T5? follow 
almost immediately.?* 


T58. Di = kpd. (T53, T33, T34). ` 


n-i i n-i 
Proof. pm —2wp—i= 2 > [i+ j]ep— i 


— kp-mn-p m kpt D) mem kpt, 


32 This observation is due to the referee. 
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T59. f(t) is 0,1,2,---, or [n—1] for i=0, 1, >, [n —1].% 
Proof. This follows easily by induction as in T53. 
n-i 
T60. F(p) =È Aip for all p:—:f (4) Ck. 
i=0 
f(t) = k, [k + pree [n— 1], or 0. 


n-i a-l 
Proof.  f(p) = > Åp tt c= È kAspy (all p). 


Therefore (T54, T838) F(t) = kA; C k. 
Therefore (T48) f(t) =k, [k+1],---, [n—1], or 0. 
~ Conversely, we have 
n-i 
T61. f(t) Ck (all i):—:f(p) = 2 f(t) per. 


Proof. f(p) =F FO pa = Share 


But f(t) =f (î)k. f (T36). 
n-i n-i 
Therefore F(p) = Sf (kp == DS f(t) prt, 
i=0 4=0 
F62. 152jmodn.—. pip! = 0. 


Proof. m,tm,i—=[m-+i],[m+ 7], =0, by T14, since at most one of 
[m + +] and [m + f] can equal 1. The theorem follows by T53. 

The question arises whether the functions p,‘ are determined by the 
properties in T52 and T62. The answer is given in T65 below. First we need 
two lemmas. 

T63. 1 £0, 


Proof. l = 0. — . p = 1p = 0p = 0, contradicting P11. 
T64. lt = 1. .t= j mod n. 
Proof. 1t == 1. , 1 == Litt =a [itt 
>. 1 = ly m lt a j ni H I Im O 
if j&i modn., 
T65. If n distinct functions ġi(p), i= 0,1,2, +, [n— 1], none of 


which ts identically 0, are butlt up from p by the primitive functions + and’ l 
and satisfy the relations 


*“ Here in T60, and in T65, f(p) and ¢,(p) are built up by -+ and ’ from p only 
without the introduction of constant elements. Of course, they fail for functions like 
f(p) = ap, where a is not of the form 1‘. 


12 
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fl 
(A pp and ABg p —0 A) for all p, 
then the ġ;i( pys are the pits in some order.** 


Proof. Let k—=1,2,---,[~—1], or 0. Then 


S g(h) —1, (kb) =1,2, < <, [n—1], or 0 (all 4). 


If (kK) 1 forali, i(k) C2 for all i (T46). 


n-i 

Therefore 1 = >) ¢i(k) C2 (T42). Therefore 1 = 2, which is’ impossible. 
4=0 

Therefore one of the ¢4(h)’s, say pa(k), is equal to 1. If At, 


ps (k) =p (k) 1 = $)(%)$4,(%) = 0, by (2). 


Therefore ġı(k) =Q or 1 (all 4 k). Since none of the ¢’s is identically 0, 
each is 1 for at least one value of k, and we have shown that not more than 
one can be 1 for a given' value of k. Hence each is 1 for exactly one value 
of k and O for all others. That is ¢4,(k) =1. a(D =0 (jÆ k). 


n-i 
Therefore ¢4,(p) = È ¢i,(m) p", whereupon the theorem follows.” 
m=0 


T66. (p +9) =p + q 


Proof. (p+ qi E (i+ jpg 


-i m1 
= 2) D (h + j) pegs = Pi + go 
#0 J=0 
T67. pC q. >. pE q. 
T68. (pi)1 = Po (T55, T26, T14). 


Proof. (pi). = (1p, + 0p” + Op? +--+), 
= 1; pı + Qp” + Op + - o o mlm pa 


The Structure of Finite Post Algebras. 
Prime elements and the unique factorization theorem. 


D16. pis prime (p«Pr):©:p i and pC q: — (al q): q = p or q =1. 


44 This fails without the restriction in **. For example, in a P „ with n prime ele- 
ments (see D16), Q Qy- Qy“ Jet p;(p) be the constant element (Q;) ">. By 
T82, T90, T83 below, the hypotheses but not the conclusion of this theorem would be 
satisfied. 

$ The material in T58-T65 is due to the referee. 
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This definition is fundamental in the rest of the paper. In lattice- 
theoretic terminology, a prime is an element covered by 1. For n=2, it 
reduces to Huntington’s definition of “prime” or “irreducible” elements 
in a Boolean algebra. 

From T69 on, we assume that K has a finite number of elements. All 
the previous developments are independent of this assumption. 


T69. qeK: q1: =>: (Ap): pePr:-qC p. 
Proof. Hypothesis and gePr:—-:gePr. q€g. Hypothesis and 
qePr:—>: (AA) `q C Ai: q 36 A A, El. 
If 4, e Pr, then the theorem is proved. If 4z Pr, then 
(TA) A, C Ag: Ai Ap? Ar 1: A mg. mon C ATG. 


Therefore A, = q. Therefore A: q. Continuing we get a chain which 
must end since K is finite. Therefore the last A is a prime. 


T70. p,qePr and pq. =>. p+ q =1 =p 4q 
Proof. pCptgq gqCn+q. Therefore p + q =1orp. If 


p+ g= p then qCp,p#g pl. 
Therefore ge Pr. Therefore p+ q£p. p+ q==1. Therefore 


Pı +a = (pP +g) =S= O (T66). 
n-1 
T71. a ee ae a aes PY a 
=0 
n=l n-i 
Proof. . p= X ip C p + X 2pa | (T46). 
i=0 i=0 
isl 
n-i 
Cpt È?pa=m p tR. 
Therefore p, + 2 =p or 1. (D16). 
pı + 2 = 1. sm. pı = (pi) + 2 = (pı + 2) = 1 = 1. (T66). 
n-i 
>. p= p t È ipaum] (T10). 
.—>.pEëPr. 


Therefore p, +21. Therefore p, + 2 =p. 
T72. pe Pr: =>: p= p42. 2C o. 
Proof. Hypothesis .— . p + 2 == p, -++ 2 F 2 =m p, 4- 2 = p. 
T73. pe Pri: p" =p =0. (11,2). >. pit=0. (1&0, — 1). 
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gel l 
Proof. Hypothesis .—>.p = p, + by pit 
io 


s-i : 
>. pi = lp, + UD pt (P10). 
4=1 . : 
` i n-i - 
"=>. pal = lpi + 2 D pit 7 (T55). 


= a R +2): Zp | 

— 0 unless parsi or e; 
ie, 1 =n— 1 or j= 0. 

T74 pePr:—>: p= p + 2p.  f(p ) =f (1) p + f (2) p. 


pı + 4 = P F gp. f(apı + bpi**) = f(a) pı + #(b) ps 
T75. pePr. =>. 1 = p, + p. 


n-i 
: Proof. Hypothesis .—>.1 = 2 pit == p? F p = pi + pr. 


We now consider an important subalgebra which is also a Pa (as we prove 
below). 


DIT. qe{p}. e.p Cq. 
D18. l q* =p +g. 
D19. Gee aii g". që) ae (q**) + 


We wish to prove that {p} is a oe if p is a prime element, and to 
characterize a precisely. 


T76. pP +F +a) =p A Flg). 
Proof. pı + f(p +g) = p + fp + q$ pir) 


(letting >” indicate summation with omission of i = 1) 


= p+ f(ipi + gp + X pa) = pi + flp + qd?p-+) 
=p, +f(1)a+ f(g) Spe. + f(g) a + f(g) pa 


n-i 
— p, + f(g) 2 p- = pr + f(g). 
T77. qt = p, + g*, 
Proof. ` q“ =p + g. 
If Qh m Da + gt 3 


q¥ 1) cme (p, + gt) * = p + (m + py = pı + g. (T68). 
T78. qe {p}. =>." =q. 


Proof. Hypothesis .—>.q*" == p, + q" = pı + q =q. 


me 
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09. 1a Sgt 
2 


n-i n-i. . a-l l 
Proof. D qg* = È (p + g) =p + Eg mp H= (Pò). 
4=0 4=0 i 3 i=0 = 
T80. qe{p}: pePr:>:q=1 or qp.. 


Proof. ‘Hypothesis :—:p,Cq 
:=>:p =p 42C q 42 
i=i:ig t2? =p or g+? =l. 
q F 2 — p. —>. q C p—q 42. (T38). 
Therefore not 


(gop): —>:q +2 =1.—>. q =q +2 =l, —1. (T66). 


n-i 
:—>: q = q; + 2 ig- = L (T10). 
T8: =- qe{p} pePr: <: (ai) q= pi + 1. 


Proof. q =1:=>:q =p + 1°- ge {p}. 
geip} gg g 
nes (q*1)* (9-4) enm “| ¥ (9-9) vy pı + 1s, (T77): 
ge {p}: q* 41 for all j:—: for all j, q" C p. 


m1 
Veh 5 gC p 
j=0 
. . [>i pmm Id. 
Therefore pe Pr:qe{p}:-—: (Tj): q =1 
7 >: (H7.) ‘gp, + 1. 
This theorem is important in what follows, since it delimits {p} so 
precisely. 
T82. If 9,9,7,°°° are all the primes in K, py" + que tert fe. 
Proof. Hypothesis and a = p" + qg +> #1 :—>: there is a 
prime, say p, such that aC p. Therefore 


a+ p C p+ pm H? + = pi H ep. 
But | 


a+ p =p Hp Hga > com f+ R Pae a 
Therefore p= 1. But pePr. Therefore a == 1, 
T83. Hypothesis (T82) .—>.0 = pq: 


a 
tee. mia ee oe 


182 ' PAUL 0. ROSENBLOOM. 


Proof. Hypothesis .—>. igi - = lpg: > i 
= (p> p g H ) pg: : 
== p” 19s °° eae C ie : 
=040+°°° (T62). 
T84. aeK. Hypothesis (T82) 


:—>: 0 = (p +a) (q Ha): 
->: (Ti jt) a= (p + (G41): 


Proof. Hypothesis .— .a =a + pqi: °° l 
= (a+ p) (a+ ga) tt (P7). 
a-t+pe{p},  a+grelgh: is 


Therefore (A4, j, © <) ' Pı +H a= pı + F, 
q +a=g tly o o a= (p H1) (a H1) (T81). 


We can put ‘I's4 in a more striking form if we define: 

D20. All elements of the form p, + 1', where p ts a prime, are called 
powers of p; (by T81, all powers of p are members of {p}, and conversely). 
T84 now states: 

Every element a of K can be factored into powers of primes. We now 
prove that this factorization is essentially unique. 


T85. (p +g) = p + (p: +4) =p + g. (T77, T76). 


T86. Hypothesis (T82) and if p.q,7,-* + are all distinct, and f 
a=e=(nt1l)(qat+lV) oS (pı + 1") (q: + 1')+ ++, then 1* = 1*, 
1f == 1', etc. — 


Proof. p, + a = (p + pı +1) (p +q +H): | (T0). 
=(p H11 i o e= p H I p +1. 
(By symmetry). 
Therefore 
(p . q) *(n-4) ees (ps + 14) #(n-) — (p + 1m) # (9-4) 
$ == p, + (14) = pı + (1e, 
Therefore 


1 = p, -+ 1e p tit pi + (Let p + (11) = pa H T, 


Therefore 
{| == 1g -= (pi): -} 1,4 = Pi + E ai (T66). 
m -+ n—izt0 modin. =. lmm = 0. >. p = 1.. pm pi t Mm. 
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Therefore 
m + n— i= l mod n. m==imodn. ha SA 
Similarly 1t = 1/, ete. 
Therefore, every element a of K can be factored into powers of distinct 
primes in one and only one way, disregarding the order of the factors. . 


Further theorems and a numerical interpretation. 


T87. The elements 0,1,: >+, (n—1) are a Pa(n) with respect to 
+, (). 


Since they are elements of K, they obey P3—P10. But by T13, T48, 
and T25, and T63, P1, P2, and P11 are also satisfied. Obviously, by T64 
this algebra is of Type Pa(n). 


T88. If pÆl1, then pı +0, pı +1,- pı 4 [n— 1] form a Py(n) 
with respect to +, (*). This is isomorphic to the one in T8Y under the 
correspondence T'(1*) = pi + 14, 


t 


Proof. By this correspondence, each element 1* corresponds to a unique 
element p, +- 1%. Conversely, if 


pı + 1+ = T (1t) =T (1) = p + 1, 
then 
bes pee a tue aa 
a 5 ack a ar a Cae (T85). 
Therefore 
1 = 1l; = (pi) + 1i = p, + 1, 
j&i mod n .— . 1t = 0.. 1 =p p. 


Hence p= 1. Therefore j==imodn. Therefore 1*= 14, Therefore, T 
generates a one-to-one correspondence. 


T((14)') = T (15) = pi + 15t = (pa + 1°)* = T (19° 
1t -+ 17 = 1t or IJ, say 1#. 
Then 
T(1 + 1) = T (1) = p + 1° 
= p + L! + p +1 [= T1) +T). 
Therefore T is an isomorphism. Therefore the set of elements pı +- 1* is a 
Pa(n) with respect to +, (*). 


T89. If p ts.a prime in K, then p, in that case equal to T (2), 1s the 
only prime element of the subalgebra {p}. | 
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Proof. ge{p}-pePr(inK)-pCq:7:q=—=1lorqg=—p. i: pisa 
prime in {p}. By T80, there can be no other. 
In all the rest of this paper, p,q,7,‘°* are all the distinct primes of K.. 


T90. p= qg prH. pm == gtn + 
Proof. aban = (P H gp) (Par) (PY, T70). 
Let a = qırı* > >. . Therefore p, T a == 1. Therefore 
pitt = pia + pips = pia. 
Therefore p”! a. But 


a= afp + ge + > -) ap. | a | 
pag ee  meaprttO+0f+++. (T62). 


Therefore aC p". Therefore G == pt om rst. 
Therefore prigtt—0 mrtCq. | 
Therefore qg Hrn H + Cp (T42). 


But p= p(p" + gat? +) = a 
sA C Aae nett) = p(t ae aa a L 


Therefore pı C q 4- r" -reen Therefore pi = qp +n eon 
T9. > aC p” :—>: (Ti) a= 1p". 
Proof. Hypothesis :—>:0 C grit t C gufo? 


Therefore a= (p, + a) (q: + 4) (miat 
m= (pi + a)r: ` [> (p + I*) qin: diy 
== Mga: F gri s "= 0 + 1p, ">. 


T92. Q = Itp,” > -4 git +. cee 


Proof. a=a(pt+ qa"? H: ‘) . 
a ap," + agy™* wt Bd “ergs oe + 14g." -+ CE 


T93. _ Lip," + git + pte (m +1) (aty)::-. | 
Proof. Let a == itp" + Hg" enh Then 
pot a= pit lip = pit 1, by 1g”? C qC p, and (T74). 
Therefore a= (p, +a) (q +a): -m= (p H1) H) 
T94. (1p Jig p e y e Hpt p ga 





se This result can be trivially generalized: If p is a prime in K, p is prime in any ` 
sub-algebra of K containing P. 


t 


POST ALGEBRAS. I. POSTULATES AND GENERAL THEORY. 185 


Proof. Let a= lipi 4 qtt--:. 
Pı + b= pı -+- 1t. 
Pı +H E = p, + (p +Y l 
a aa a a +1, (T85). 


Similarly for qı + a’, ete. 
Therefore œ = (p 4a) (qg HE): o = (p t L) H o 
— eps -+ Hg + e 
T95. If 
dss TA p ge e n ae) es 
and f(x) is definable in terms of + and ('), then 
fa) =f Ap FOG a? o Im a HE) ae CE) ts 
Proof. Jf f(z) =<, the theorem is obvious. If f(z) ==b, a constant, then 
f(a) — Opr - gy 4. as -) = bp”! + bq" -+ ee 
== f (1t) p Pg ae 
If f(z) == (g(x) y, and the theorem is true for g(s), then 
Pr + g(a) = pit gp + Pga o o) 


= pı + g (1t) p” + g(a e e o = p H gC). (T74). 
Therefore | 


pi + f(a) = p + gla) = p + (m+ g(a)’ 
= 1+ E (1) =p +g (lt) =p E 
Therefore 


f(a) piv? == f (1t) pie. 
Therefore 


fla) — f(a)pr + E =F) pr + Fa Ee 
If f(z) == g(x) + h(x), and the theorem is true for g(x) and h(s) then 
F(a) = g(a) + h(a) = g(t) pr? + g (MQ fF RL pt 


HAIE foo = (g(14) FA) pt to f(t 
pf) pr? + fa? +2 = + FC) (by TH). 


Therefore 
f(a) = (pi t+f(a))---=(at+fA))---. 


Therefore the theorem is true by induction. 
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We are now in a position to characterize the Pp of finite order precisely, 
and to prove our postulates consistent; they.are also complete as soon as a 
postulate of the following form is added: 
P12. K contains exactly m elements. (m finite) 27 
- Let us consider all sequences of k numbers of the form 


m= (41, %2,° °°, a) where OS a Snl. (temd,---,k). 
There are n* such sequences. Define 
72 oR (Yo Yas" A 


where y; == min (@;, 8i), and 8 = g’ == (6,,&,- - -,&), where 8; = the least 
non-negative residue of a; -+1 modulo n. 

It is easy to verify that these definitions of + and ’ yield a Pa (nk) (see 
Post, Webb for k == 1).3° 


Now take any Pn with k prime elements. Let p, Gt be its distinct 
prime elements. Form the correspondence 
T (a) = apee g i T C oa Cad a 


T(«) is a unique element of K. Conversely, if T(«) = T (£8), a == 8 by the 
uniqueness of the decomposition proved in T86. Therefore T is one-to-one 
on {a} to K7 


T (a) = (T(a))’ by T94. | 
T(a) + T(B) = (1% + 1%) py + (1% + 18) gq, 
wae [min (ay Bip, n-i E 1mln) g, n-i +- 
== F(a + £). 


Therefore T is an isomorphism. But K was any Pa with k prime elements. 
. Therefore every Pa with k prime elements is simply isomorphic with the 
algebra {a} defined above. These considerations yield : 


T96. If m is finite, any two Pa(m) are simply isomorphic, and m = n}, 
where k is the number of. prime elements in each algebra. In particular, every 
Pa(n*) is isomorphic to the algebra defined above. The isomorphism may be 
obtained by pairing off the 1-elements*° and the prime elements, and then 


1 We show later that m must be a power of n. 

33 Cf. (7) in the bibliography below. 8 

2° We use here and below the fact that if 0 Sa, bSn—1, then 1° + ]* = 1°, where 
' c= min (a,b). Thia follows almost immediately from T48. 

~% By l-element we mean the element in each algebra representen by 1 in accordance 
with D4 and D14. 
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making two elements correspond to each other when they have corresponding 
representations of the type discussed in T92 (or T84). 


This theorem contains in it the consistency and completeness properties 
announced above. 

We can put the P,,(n*), {a}, defined above, in a more suggestive form. 
Let N = p,p: +- py** where pi, po,’ +, Py are k distinct positive prime . 
numbers ê: (in ordinary arithmetic), and Ki be the set of all positive divisors 
of N. Then any element a of K is of the form a == pip, + ` pp™ == p% 
symbolically. If we define the above operations on the exponents, 


a b a= pws, a = p%, 


then K, the set divisors of N, becomes a P,(n*) (of course, a ® b becomes 
“the greatest common divisor of a and b”). In the case n == 2, we get the 
Sheffer “Boolean numbers.” It turns out that the p; are the “ prime elements” 
in this algebra, and the p,/ are the “ powers of primes”; indeed, these “ Post 
numbers” were the starting point of the whole investigation embodied in 
this paper. | 


Some general remarks. In the last section we determined completely 
the structures of all possible Post algebras of finite order. The structure of 
Post algebras of infinite order is much more complicated and it seems as 
though a far from trivial extension of Stone’s methods will be necessary to 
determine their structure as completely as he has determined the structure of 
infinite Boolean algebras. We intend to devote another paper to the study 
of infinite Post algebras. Among the results already obtained are: 

There are P, of any transfinite order with or without prime elements. 
This can be proved without assuming the continuum hypothesis. 

Among the important unsolved problems in Post algebras are: 

1) What are the necessary and sufficient conditions that an operation 
defined in terms of the Post operations be a group operation? 2) Are all 
Post algebras isomorphic to a subalgebra of the algebra of all functions on 
some given set A to the set of integers 0,1,2, --,(n— 1)? (The opera- 
tions on the functions are defined like the operations on the sequences dis- 
cussed above.) 3) What are the lattice-theoretic characterizations of Post 
algebras? 4) Post constructed algebras by means of sequences of elements in 
a Boolean algebra.** (G. Birkhoff has communicated a similar construction 


"t Here p,j are the ordinary arithmetical powers of the p,, not the Post operations 
in D9. 
3? Post (1), pp. 184-186. 
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to me privately.) Birkhoff conjectures that every Post algebra can be repre- 
sented in this way. It is easy to show that this question is equivalent to 
problem 2) above. 5) What are the relations between Post algebras of Type n 
and combinatory topology modulo n? 6) Suppose we have-a lattice with a 
' I-element. Define a power of a prime as an element æ such that there is one 
and only one chain from a to 1. Then the finite Post algebras and ordinary 
cardinal arithmetic have the following proposition in common: 

livery element can be factored uniquely into a product of powers of 
primes. (In arithmetic we use for “multiplication ” the operation of finding 
the least common multiple.) Can purely lattice-theoretic conditions be found 
equivalent to this which would include as special cases Post algebras and 
arithmetic ? . 

We wish to acknowledge the valuable help of the referee, Prole E. L. 
Post, in the ‘preparation of this paper. He not only made contributions to 
the actual material of the paper (see pp. 176-178) but also made suggestions 
concerning style and exposition. - a 


UNIVERSITY OF PENNSYLVANIA, 


BIBLIOGRAPHY. 





(1) E. L. Post, “Introduction to a general theory of elementary propositions,” Ameri- 
oan Journal of Mathematics, vol. 43 (1921), pp. 163-185, esp. pp. 180-185. . 

(2) D. L. Webb, “ The algebra of n-valued logic,’ O. R. Soo. Sot. Varsovie, vol. 29 
(1937), pp. 163-168. 

“Generation of any n-valued logic by one binary operation,” Proceedings 
of the National Academy of Sctences, vol. 21 (1935), pp. 252-2654. 

(4) J. Lukasiewicz and A. Tarski, “ Untersuchungen tiber den Aussagenkalkul,” 0. R. 
Soo. Sci. Lett. Varsovie, Classe III, vol. 23 (1930), pp. 1-21. 

(5) B. A. Bernstein, “ Modular representations of finite algebras,’ Proceedings of the 
International Mathematical Congress, Toronto, vol. I (1924), pp. 207-216. 

(6) Orrin Fink, Jr., “ New algebras of logic,’ The American Mathematical Monthly, 
vol. 45 (1938), pp. 210-219. 

(7) R. Vaidayanathaswamy, “ Quasi-Boolean algebras and many-valued Jogies,” Pro- 
ceedings of the Indian Aoademy of Sctences, vol. 8, sec. A (1938), pp. 165-170. 

(8) J. Barkley Rosser, “ The introduction of quantification into a three-valued logic,” 
The Journal of Unified Science (Erkenntnis), vol. 9 (1939), pp. 186-141. 





(3) 


ON SUMS OF POSITIVE INTEGRAL k-TH POWERS." 


By H. DAVENPORT. 


In a previous paper 1 with the same title, the author has established certain 
lower bounds for V,‘*)(n), the number of numbers less than n that are repre- 
sentable as the sum of s positive integral k-th powers. The object of the 
present paper is to prove more precise results of the same type. A knowledge 
of the previous paper is not assumed. 

In the paper which follows this, these results are applied to Waring’s 
problem to prove that G(5) = 23, G(6) S 36. 

All small Latin letters (with or without suffixes) denote positive integers, 
and k= 3. e denotes an arbitrarily small positive number. The constants . 
' implied by the symbol O depend only on k and e. 


. THrEoREM 1. Suppose that E l 
(a) W <u <: (b) 0<è <1, A= 1— (1—8)/k; (c) ISk—2. 


Then the number § of solutions of 


(1) Tp u =y H y 
subject to 

(2) P<2,y < 2P, ti, Uy < P% 
satisfies 

(3) 8 = Q (PU + Peto {P + PEHY), 


where U denotes the number of ws less than P®. 


Proof. The number of solutions with sz = y is O (PU). Hence 


(4) § = 0(PU) + 0 (M), 
where Af, denotes the number of solutions with y > z. Writing y =z +4 t, 
(1) becomes 

(5) | Ar (2) F uy — ti, 


where A:(F(z)) =F(s+ t)— F(z). Plainly 


. * Received March 28, 1940. This paper was originally submitted for publication 
to the Polish journal Acta Arithmetica in March 1939, but the number which was to 
have contained it never appeared. 

1 Proceedings of the Royal Society (A), vol. 170 (1939), pp. 293-299. See also a 
paper by Davenport and Erdds, Annals of Mathematics, vol. 40 (1939), pp. 533-536. 
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tP- < i < A(t) < uy < PA, 
whence nn Te 
(6) t< Pe. 
In the remainder of the proof, variables denoted by x (and similarly 2’), 
‘uy, Uy (and similarly u,-), t are subject to (2), (6). — 
j Let M(t, u) denote the number of solutions of (5) for given b, Ue 
By o inequality, : 


sÈ M(t,u) S ( pa 1)%( = M?(t,us))* < (PU)4(M’,)%, 
` where Af’, denotes the number of solutions of 
(7) Ar (2$) + ty = Ai (7%) + uy = th. 


The ‘number of solutions of (7) with 2’ =z is precisely M,. In the solutions 
. with z > v, write a =s + tue (7%) implies 


(8) : Ast, (2) + uy = ws 
where Az, == A:,(At), and ¢, is subject to t, < P. Thus 
l M’,<M,+2M,—0 (max(M,, M:)), 
where M, denotes the number of solutions of (8). Hence 
M, = O((P°U)* max(M,%, M:%)), 
which implies 
(9) oe O(P°U) + O((P°UM;)*). 

We now generalize the above argument. Let M» denote the number 
of solutions of | ) | 


(10) As ty... tea (2*) a3 uj = Ui, 
where 
(11) tis tg, ` nes <P. 


Applying Cauchy’s inequality in the same way as before, we obtain 
Mr < (PU) (Mr) A; Mn S MarH Man. 


Hence 

(12) My = O (P0) + O( (PU Mp) *). 
It follows that 

(13) -o M = 0(PSU{P> + Min PHU), 


For, if Į == 1, this reduces to (9); and if (13) holds for a it holds 
for } == h, since 
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{P-* + MPE- 4" me O {PA + MKP- A> E 
= O{P+ + P27 puersy ae põrh-i U Mas) 
= O{P? + Mp P OMU A, 


We now prove that : | 
(14) Mi = O(PU?). 


Given u, uy in (10), where h ==} -+ 1, the variables t,t,’ ',tı are de- ° 
termined with only O(P*) possibilities as factors of u;— uj. Since, by (c), 
t+ 15S k—1, the remaining factor in A:,1,...,1,(2*) then determines z 
uniquely. : 
The assertion of the theorem follows from (4), (18), (14). 


THEOREM 2. If N,™ (n) > n* for all large n, where 1/k << a <1, then 
(15) N®(n) >n | 
for n> no(e), where | 


(16) p= max 7} 14+ S—Be ott}. 


2 oh — 1 + 0 4 
Proof. Let I be the value of h for which the’ maximum is attained. Let 
(17) = {1+ 1— (k—i)a}/ (2—1 + a)... 


Then 3 is also a maximum for this value of l and so 8 œ 0. Also 
PLL (k—1)a L? — kap a<?i 1ta 8< 1. 


Let | 
a? 1 2 SS ee 
: a a k(@!'—1+a) 
. By (16), 
(18) l kB = 1 + kda. : 
We observe for future reference that 
” (19) è -+ kàa/2! = (8 HT- 1)/2}. - 


` Since J is the integer for which 8 (defined by (17)) is a maximum, 
we have, provided 7 > 1, 


I — (k—1)a _ l+ 1— (k—l1)a 
2-21 jta = B—i+ea ” 
whence : g 


(1+ 1— (k—1)a)? i S2! —1 +a, ie. 
(20) Sa 1/2, 
Obviously this holds also when l = 1. 
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Let P = == N/*/3, Lèt uy, < Ug °° <L ug < P* denote the numbers 
less than P*< which are ee as the sum of s positive integral k-th 
powers. By hypothesis, 

(21) re. 


The conditions of Theorem 1 are satisfied: Let r(m) denote the number 
of representations of m as z*-+ u,, where P < a < 2P. By Theorem 1, 


2 r (m) = ss (PU + Preg E ie A Pe 


Also, plainly, Sir(m) > (P—2)U. By (21), PU = O (Piae), By 


(20), (21), 
pude (P-2) 1/2! < Piy = 0 CPEs) : 
By (19), (21), | : 
Pree (pty ve: = O (Pirar). 
Hence i 3 i 


PEA 2 r?(m) = (È r(m))*). 
Using Cues E we have 
N» (n) = za 2 1= (2 r(m) 1d (nm) > pranee/0 (1) > AR 


8+1 
eim) a 


a p-e by (18) > nf", 
since 2e/k <e. This proves Theorem 2. | 
THEOREM 3. N,® (n) > n~ for n > no(e), where 
aa = 1/2, dg 19/28, a, = 381/412, ary — 5539/6268. 


Proof. The first result is well known, and follows from the fact that the 
number of representations of an a m as the sum of two fourth powers 
is O(m*). 

By Theorem 2, taking h==2 in (16), an admissible value for 4s 


= (s>2)is 


HETESI = i Eit 
3 F ys = 4(3 + aa) ` 
The results follow by repeated application of this formula.? 
We now prove a theorem, analogous to Theorem 1, which yields more 
precise results when k = 5 or 6. 


a= 5414 


1 These results were proved and applied to Waring’s problem in a paper in the 
Annals of Arataa kios, vol. 40 (1939), pp. 731-747. 
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THEOREM 4. Assume hypotheses (a) and (b) of Theorem 1, but suppose 
that (c) either l = k — 3, orl S k — 4 and k—1 is even. Then the number 
S of solutions of 


be B+ pu yk + py, 

subject to : | 

(23) >. p prime, p =— 1 (mod k), Q-UEPIA L p < PH 
. (24) = P<gz,y<3?P, uy < PA, pzy, 

satisfies 3 | | 

(25) S=O (PUO -4 Perm p + Pary; 


where U denotes the number of ws less than P™, and O denotes the number 
of primes p satisfying (23). | 

Proof. The number of solutions with v = y is O (PUTI). 

Since p > k and p==— 1 (mod k), we have (k, $(p*)) = (k, 2). Hence, 
ig pfx, the congruence y*==2* (mod p*) implies y == + x (mod p*), where 
the negative sign is possible only when k is even. Thus, in the solutions of | 
(22) with y > zx, either y =— z + tp* or y =— — q + tp*, the latter possibility 
arising only if k is even. In the first case, we write z = &, in the second case 
z =— é In either case, 2E -+ tp* > 0. Then. 

(26) : S = O (PUN) + 0 (M), 


where M, denotes the number of solutions of 


& F pu = (E+ tp)" + p, | 


that is, of oco 
(27) pA (E) H uy = ta, 
where é is an integral variable, and the ET (24) are eee by 


(28) P< ESIP: us, uy < PN pé 
Since tp* = y — &, we have l 
7 IUN SP, 

Hence ¢ satisfies . 
(29) | t < 8P%, 2E + tp > 0. 

In the remainder of the proof, variables denoted by é (and similarly £), 
u, uy (and similarly u;-), t, p are subject to (23), (28), (29). 

Let M(t, us, p) denote the number of solutions of m ) for given t, t4, p. 
By = inequality, 


= 2 st 4, p) S = C 2 D 2 ke Ui, p))* 
< (SPUD) (M), 
18 
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‘where M’ , denotes the number of solutions of 

ppt (E) + uy = pt Aig (E) F Ur = te 
The number of solutions with & = é is precisely M,. Hence 
| M, = O (PUIL) + OA EPR 
~ where M, denotes the number of solutions of 
pAr (E) + up uy, AEP. 


‘The argument generalizes exactly as in the proof of Theorem 1. PE 
by Min the number of solutions of l 


(30) p*r, ipac t (E) + Uj = Ui, bis tayt < 4P, 
we obtain 
(31) M, = O(P UTP? + PRUIM ny). 


We now prove that 
. (32) Mi. = O( PU). 


We note first the identity | 
(33) Aw,..., o ( E) =F a > j 0i ` sa r(t hiw Ae + + + Ore) *, 


where {== 2é-++ w, +--+ +--+ wy, and each of 6,,:--°,6- takes the values 1 
and — 1. This follows at once from the definition of the symbol A. In the 
expansion of ({+ 6:0; +- ~-+ 6,w,)* on the right of (33), the only terms 


which remain after summation over 6,,- > >, 0, are, those in which each of 
W1,° © +, Wy occurs to an odd power. Hence, firstly, if k— r is odd, 
(34) Avo, ..., w (A) = Fiw + wre (E, wi: +, w), 


‘where F is a homogeneous polynomial of degree $(4-—r—1) whose coeffi- 

cients are positive integers depending only on k and r. Secondly, if k — rma 2, 

Aw... 0 (E) = 2R we kel El kel (wee ae 1) 
me klw e ewr (3 t + w+: - we) /24. 

We apply (34) and (35) to prove (32). 

Case 1. 1S k—4,hk—l even. By (34) with r—/-+ 1, the equation 

(30) has the form 


(36) ttt: > nee (ip*)?, ts + +, ta?) Sear ee 
where 


(37) | ae ee ee erain 


(35) 
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By the second half of (29), £>0. Given u, w with u, — uj > 0 (since 
the left-hand side of (36) is positive), there are only O(P*) possibilities for 
all of ¢, t, t1,- > +, tı as factors of 2*(uy;— uj). For any such set of values, 
(36) determines p uniquely, and (37) then determines € uniquely. This 
proves (32) in this case. 


Case 2. l= k— 3. By (35) with r = l -+ 1 =k — 2, the equation (30) 
has the form l 


(38) kl dty- + = ty (8E2 H GPH 2 + H te) = A (u — wy). 

Given t4, uy with u; — uj > 0- (since the left-hand side of (38) is positive), 

there are only O(P*/*) possible sets of values for t,t, - -,¢: as factors of 

24(u;— uy). For any such set of values, (38) determines £ and p with only 

O(P*/*) possibilities, since the number ‘of representations of an integer m as 

8¢7 -+ q? is O(m*). This proves (32) in this case. Oe 
The assertion of the theorem follows from (26), (31), (82). 


THEOREM 5. WN, (n) > ne for n > mo(e), where a, = 2/5 and 


-16 + 85æsı tie | ee 
(39) Xs 5(16 4 Baya) if 2/6 Sa. 3/5, 
(40) Oe NEL] TaD if 3/5 S&a 1. 


Note. The values of æ, given by these formulae are as = 5/9, a 
om 569/845, and thereafter by (40). 
The result is well known for s==2. We therefore assume that N®) (n) 


> n™- for n > no(e), and deduce the corresponding result for s, where a is 
given by (89) or (40). 


Proof of (89). Let. 
(41) 8— (16—20a)/(16 + 5a), A= (44 8)/5 = 16/(16 + ba), 
where, for brevity, « is written for a,,. Plainly ô> 0. Also 
(42) 8 < [16 — 20(2/5) ]/16 = 1/2. 
We observe for future reference that 


(43) 8 + 5Aa/4 — (84 3)/4 + (T4784. 


Let P = n2/8 3. Let wu, < Ua <: < ug < P’ be the numbers less 
than P® representable as the sum of s— 1 positive integral fifth powers. 
By hypothesis, | | 
(44) . U > Pee, 
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Let r(m) denote the number of representations of an.integer m as 
a+ p'u,, where P< 2 < 2P, p prime, p=—1 (mod 5), eye 2-4/8 Pak 
< p< Pi, Plainly 


(45) rim) > PUT/2,. 

_ Where H denotes the number of primes p = — 1 (mod 5) satisfying 
Q-V/5PI < p < Pra, Tt is well known that 
(46) H > CP/log Ñ; 


for large P, where C is a positive absolute constant. 
Let r(p,m) denote the number of representations of m in the above form 

for given p. Using Cauchy’s inequality, we have 

LPa Arn = Aem) 

m mo - m p Py 

ee) =IS, 

where § denotes the number of solutions of (22) subject to (23), (24), with 
k= 5. By Theorem 4 with k == 5, l = k — 3 = 2, 


S = 0 (PUI + PH*UN{P2 + PHU YA). 
By (44), 
PUN — 0 (Pen), 
_ By (42), (44), 
| Peo (P#)% < PHUN = 0 (Praeger), 
` By (43), (44), (46), 


piter ( PIU) % we () a Pi-Sdatze T7277 (log P) X) = ( pr-naseyyqr), 


Hence 
(47) > press 2 (m) = O((È r(m))*). 
We have 
No (n) 2 E 1B (Br(m))*/Bee(m) > PaO (1) by (47) 
ron) >. > PitsAaHte > ne, 
where 


B — (14 Bra) /5 = ( (16/5) + 17a) / (16 + 5a), 
Proof of (40). By Theorem 2 with k = 5, h - 3, an admissible value 
for a, is ! | 
As m [1 4 { (7:4 -+ 4) as1/ (T + aes) }]/5 = (7 + 83as-1)/5 (7 + as-1). 
THrorem 6. N, ®© (n) > n= for n > no(e), where as == 2/6 and 
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(48) as — (194 120as-1)/6 (19 + basa) if 1/3 < ae < 19/49, 
(49) as = (43 + 2460-1) /6(43-4. 6as1) if 19/42 < as 1 Æ 2/3, 
(50) as = (15 + 81as1)/6(15 Fasa) if 2/3 Sas <1. 
- Note. The values of a given by these formulae are 


«s = 59/126, a, = 1661/2886, as— 5549/8379, as — 55117/787182, 
‘and thereafter by (50). S 

The result is well known for s = 2. We therefore assume that N (9 (n) 
> nm for n > no(e), and deduce the corresponding result for s, where 
&s is given by (48) or (49) or (50). 


Proof of (48). Let | 
8 — (19 — 30a) / (19 + 6a), A—(5+8)/6—19/(19 + 6a), 
where « is written for &,. Plainly 8>0. Also 


ô < 1— (10/19) < 1/2. 
We observe that 
ô + 6rAa/4 = (8+ 3)/4+ (1—A)/4. 
The rest of the proof is almost the same as in the proof of (39). The 
inequality (44) is replaced by 
U > PeaAa-e, 
We appeal to Theorem 4 with k = 6, l = 2, which is permissible, since k — l 
is then even. We obtain’ (47) with the exponent 1 + 6a— 3e in place of 
1 + 5Aa — 8e, and finally 
N, ®) (n) > ne, , | an 
where a 
B = (1 + 6Aa)/6 = (19 + 120a) /6(19 + 6a). 
Proof of (49). Let 
ô =— (25 — 30a)/(43 + 6a), À = (5 + 8) /6 = 40/ (43 + 6a), 
where @ is written for a. Plainly §>0. Also | 
(51). 8 < [25 — 30(19/42) ]/[43 + 6(19/42)] = 1/4. 
We observe for future reference that | 


(52) 8 + 6ra/8 — (8 + 4)/8 + (1—A)/8. 
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Let P = n/°/3. Let ty < ua <- °- < ug < P be the numbers less 
than P® representable as the sum of s — 1 sixth powers.: By hypothesis, 
(53) OU > Pae, 

Defining r(m) and r(p,m) in the same way as before, we have 
| Sr(m) > PUI/2 
where II satisfies (46); and - 
2X7 (m) SUS, 
where .§ denotes the number of solutions of (22) subject to (23), (24) with 
k==6. By Theorem 4 with k == 6, l == k — 3 —3, 
S = O (PUI + PUP? + Peo} *). 


_ By (53), 


| PUI = O(Ptaey711), 
By (51), (53), 


Pteeyjy (Pays < PUT = O (Prenes p], 
By (52), (58), (46), 


| Peery (PHU) 1/8 es O (Perae) ; 
Hence 
pronese I r° (m) = O ( (E r(m))?). 


It follows as before that N,®© (n) > n€; where 


B= (1 + bàa) /6 = (43 + 246a) /6 (43 + 6a). 
Proof of (50). By Theorem 2 with k = 6, h = 4, an admissible value 
for a, i8 l 


aa = [1 (15: 5 + 5)as1/(15 + as-1)1/6 = (15 + 81a») /6(18 Tego. 
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ON WARING’S PROBLEM FOR FIFTH AND SIXTH POWERS.* 


By H. DAVENPORT. 


Introduction. Let G(k} denote the least value of s for which it is true ` 
that every sufficiently large positive integer is representable as the sum of s 
positive integral k-th powers. In a recent paper,’ I have proved (inter alia) 
that G(4) = 16. In the present paper, it will be proved that 


(1) G(5) S23,- G(6) S36. 


Up to now, the best known results (due to Hua and Estermann respectively °) 
have been G(5) SS 28, G(6) S 42. 

The necessary new material for the proof is provided in the paper pre- 
ceding this, which will be referred to as II. The proof as a whole follows 
the same lines as for fourth powers, and many of the lemmas are taken from I 
and from Landau. 


The fundamental lemmas. Throughout the paper, k is either 5 or 6. 
We define 


Sı == 8 if k =; = 13 if k= 6, $2 = 7 if k == 5; =— 10 if k= 6. 


Let NV, (n) denote the number of numbers less than n that are repre- 
sentable as the sum of s positive integral k-th powers. 


LemMa 1. For any «e> 0 we have Ne“ (n) > n=™®— for n> no(e), 
where 


pig) — 569/845, pg) = (FF 38n(9) /5(7 + w)) (655), 
pa® == 5Y5117/787182, pe) = (15 + 81a) /6(15 + 2) (827). 


Proof. Theorems 5, 6 of II. 
LEMMA 2. kpa ®© + 82/20 > k + 104. 
Proof. By calculation from Lemma 1, we have 


py) — 6913439/7576115 > (5 —-(7/16) + 10+) /5, 
24040 980 990 984981 _ 1 (6 a z $ 10+) | 


8} 


Fis = 35335 323 032 000 606 ~ 6 


* Received March 28, 1941. | 

1 Annals of Mathematics, vol. 40 (1939), pp. 731-747. This will be referred to as I. 

? Hua, Proceedings of the London Mathematical Sooctety, ser. 2, vol. 45 (1937), 
pp. 144-160; Estermann, Acta Arithmetica, vol. 2 (1937), pp. 197-211. 

3 Vorlesungen über Zahlentheorie (Leipzig, 1927), volume 1. 
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From now onwards; 3 is defined by 
8 = 28, -+ 8: = 28 if k= 5; = 36 if k= 6. 


= Notation. Throughout the paper, all small Latin letters, with or without 
suffixes, denote positive integers. & is a small positive number, fixed through- | 
out, and e is an arbitrarily small positive number, not necessarily the same 
at each occurrence. Cai, Cat - - denote positive absolute constants. 
Let N be the large number which is to be represented as the sum of s 
positive integral k-th powers, and let 


(2) | _ = P == [(N/100)?]. 


Let ui, Uz’ + +, Uy be the (different) numbers less than P* that are repre- 
sentable as the sum of s, positive integral k-th powers. By Lemma 1, 


(3) U > Pim, 
For any real a, let 
‘ 2P U 
T (a) =< $, e(az*) ; U (a) = X e(auy), 
g=P A=1 
where ¢(A) is an abbreviation for et, Let 
T#(a)U?(a) = di re(m)e(ma). 


Then 1.(m) does not exceed. the number of representations of m as the sum 
Of $ == 2s, +- $: positive integral k-th powers, and in order to prove (1) it 
suffices to prove that r,(N) > 0. We have 


(4) re) me f Tu(a) U? (a)e(— Na)da, 
‘where the range of integration .is any interval of length 1. 
Throughout the paper, a and q are subject toa q, (@,q) = 1. Let 
Soa = reala)  (ea(4) — e(4/9)). 
For any real £, let 
(2P)* 
I(B) = $ n OMe(Bn) /k, 
n=PF 


and let e ae 
T*(a,a,q) = 7 Sagi (a—a/q). 


Approximations to T (a). 
Lemma 3. Sag = O(q50™). 
Proof. Landau, Satz 315. 
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Lemma 4. If | B|S1/2, then 
| I(B) — O(min(P, P> | 8 [+)). 
Proof. Lemma 4 of I. 
Lemma 5. If a = 4/q + B, where | 8 | S 1/2, then 
T* (a, a, q) = 0 (gE min (P, P** | 8 |*)). 

Proof. Lemmas 3, 4. 

Lemma 6. If c=a/q-+ B, where q < PH and B= 0 (qP), then 
T (a) — T? (a, a, q) = O (g); T (a) = O(g** min (P, P**| 8 |*)). 

Proof. Lemmas 8, 9 of I. 

Lemma % If P'S S q Pe, and B= O(g P), then 

T (a) = O (P=), 

where k == 1/28- 
` Proof. Lemma 11 of I. 


The Farey dissection. Let Q = [Pr]. For q S P*, let Mag denote 
the interval 


| a —a/q | £ 1/40. 
Two intervals Droes Pranga corresponding to different pairs a,q do not 
overlap, since — 


| (4:/91) — (a2/qa)| Z = 1/qige > POOH qig = Lan) a (1/4:)). 


The hypotheses of Lemmas 5, 6 are satisfied if a is in any Pea, q- 
Denote by m all points of the interval 


(5) 1/Q<a<1+1/Q 


which do not belong to any Maa. Exactly as in I, if a is in m, there exist 
a,q such that 
(6) | a —a/q| = 1/99, P*A<qgSQ—-1. 


Taking the interval of integration in (4) to be (5), we have 


+. 


G T(N) na J a 
+f T*(a)U*(a)e(—Na)da, 


m 
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Major arcs. 
LEMMA 8. 
S E f | Pea) —T*(%,0,q)| | U (a)? da = O(P uo 
ç qS P*% 2, m 
avta, g 
Proof. If a is in Weg, then by Lemmas 5, 6, | 
T*(a) — T*3(a, a, q) — O (gq (8/4) teg (83-1) /k min (Pas. P-( 8-1) (k-1) | B |-(4s-1)) ye 
Hence 
f ‘|-T8(a) —— a,q)| da 
Paq 
== ogni f“ min (Pest, P- (erd) (k1) RaR 
0 
= 0 (g8. lsr 1) /k per1). 
Thus the sum of the Tema is 
O (U P’r -k > qq (3/4) +e (4x1) /B) — O (U2 Pex tk ( (11/4) +e-(e71)/k)/2) 
qg=P% | 


k + (¢/2) by an amount 





The exponent of P. is less than 8s 
1— (11/8) + (8: —1)/2k = 9/40 if k= 5; —3/8 if k—6, 


Lemma 9. If Maa denotes the part of the interval (5) which does not 
belong to Dag, then 


Poy > J | T* (a, a, g)" U (a) |* da — 0( (03): 
q= a 


oN, ‚4 i m , 

Proof. Since the integrand is a periodic function of a with period 4, 
we can take the interval of integration to be qQ S |8 | S 1/2, where 
q == 4/q + 8. By Lemma 5, the sum in question is therefore . 


oT? > =f 
g=P% a qQ-1 


—= 0(U? >> GGE A ace a 
g=P* 


gq 8:/k P-8a(k-1) B82 B) 


om () (yep eestor p arer taa )/2), 


The exponent of P is 


—k HIHO H sa — (8/))/2 + (a D8] Ca it hoe, 


and is therefore negative. 
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Minor arcs. 
Lemma 10. In m, T(«) = O(P), where k = 1/2*", 
Proof. For any a in m, there exist a, q satisfying (6). 
Case 1. P% <q S&P. By Lemma 6, | 

T (a) = O(q?*P) = O( PCP) == O(P). 
Case 2. P <q=Q—1< Pe, Lemma 7. 


2 da = O(U2Ps #205), 





LEMMA 11. J | T (a) |% | O(a) 


Proof. Plainly 
f | U (a)!? da = U. 


where the integral is taken over any interval of length 1. Also, by Lemma 
10, in m, 
T" (a) = O (Pe) ), 


Hence the integral of the Lemma is l 
| 0O (U P01) = O (U2 Pse(t-a+8) Rue, +e) 
by (3). Using Lemma 2, the exponent of P is 
Sa — (S2/2*1) — kps, ™ + S28 F € < Se — k —10* + 8.6 + e < S — k — 10”. 


The singular series. 
A 
LEMMA 12. f T*8(a, a, q)e(— na)da = q: (Sa, a) #eg(— na) R(n), 
0 . 
where, for N— 2P < n < N, h(n) satisfies 
(8) O Pk < R(n) < CaP, 
Proof. The integral is 


q% (Saq) eg (— na) f I*(B)e(—nB) dB = q“ (Saa) "ea (— na) E (n), 


where 
R(n) p k-s: > (ni e a a fi) TOA 
Misese Thay 


and the variables of summation are subject to 


(9) PES yy? ta SPY. ep ee 
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Plainly ; 
C,P-F Osh’ (n) < R(n) < CP- aR (n), 


where R’(n) denotes the number of solutions of (9). Since m,: °°, nai 


determine n,, uniquely, we have 


R' (n) < (IPP, 
Also, by (2), 100P* = N < 101P*, so that 98P¥ < n < 101P*. Hence, if 
96P*/ (8: — 1) Sm,° pnei S < 9YP*/ (s2 — —1), ° 


the value of ne, determined by the last condition in (9) also satisfies the first 
condition. Thus | : 
R (n) & (P*/ (s: —1) 8. 


This establishes Lemma 12. 
Let 
A(n, q) = 2 q-*2(Sa,q) %@g(— na). 


LEMMA 13, ‘A(n,q) =O(qr i). ` 

Proof. Lemma 3. 

Lemma 14. If (qu qs) = 1, then A(n, qıga) = A (n, q1) A (^, ge). 
Proof. Landau, Satz 282. - | 


The following notation corresponds to that of Landau, pp. 280-302, except 
that in some cases we are precluded from using the same symbols. 
For any prime p we define y as follows : 


(a) if k==5, then y=m1 for p542, 5, and y==2 for p==2 or 5; 
(b) if k= 6, then y=1 for p42, 3, and es for pee 2, and 
y= 2 for p= 3. . 


For any prime p and any J,n, we denote by N(p',n) the number of 


solutions of 
i parn (mod p), ISns p, 


in which not all the z’s are divisible by p. 


LeMMA 15. Let kp +o be the exact power to which p divides n, where 
OSock. Let . 
l = maz (pk + o + 1, pk +y). 

Then o | 
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A(n, pt) =0 for l> ls, . 
and | 


oO ` ji 
xp (nY — >, A (n, p’) xmm p's) YN (p7, 0) > pT (Rss) 
¥=0 20 
p prnner0-90 N (p, n/p), 


where, if p == 0, the sum on the right is to be read as zero. 


Proof. Landau, Satz 293. (Note that Landau uses P for p”, and £ 
instead of p). E 


CoRoLLARY. If pfn, and y= 1, then A(m p’) = 0 forl >1. 


Lemma 16. N(p%,n) > 0 for all n and p. 
Proof. By Landau, Satz 301, it suffices to prove that s. = r -+ 1, where 


r= [ (pY —1)/(p—1)] (k, p— 1). | 
If k = 5, we have 


r= (5, p—1) if p42, 5; = 3 if p=2: =ô if p= ð; 
thus r+ 1 S 7 = s. If k= 6, we have 

r= (6,p—1) if p542,3; =7 if px 2; —8 if p= 38; 
thus r+ 1 <.10 — s2. | 


Lemma 17. For any prime p and any n, yp(n) > ps. 


Proof. Case 1. Suppose p*{n, so that p==0 in Lemma 15. By 
Lemmas 15, 16, 
Xo (n) = p dN (pY, n) Z pyres) > pO, 


Case 2. Suppose p*|n, so that p & 1. By Lemmas 15, 16, 

` x(n) > paN (p%,0) = pia > ps. 
LEMMA 18. For any prime p and any n, | A(n, p) | < Cop (2/2). 
Proof. Landau, Satz 318. 
Lemma 19. For any prime p and any n, xp(n) > 1— Cpr er», 
Proof. Landau, Satz 322. | 


Lemma 20. For any n, the series O(n) = S$ A(n, q) converges abso- 
sk g 
lutely, and © (n) > Ce f 
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Přoof. By the Corollary to Lemma 15, and by Lemma 18, if pf 30n, 
| xo(nt) = 1] =| Alp) < Cope 
Hence the product H xp(n) converges absolutely; therefore, by Lemma 14, 
* so does the series È A(n, 9), and the two are equal. By Lemmas 17, 19, 


Il x(n) > I p% TT (1 — 0:0) me Cs. 
p Pal P> Cr 


Lema 21. For 721, X |'4(n, q) = O(g nn’). 
g 


Proof. Case 1. k= 5. Any q is representable as 2757'¢.g2, where 


(1) qı is quadratfret and not divisible by 2 or i; 


(2) ge is composed of prime powers with exponents = 2, and is not. 
divisible by 2 or 5; 


(3) (Q92) = 1. 
By Lemma 138, 
A(n, 27) = O (2-7/5), A(n, 57) = O (5-7/5), A(n, qa) — O (q). 


By Lemma 15, if p'|ga and p''fq., and A(n,p') 540, then 1S], 
= 5p + a + 1, where 5p + o is the exact power to which p divides n. Since 
l = 2, it follows that p? | pP- | n°. Hence, if A(n, qa) 40, we must have 
qa | nè. 

By Lemmas 14, 18, 


| A(n, qs) | =i A(n, p)| < I Cop * CO 


Hence 
¥ | A(n, q)| me 0O(> >> >> 5 a a A 
g=n di iat TtT r 
uted 877 


co 


coe O(n 3 5 > St gy7(28/10)4¢q5-1/89-1/85-1'/5) 
Hl gain? r=0 77=0 


sore O (75 nE). 
Case 2. k==6. The proof is similar, expressing q as 2787 q.gz, and 
appealing to the same Lemmas. The exponents are more favourable, since 
82/k is now 10/6 instead of 7/5. 
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Proof of (1). By (7), ` 


n(N)= Z E È T9(a,a,9)02(a)e(— Na) da 


g=P% a /0 
Se Di T™ (a, a, q)U?(a)e(— Na) da 
g=P% a o/ 
Me, q 
+ 2% s f (T%(a) — T*#8(a, a, q))U?(a)e(— Na) da 
g=P*% a M . . 
a, g 


i. f T#(a)0*(a)e(—Wa)da, 
m 


By Lemma 9, the second sum is O(U?).:> By Lemma 8, the third sum is 
O(U?Psr®(/8)) | By Lemma 11, the final integral is O(U®P#r*1°*), Also 
the first sum, by Lemma 12, is 


Sk: bel muon uona 


k=1 j=l g=P* a 

U U 

a ` ` ` qea ( Sag) eg (— (N — us — ujja) E(N — ur — uy) 
k=1 f=1 g3P% a 
U U ` i 

=— >, > D A(N — —u;, gq) R(N — ur — uj). 
h=1 j=l g=P% 

By Lemma 21, 
2 A(N — um — uy, q) = G(N — u — uj) + OCP OM), 
qEP% 


Since N — u, — uy lies between N — 2P* and N, we have 
O Pert < R(N — ur — u) < CoP, 
by Lemma 12. Hence 


U U | 
T(N) => X O(N — ur — uy) RIN — ur — w) + OCU? Pi), 
k=1 f=1 
By Lemma 20, S (N — ur — u) > Cs. Thus the above sum is greater 
than 
CCa U Ps, 
Hence 
rs(N) > 0. 
THE UNIVERSITY, 
MANOHESTER, ENGLAND. 


A CLASS OF LINEAR INTEGRAL TRANSFORMATIONS.* 
By H. L. GARABEDIAN 


1. Introduction. In 1924 Silverman [1] studied a class of integral 
(kernel) transformations which hag its analogue in the Hausdorff theory of 
matrix transformations. In view of certain recent developments in the field 
of Hausdorff matrix transformations ([2]| and [8]) we find it possible now 
to clarify certain obscurities in Silverman’s work. We are also able to make 
highly significant extensions of Silverman’s results on inclusion and equi- 


valence relations among Hausdorff integral transformations. 
{ 


2. Results of Silverman. Silverman was concerned with the trans- 
formation 


(2.1) v(z) = au(2) + f k(a, y)uly)dy, 

where u(x) is bounded and integrable, 0 [aX sı, where k(z, y) is integrable 

in y for each positive æ, 0 <8 y & z, and where f | k(x, y)| dy converges 
| E. 


for each positive 2 The function k(z,y) is called the kernel of the trans- 
formation (2.1). The transformation is said to be regular if the existence of 
lim a ee) implies the existence of lim v(z) and the equality of the limits. 


co OS 


Let ¢(z) be a Hausdorff mass function (vide infra) which a the 
following conditions: 


(i) (2) is continuous, OS tS 1, 
(ii) (z) is continuous, 0< 21, 
(iti) (0) = 0, 


Gy) S Wolas 


A function (s) satisfying these conditions is called absolutely reguiar. 
It has been established that the transformation (2.1) with the kernel 


| 
Keg) —2¢'(2), a=1—40) 


isa regular transformation when (s) is absolutely regular. | 
In what follows we shall use the symbol (H,¢(z)) to designate a kernel 


* Received March 27, 10941. 
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transformation with the absolutely regular mass function ¢(2), and the symbol 
[ H, (x)] to designate a matrix transformation with the mass function ¢(z) 
which is regular in the sense of Hausdorff. We shall also use this symbolism 
in connection with well-known particular transforms. For example, the sym- 
bols (C, «) and [C, a] will be used to designate Cesdro summability for integral 
and matrix transformations respectively. i 
Silverman’s main results involve the integral equations 


(2.8) go(2) = [1 — po(1) Jle) + dole) + f| dn(2) Hels) ae, 


1 
(2.4) delz) = [1— dol) pelz) + hola) + S go(Z)el)as 
These equations may be expressed symbolically in the form 


$a(T) = $o(T) 0 p(T), 
palT) = pi (T) 0 $o(7). 


The following two theorems embody Silverman’s principal results. 


THEOREM 1. A sufficient condition in order that (H, ¢a(z)) D (H, dv(z)) 
13 that there exist an absolutely regular solution ¢o(z) of the equations (2.3), 
(2. 4). 

THeorem 2. A sufficient condition that the transformation (H, $(2)) 
be equwalent to the identical transformation v(x) = u(r) ts that there exist 
an absolutely regular solution of the equation (xz) o w(x) =Q. 

Silverman used the equation (2.4) to prove that (H,2) = (C2), where 
(H,2) is the symbol for Holder integral summability of order 2. He sug- 
gested that his method could be used to prove that (H, k) = (C, k), (k ==1, 
2,8,° < +), a result obtained by Landau [4] in 1913; but this technique would 
be very laborious. An extension of Landan’s result to include the case of non- 
integral orders of k > 0 was made by M. Jacob [5] in 1927. 


8. Hausdorff matrix transformations. Before discussing Silverman’s 
results we recall certain results in the domain of Hausdorff matrix trans- 
formations. 

The transformation 


Gm >= 3 o) A™‘*e,, Ë 8n, 
n0 \ Th 
where {sn} is an infinite sequence of numbers and 
i t 
Ch == f z*de (z), 
0 
14 
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defines a regular Hausdorff method of summation [H, $(z)], or a régular 
moment sequence (regular sequence), if and only if 


(i) (x) is of bounded variation on the interval 0 <2<1, 

(ii) (zx) is continuous at z == 0, and (0) = 0, 

(ili) (1) =1, 

(iv) $(z) =4[o(e—0) + 4(240)] fOSe<1. 

Associated with a regular Hausdorff method [H,¢(2) | is the function 


(3.1) 


o(2) = f atdp (2), R(2) 20, 
0 : 
called the moment function of the Hausdorff method, and also the function 


F(T) = Co -+ eye 4 cyt? ft + me ee) 


called in moment generating function of the Hausdorff method. 
We now list together various ne formulations of the Hausdorff 
inclusion problem. 


THEOREM 3. [H, ¢o(2)] >[H, do(2)] 
(i) if and only if there exists a regular sequence {cx} such that 
On = bata, by 5% 90, n= 0,1,2, > 
(ii) if and only tf there exists a regular moment function c(z) such that 
a(z) <= b(2)o(2),  R(2) 20, 


(iii) if and only if there exists a regular mass function e(z) such that 
| fal) — f folvz)dgo(v), 

(iv) if and only if there exists a regular mass EN $o(x) such that 
(3.1) gale) = f"de( 2) doo(s), 
(3.2) dala) = f h (2) a), 


for all except at most a countable set of values of x in the interval 0 < a <I. 


A discussion of the nature of the exceptional set in the last formulation 
may be found in [3]. 
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4. Extensions of Silverman’s results. In the discussion of this section 
we need the following theorem: 


. THEOREM 4. Let p(x) be a bounded monotone non-decreasing function 
1o. 
on the interval (0,1); then tf Cn = f add (x), (n= 0,1,2, °°), 
0. ; 
n> 


This theorem was stated without proof in a recently published . paper by 
the present author and H. S. Wall [6], p. 192. The proof has been included 
in a paper, by the same authors, as yet unpublished.* 

This theorem may be extended readily to include the case of a function 
(x) of limited variation. If ¢(x) is a function of limited variation it is 
well known that we can write #(z) = ¢1(x) —¢2(xz), where ġı (x) and $2(2) 
are bounded monotone non-decreasing functions. We then have i 


1 1 1 
ca faragta) = J arigi (2) — f ardgs(e), 
and from Theorem 4 it follows that 
lim cn = pı (1) — (1—0) — ¢a(1) + $2(1 —0) 
n> 
— (1) — (1 — 0). 
We are now in a position to prove the following theorem which is relevant 
to this investigation. | 
THEOREM 5. If {cn} is a regular sequence equivalent to or identical with 
convergence then the associated mass pene d(x) has a discontinuity at 
zr = 1 equal to 1— ẹ(1— 0). 


If the sequence {cn} is equivalent to or identical with convergence, then 
by Theorem 8, formulation (i), the sequence {1/c,}. must be a regular sequence. 
Since all regular sequences are bounded we must then require that lim c, > 0. 


noo 
From the extension of Theorem 4 it now follows that 1 — ¢(1— 0) 0. 
This completes the proof of our theorem. 

In order to establish a more complete connection between the theories of 
Hausdorff kernel and matrix transformations than is known at the present 
time, we must revise the conditions of absolute regularity (2.2) in the light 
of our present knowledge of Hausdorff matrix transformations. From Theorem 


1 H. L. Garabedian and H. S. Wall, “ Topics in continued fractions and summa- 
bility,” Northwestern University Studies in Mathematics and the Physical Sotences, 
No. 1 (1941), pp. 87-132. Added in proof. 
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5 we know’ that mass functions equivalent to or identical with convergence 
in the domain of Hausdorff matrix transformations are discontinuous at z = 1, 
However, mass functions of this character are not absolutely regular in the 
sense of Silverman. The conditions of absolute regularity (2. 2) may be 
restated in such a way as to preserve intact the proofs and results of Silverman 
and to unify the two theories of Hausdorff transformations. 

We shall now re-define a function ¢(2) to be absolutely regular po 
that 


(i) (x) is continuous, 02 < 1, lim (x) exists and is equal to 
PN 

(ii) (z) is continuous, 0 < g < 1, lim (x) exists and is equal to 
p (1—0), 
(4.1) (iii) ¢(0) =0, 

(iv) (1) =1, 


f rols 


We now have | 
g == | — ġ (1 — 0), 


and Silverman’s integral equations (2.3) and (2.4) become 
(4.2) dle) = [1—do(1—0) pla) Hele) fo (Z) 


(48) gole) = [1— (1—0) belz) Hela) + f° 40 (Z): 


We observe that if f(x) is continuous at c= 1 we have ¢(1) == ¢(1 — 0) 
and a== 0, We also observe that if ¢(2) fulfills the conditions of absolute 
regularity (4.1) then $(z) satisfies the conditions of regularity (3.1) and is 
hence regular in the sense of Hausdorff. 

To find the connecting link between the Hausdorf theories of matrix and 
integral transformations it remains only to investigate briefly the integral 
equations (3.1) and (3.2). 

_ First of all we write these equations in the form 


(4.4) galz) = dol) + f7 bo (F) dante), 
(4.5) dal) =el) +f 40 (F) aeo(t). 
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Effecting an integration by parts in each of these equations we obtain. 

(4.6) a(2) = [1—Go(1— 0) ]oo(z) + gela) +2 f° olt) (5) za. 
' 1 1 

(4.7) a(x) = [1— $o(1— 0) |bo(x) + o(#) + z f bolt) a-() Fat 


If in each of the integrals in (4.6) and (4.7) we make the change of variable — 
defined by the transformation ts == z and then invert the order of integration, 
the equations (4.6) and (4.7) become (4.2) and (4.3) respectively. Thus, 
the theories of Hausdorff integral and matrix transformations are coextensive 
for mass functions which are absolutely regular. 

The implications of the preceding discussion are highly significant. For 
example, all of the inclusion and equivalence relationships which are known 
among Hausdorff matrix transformations associated with absolutely regular 
mass functions are now valid in the domain of Hausdorff integral transforma- 
tions. Moreover, we have now available all four of the formulations of the 
Hausdorff inclusion problem listed in Theorem 3 to use in investigating inclu- 
sion and equivalence relationships between kernel transformations associated 
with absolutely regular mass functions. In this connection we observe that 
ordinarily it is easier to use formulations (i) and (ii) than formulation (iv) 
of Theorem 3 in investigating inclusion and equivalence relationships among 
Hausdorff transformations. 

In order to exhibit some of the hitherto unknown inclusion and equi- 
valence relations between Hausdorff integral transformations we list several 
mass functions which satisfy the conditions of absolute regularity (4.1): 


h (z) == G j * (ig4 Y dt, a>0, 


ry) 7 are heal | 
HO) Tar —a) Jo NT, yp ad, 


a(z) = 1 — e2/(e2), 


The function ¢,(x) defines Hölder summability [H,a]. The function ¢2(z) 
defines hypergeometric summability [H, «,1,y] [6]. In particular, summa- 
bility [H,1,1,a-++1] is identical with Cesdro summability [C,a]. The 
function a(x) defines a method of summation which includes all of the 
Cesiro methods [7]. 

That (C,a) = (H,«), «> 0, was proved by M. Jiad [5] in 1927, as 
previously mentioned, using rather tedious methods. This result also follows 
from the well-known equivalence [C, a] = [H, a], 2>0. A number of 
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inclusion and equivalence relations are known among the hypergeometric 
matrix transformations [6]. Al of these are now valid in the domain of kernel 
transiormations. We list a few of these: 


(H, Z, L; yı) = (H, Z, L y2); Y2 > Yı >> 0, 
(H, a, 1,y) Cc (H,a1,1,y),y > a > a, > 0, 
(H,4,1,¢-+ 8) = (C, 8), a, 8 > 0. 


The last of these relations has been recently proved [8] in the domain of matrix 
transformations. Finally, we have the interesting result 


(H, $a(z)) > (C, a), a> 0. 


NORTHWESTERN UNIVERSITY. 
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EXTENSION AND REDUCTION THEOREMS FOR CERTAIN TYPES 
OF CONTINUOUS TRANSFORMATIONS.* 


By D, D. Mum. 


1, Introduction. In recent years several types of single-valued con-. 
tinuous transformations have been defined and investigated by various authors. — 
Of these transformations, some of the most interesting are the interior trans- 
formations defined by S. Stoilow [1]+* the non-alternating transformations 
defined by G. T. Whyburn [2], the non-separating transformations of J. F. 
Wardwell [3], and the monotone transformations studied by Whyburn [2] and 
others. Stronger and weaker forms of the non-alternating and non-separating 
transformations have been considered by E. P. Vance [4]. These transforma- 
tions will be defined as they are used in later sections of this paper. 

In this paper we study what might be called “ hereditary ” properties of 
such transformations. That is, if P is one of the properties mentioned above 
(interiority, monotoneity, etc.), we Inquire under what circumstances a trans- 
formation having property P on a space A will have property P on every 
subcontinuum of A, or on certain special subcontinua (arc-sets and cyclic 
elements) of A. The conditions for this “inheritance” of a property by a 
subcontinuum or set of subcontinua may take the form of conditions on the 
transformations or of conditions on the subcontinua. In addition to these 
reduction theorems, we give an extension theorem valid for several types of 
transformation. 

The author wishes to acknowledge his indebtedness to Professor W. L. 
Ayres, who suggested the investigation of this topic, for his advice and en- 
couragement during the preparation of the paper. | 

Unless otherwise specified, A will denote, throughout this paper, a Peano 
space (— continuous image of an interval == compact locally connected con- 
tinuum), and T a single-valued continuous transformation. If a transforma- 
tion T(A) = B has property P, and if R is a subcontinuum of A, T will be 
said to have property P on R if T(R) = 8, where 9 is a subset of R, has 
property P. Definitions of cyclic elements, arc-sets, etc. may be found in a 
paper by Kuratowski and Whyburn [5]; we assume that the reader is familiar 
with the definitions and results of this paper. 


* Received March 18, 1941; presented to the American Mathematical Society, April 
12, 1940. 
1 Figures in square brackets refer to the bibliography at the end of the paper. 
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9. Transformations possessing a property hereditarily. In this section 
we obtain necessary and sufficient conditions on transformations of certain 
types on a space A in order that these transformations shall possess their 
defining properties on every subcontinuum of A. 

Our first theorem concerns monotone transformations, +i. e., transforma- 
, tions under which the inverse image of each point of the transform is connected. 


THEOREM 2.1. A necessary and sufficient condition that a transformation 
T(A) = B be monotone on every subcontinuum of A is that the inverse image — 
of each point of B be an arc-set? 


This theorem follows readily from results of Whyburn [6, pp. 311-312]. 

A transformation is said to be non-aliernating on A if, given any two 
points of the transform, neither inverse image separates the other in A. 
(Throughout this paper we use “ separate” in the strong sense; t. e., a set X 
is said to separate a set M in A if A — X is the sum of two disjoint sets, each 
closed relative to A — X, and each containing at least one point of M.) 


THEOREM 2.2. A transformation T(A) = B is monotone on every sub- 
continuum of A if and only if t is non-aliernaling on every subcontinuum 
of A. B l 


_ Since every monotone transformation is non-alternating, the necessity is 
immediate. | oo | 

To prove the sufficiency, we use the characterization of transformations 
monotone on every subcontinuum of A given by the preceding theorem. Let 
-y be a point of B, and suppose that T-t (y) is not an arc-set. Then there is an 
arc @ in A with only its endpoints in 7 “*(y). But T is obviously not non- 
alternating on a, contrary to the hypothesis that T is non-alternating on every 
subcontinuum of A. Hence every 7*(y) must be an arc-set, and T must, 
therefore, be monotone on every subcontinuum of A. 

We now obtain a necessary and sufficient condition, of different character 
from the condition of Theorem 2.1, in order that a transformation be mono- 
tone (or, by the preceding theorem, non-alternating) on every subcontinuum 
of the space. We shall say that a transformation is constant on a set E if it 
carries Æ into a single point. 


-THEOREM 2.3. A necessary and sufficient condition that a monotone 
transformation T(A) == B be monotone on every subcontinuum of A is that 
T be homeomorphitc or constant on each cyclic element of A. 


* We use the term arc-set in the sense of closed aro-set (= A-set in the terminology 
of [6]). 
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The condition is necessary. Obviously T is constant on each degenerate 
' cyclic element (== a single point). Now let C be a true cyclic element of A. 
If T is not homeomorphic on C, then, for some point y of T(C), T+(y) - C is 
non-degenerate; and if T is not constant on C, there exists a point v of T(C ) 
distinct from y. Let p and r be distinct points of T-*(y) -C, and let q be a 
point of T*(z)-C. By Ayres’ Three-Point Theorem [7, p. 130, Th. 3], - 
there exists an are pqr in C. But, contrary to the hypothesis that T is mono-. 
tone, and hence non-alternating, on every subcontinuum of A, T then fails 
to be non-alternating on the subcontinuum pgr, for T-1(y) intersects two 
components of pgr — T= (x), one in p and the other in r. 

The condition is sufficient. Let T be monotone on A and EAA 
_or constant on each cyclic element of A. Suppose that there is a continuum K 
in A and a point y of B such that K-7-*(y) == M + N, where the sets M and 
N are disjoint and closed. There is an arc « in A, with endpoints m and n, 
such that a: M == m and a: N =n. Since K and 7 (y) are continua, it is 
easy to see that no point separates m from n in A, whence m -+ n lies in a 
cyclic element #. Since T is thus not homeomorphic on Æ, we must have 
HOT *(y). Now EK is connected, but EEK = H-K-T+*(y) = EM + EN, 
and the summands are mutually separated. This is a contradiction. 

For the necessity part of Theorem 2. 3, the condition that T be monotone 
on A is evidently superfluous. However, without this condition the sufficiency 
part of the theorem is not true. For example, let A be an arc sy and let T be 
a transformation which identifies z and y but is homeomorphic elsewhere on A. 

As an immediate consequence of Theorems 2.2 and 2.3 we have 


THEOREM 2.4. A necessary and sufficient condition that a non-alternating 
transformation T(A) == B be non-alternating on every subcontinuum of A 13 
that T be homeomorphic or constant on each cycle element of A. 


COROLLARY. A necessary and sufficient condition that every non-alter- 
nating transformation on a Peano continuum A be non-alternating on every 
subcontinuum of A is that A be a dendrite. 


The sufficiency of the condition follows at once from Theorem 2.4, for 
every single-valued transformation on a dendrite is necessarily constant on 
every cyclic element. Conversely, on a non-acyclic Peano continuum we can 
always define a non-alternating transformation which, on some cyclic element, 
is neither homeomorphic nor constant, and which in consequence, by the above 
theorem, must fail to be non-alternating on some subcontinuum. Such a 


3 The author is indebted to the referee for this abbreviated proof of the sufficiency. 
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transformation may be defined as one which carries into a point an arc in some 
true cyclic element of the continuum, and which is a homeomorphism else- 
where; this transformation is obviously monotone, and hence non-alternating. 

A transformation T (4A) = B is said to be weakly non-alternating provided, 
for any two distinct points z and y of B, T> (x) separates T~ (y) in A only if 
- some single point of T- (s) separates T> (y) in A. The transformation would 
be called completely non-alternating if, for any two points z and y (not neces- 
sarily distinct) of B, and. any closed subset K of T>(s), K did not separate 
T-1(y) in A. 

The necessity part of Theorem 2. 4 fails if the hypothesis that T be non- 
alternating on every subcontinuum of A is replaced by the weaker hypothesis 
that T be weakly non-alternating on every subcontinuum of A. For example, 
let A be a circle and let T identify two points on the circle (T being a homeo- 
morphism elsewhere on A); T is then weakly non-alternating on every sub- 
continuum of A (and, in fact, completely non-alternating on A), but is neither 
homeomorphic nor constant on the cyclic element A. 

It will follow as a trivial corollary of Theorem 2.5 that the sufficiency 
part of Theorem 2.4 holds if “ weakly non-alternating ” replaces “ non-alter- 
nating ” throughout the statement of the theorem. However, if only the first 
occurrence of “non-alternating” is replaced by “ weakly non-alternating,” the 
theorem is no longer true. For example, consider the transformation which 
folds a line segment about its midpoint; this transformation is weakly non- 
alternating on the segment and is constant on every cyclic element, but is not 
non-alternating even on the whole segment. Since every transformation com- 
pletely non-alternating on every subcontinuum of a Peano space is obviously a 
homeomorphism, it is apparent that replacement of the second occurrence of 
“non-alternating ” by “ completely non-alternating ” will render the sufficiency 
theorem false unless the first occurrence of “non-alternating” is similarly 
replaced, in which case the theorem is trivially true. 

A transformation T (A) = B is called non-separating if the inverse image 
of no point of B separates A. It is weakly non-separating if an inverse Image 
can separate A only if one of its points separates A. It is completely non- 
‘separating if no closed subset of any mverse image separates A. 

Results similar to the above for the various types of non-separating trans- 
formations, insofar as they are not contained in the foregoing remarks, are to 
be found in Theorems 2. 5, 2.6, and 2.7. There is one exception, however: 
it is impossible to define a transformation completely non-separating on every 
subcontinuum of a Peano space. 

As a preliminary to the proof of Theorem 2.5 we prove the following 
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Lemma. If H isa subcontinuum of a Peano space A, and K ts a closed 
set which separates H between two points p and q, then there ests a cyclic 
element C of A such that KO separates H between p and q. 


Consider the cyclic chain C(p,q) from p to g. Since every cut point of 
C(p,q) is a cut point of A, and hence a cyclic element, if K contains a cut 
point of O (p,q) the lemma is proved. Let us suppose, then, that K -Z == 0, ` 
where Z is the set of all cut points of C (p,q). Since H-C(p,q) is a sub- 
continuum of C (p, q) containing p+ 9g, Z C H-C(p,q). But, by hypothesis, 
H-C(p,q) —K — Hy + Hy where Hy and Hg are mutually separated sets 
containing p and g, respectively. Hence Z == Z, -+ Za, where Zp and Zz, are 
mutually separated and contain p and q, respectively. Since Z+p-+q is 
closed, Zp and Zg are closed. The cyclic elements in C(p,q) being linearly 
ordered between p and q, let y be the last point of Zp in the order from p to g, 
and let g’ be the first point of Za in the order from p’ to g. Since p Æg, 
p’ and g must be the limit points in a certain cyclic element C of the com- 
ponents of C (p,q) — C containing p and q, respectively. The points p’ and g 
being separated in H by K, they must then be separated by KC, whence p and q 
are separated in H by KC. 


THEOREM 2.5. If T(A) = B is homeomorphic or constant on each cyclo 
element of A, then T is weakly non-separaiing on every subcontinuum of A. 


Suppose that there exists a subcontinuum H of A on which T is not weakly 
non-separating ; t. e., suppose that there exists a point z of T (H) such that 
T(z) separates H while no single point of T~ (s) separates H. By the fore- 
going lemma, there exists a cyclic element C of A such that C : T> (z) separates 
H. Now T cannot be homeomorphic on O, for if it were then C - T> (s) would 
be a single point, and we have supposed that no single point of 7*(z) 
separates H. On the other hand, T cannot be constant on C; for in this case 
C would separate H, and, C being a cyclic element, C would contain a cut 
point of A which would separate H, contrary to supposition. But, by hypo- 
thesis, T is either homeomorphic or constant on C. Hence, by contradiction, 
T is weakly non-separating on every subcontinuum of A. 

The converse of this theorem is false; for if the space A be taken to be a 
circle, any transformation carrying a semicircle into a single point, and homeo- 
morphic elsewhere on A, is weakly non-separating on every subcontinuum of 
A but is neither homeomorphic nor constant on the cyclic element A. However, 
the hypothesis that T is weakly non-separating on every subcontinuum of A 
does yield the conclusion embodied in 


* 
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THEOREM 2. 6. If T(A) =B ts weakly non-separating on every sub- 


continuum of A, then T is monotone on each cyclic element of A (tn fact, 


T’-" (x) +E ts arcwise connected for every point x of B and every cyclic element 
E of 'A). 


Let z be any point of B and F any cyclic element of A such that T-+(2)-# 
0. Ii T(z): E is a single point, our conclusion follows trivially. Hence 
we suppose 7’""(z) : E to be non-degenerate and let p and g be distinct points 
of T= (s): E. Since p+ q les in a true cyclic element Æ, there exists a 
simple closed curve J in E containing p + q; and J is the sum of two ares, a, 
and az having only p+ q in common. Since T is, by hypothesis, weakly 
non-separating on J, and since no single point can separate a simple closed 
curve, it follows that J — T-*(x) is connected. Hence T(z) contains one of 
the arcs a, from p to q, whence T> (<s) - E is arcwise connected. 

That the converse of this theorem is false is easily seen by considering a 
6-curve A (1. e., two points, p and q, and three arcs which join p to q and each 
pair of which have in common only p + q) and a transformation which carries 
one of the arcs pq into a single point and is homeomorphic elsewhere, on A. 
Each inverse image is arcwise connected, but the transformation is not weakly 
non-separating even on A. 


THEOREM 2.7. A necessary and sufficient condition that a non-separating | 
transformation T(A) = B be non-separating on every subconiinuum of A is 
that B be a single point. 


The sufficiency is obvious. To prove the necessity of the andio suppose 
that there exist distinct points z and y of B. Let p be a point of T-!(«) and 
q a point of T-*(y). Since A is a Peano space, there exists an arc pq in A; 
and since T>(s) and T—>(y) are disjoint and closed, pg — T= (<) —T> (y) 
£0. Let t be a point of pg —T=(s)— T-(y) ; then t is an interior point, 
and hence a cut point, of pg. But? is a point of T(z) for some point z of B; 
and since ¢:7-"(r) == t- T> (y) =0 we have r=4z24y. Hence p-T*(z) 
=a g- T(z) —0, so that T(z) cuts pq, a subcontinuum of A, contrary to 
hypothesis. 


THEOREM 2.8. A necessary and sufficient condition that an interior 
transformation T(A) = B be -interior on every subcontinuum of A is that T ` 
be homeomorphtc or constant on A. 


The sufficiency of the condition is obvious. To prove the necessity, sup- 


pose that B ig not a single point but that there exist points z, and z, of A 
such that T (z1) == T (x,). Since A is a Peano space, there exists at least one 
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arc in A joining 7, and T4; let a be such an arc. ‘We consider separately the 
mutually exclusive cases in which (1) there exists a point u of a such that 
T (z,u) T (xu), where 2, denotes the subarc of a joining z; and u 
(t= 1,2), and (2) T'(a,u) = T (zu), for all points u of a. 


Case 1. In this case, since T (mu) 4 T (zau), there exists a point s of 
mu such that T (s) is not a point of T (su) (or else there exists a point of ru 
whose transform does not belong to T (su) ; let us suppose the former). Now 


let p, be the first point on a, in the order from s to 2, such that T'(p,) is a. 


point of T(a,u) (there exists such a point, for T-T (zu) is closed and at 
least x, itself satisfies the condition). Let pz be any point of su such that 
T (p1) — T (pi), let pis be the subare of « from p, to s, let U == T(p,3s — 8), 
and let A: be the subarc pusz, of a. Then ps —s is a set open relative to Aj. 
Let 7'(A,) == Bı. We proceed to show that 7'(p.s— s) is not open in B, 
whence the hypothesis that T is interior on every subcontinuum of A is 
contradicted. | 

Since 7'(p1) = T (ps), T(pi) CU- T(z); and since p, is the only 
point common to ps—s and TOT (au), U- T(r) CT (p:). Hence 
U-T(a.u) = T (p). Therefore, since au C A,, T (2124) —T (p) CB, — U. 
But pz is a limit point of a subset M of zu, whence T (p+) is, by the continuity 
of T, a limit point of 7(M), and T(M) CT (au) —T(p,) C B,— U. 
Therefore, since T(p,) = T (p2), the point T(pi) of U is a limit point of 
B,— U, whence U is not open relative to By. 


Case 2. In this case we suppose that T (mu) = T (au) for every point u 
of the arc a joining z, and za. If 7'(a) is a single point, T is obviously interior 
ona. But we are supposing that B is not a single point, so that there exists 


a point y in A such that T(y) 7 (a). Let 8 be an arc joining a to y. Then `` 


T is not interior on the subcontinuum a + £, contrary to hypothesis. 

On the other hand, if we suppose that T (a) is not a single point, i. e., if 
we suppose there exists a point v of æ such that T (v) s4 T (11) = T (z2), then 
p(T(v), T(a,)) =e where p(T(v),7(21)) is the distance between T(v) 
and T (qı) and e is a positive number. Since T is a continuous transformation, 
there exists a point u of a so close to 2, that diam T (mu) < e, whence T (ru), 
cannot contain 7’(v). Hence v is a point of saw and T (su) 56 T (z4), con- 
trary to supposition. 


3. Conditions on the subcontinua. In this section we obtain necessary 
and sufficient conditions on a subcontinuum È of a Peano space A in order that 
every transformation having one of the aforementioned properties on A shall 
have the same property on Æ. In order to state the theorems in the strongest 


* 
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possible form, we shall in some cases state separately the necessary and the 
sufficient conditions. 


THEOREM 3.1. In order that every monotone transformation T(A) == B 
be monotone on a gwen subcontinuum R of A, it ts necessary and suficient 
that R be an arc-set. 


The condition is necessary. If R is not an arc-set, then, for some pair of 
points v and y in R, there exists an arc zy not lying wholly in Æ. Let T bea 
transformation carrying vy into a single point p and homeomorphie on A — zy. 
Then T is monotone on A but not on #; for an are sy is irreducibly connected 
between x and y, whence zy: R(= 7 "(p)-#) is not connected. 

The condition is sufficient. Since T is monotone on A, T> (s) is connected 
for every point s of B. But, since È is an arc-set, RC is connected for every 
connected set C in A. Hence T(r) R is connected for every point v of B, 
and T is therefore monotone on R. 

In view of the obvious fact that a Peano space is a dendrite if mi only if 
all its subeontinua are arc-sets, we have at once the 


COROLLARY. A necessary and sufficient condition that every monotone 
transformation on A be monotone on every subcontinuum of A is that A be a 
dendrite. 


THEOREM 3.2. A non-alternating transformation T(A) = B ts non- 
alternating on every arc-selt in A. 


Let E be any arc-set in A, and suppose that T is not non-alternating on R. 
Then there exist points x and y of T(E) such that T> (x) separates # between 
some two points p and g of T-'(y). But since È is an arc-set, any set which 
separates two points in Æ must separate these points in A. Hence T(x) must 
separate p from q in A, which contradicts the hypothesis that T is non-alter- 
nating on A. 

The following converse of this theorem is also true: if every non-alter- 
nating transformation 7'(A) = B is non-alternating on a subcontinuum E of 
A, then ÈR is an are-set. In this statement, however, we can weaken the hypo- 
thesis by replacing the first occurrence of “ non-alternating ” by “ completely 
| non-alternating,” without destroying the validity of the conclusion. From this 
follows, by virtue of Theorem 3.2, the equivalence of the apparently stronger 
and weaker forms of the hypothesis of the converse. Before proceeding to the 
proof of this converse, we establish two preliminary lemmas. 


Lrmma A. If a closed set M irreducibly separates a Peano space A 
between two points p and q, no proper subset of M separates M in A. 
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Let Cp and Ce be the components of A — M containing p and q respectively. 
Since M separates A irreducibly between p and q, M is the common boundary 
of Cp and Cea [8, p. 48, Th. 7], whence M C Cy. Suppose that there exists a 
proper subset Af’ of M which separates M in A; i.e., suppose that there exist 
mutually separated sets M’, and M’: such that A — W == Mı + W 0 and 
and M-M’,+4034M-M’,. Since Cp C A — M C A— M’, and since Cp is 
connected, Cp is contained either in M’, or in M'a say in M’,. Hence 
C, C M’,, whence M C M’,. But this implies, since M’, and M’, are mutually 
separated, that M : M’: = 0, contrary to our supposition. 


Lemma B. If C is a continuum without cud points such that for some 
two points p and q of C there exist three mutually esclusive connected subsets 
of O, Ki, Ka, and Ks, each having both p and q as limit points, and tf p and g 
are points lying in different components of C — p— q, then O — g —g is 
connected. 


Since C has no cut points, every component of C — pg — g must have 
both p’ and gq’ as limit points. Hence, if C; is a component of O — p — g 
containing neither p nor q, Ci +- p’ + g is a connected set joining p and q’ in 
C ——p— q. But this is impossible, for by hypothesis p’ and g lie in different 
components of C — p— q. Hence every component of C — pg — g contains 
either p or q. But Ki: (p’ + g) = 0 for at least one of the K; (t — 1,2, 3), 
and the connected set K; + p + q thus joins p and q in C — g — g, whence 
p and q lie in the same component of C — p’ — g. Hence C — p — g has only 
one component, and thus is connected. 


THEOREM 3.3. If every completely non-alternating transformation - 


T(A) = B ts non-alternating on a subcontinuum R of A, then R is an arc-set. 


Suppose R is not an are-set. Then there exists an arc a, with end points | 


p, and pa, such that R a = p, + pe. Thus p, and p: are joined by the continua 
a and R, having in common only p: + Pa, whence a lies in some true cyclic 
element C of A. As will be pointed out later, we shall lose no generality by 
assuming at this point that the space A is cyclicly connected, so that C = A. 
~ Let K be a closed set which irreducibly separates [8, Th. 8] A between 
pı and pe. Since K and a are closed sets, K - a is closed, whence, R being closed, 
p(K:+a,R)==d> 0. Hence there exists an open set U (viz., the e-neighbor- 
hood of K-a, where e< d) such that VO K-a and UR—0. Let K’ 
a= K — U. E i 

Consider now the components C; of A — p, — p: such that C; contains a 
component C;* of R— pı — p: such that C,* has both p, and p: as limit 
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points. Since A is locally connected, there is only a finite number * of such. 


components O;. We now consider separately Case 1, in which there is only 
_ one such component (that there is at least one is obvious), and Case 2, in 
which there is more than one. 


Case 1. We define the transformation T as follows: T'(C,:K) =a, 
* T(pı + ps) = 1, where z and # are distinct points, and T is homeomorphic 
elsewhere on A. Now T is not non-alternating on R, for C.K’ separates pı 
from pa in R (since UR = 0), whence T(z) separates T(t) in R. But T 

is completely non-alternating on A, for (1) no closed subset of CK’ separates 
py from pı in A (since U contains K-a, whence K’ -a= 0), (2) no closed 


e 


subset of C.K’ separates C.K’ in A (for any such separating subset of C.K’ | 


would separate K in A, which is impossible by Lemma A), (8) no closed sub- 
set of pı + pz separates OK” in A (since C, D CE’), (4) no closed subset of 
pı + P: separates p, -+ pa, and (5) no single point can separate either pı + Ps 
or CK’ (since A was assumed to be cyclic). 


Case 2. If there is more than one of the components Ci, each such com- 
ponent must intersect K’, whence pı -+ pe separates K’: 30, in A, and a 


transformation defined as in Case 1 fails even to be non-alternating on A. To - 


avoid this difficulty we redefine our transformation T as follows. 

Let K”; =K- 0, and K” == 3K";—K’- 304, noting that this is a 
finite sum. Then each K”; is closed, whence K” is closed, and therefore 
o(pi-+ pe, K”) == d œ> 0. The space A being locally connected, there exists a 
positive number 8 such that every point in Us(p;) © can be joined to p; by an 
arc lying within Va(p:) (t= 1,2). Let p’; be any point of Us(pi) - Ci, and 
let Bi be an arc pip’; lying within Ua(pi) (1— 1,2). Now K” separates pı 
from p’, in R, for K” separates p, from p: in R and KE”: Ua(pi) = 0 (i—1, 2). 
Herice if we define T as the transformation which carries K” into a point z 
and yp’; +- p’s into another point t, and is homeomorphic elsewhere on A, T is 
not non-alternating on R. But T is completely non-alternating on A, for (1) 
no closed subset of K” separates p’, from p’, in A (since the connected set 
Bi + a + Ba does not intersect K”), (2) no closed subset of K” separates K” 
in A (for the reason cited in (2) of Case 1), (3) no closed subset of p’, + p'a 
separates K” in A (in fact, if in Lemma B we let p= pı, q = Pao P — Pi, 
g = p',, Ky = C, Ki =~ Ca, and K = 8 — pı — Pa, we see that py + Pe 


t For if the number of such components O, is infinite, let {4} be a sequence of 
points such that œ, is a point of O, and p, Fm e (i= 1,2,. . .). Then, since A is 
compact, the sequence has a limit pont w, and in the neighborhood of œw the space fails 
to be locally connected. 

ë The symbol U,(@) denotes the neighborhood of œ of radius r. 
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| a not cut A at all), (4) no closed subset of p’, + p's separates p'i + Pa 
d (5) no single point separates pı ae or K” or itself in A (since A is 
eae to be cyclic). 
If the space were not assumed to be cyclicly connected, the foregoing steps 
would remain unaltered if T were defined to be a homeomorphism on A — C. 
We have thus defined, on the supposition that R is not an arc-set, a trans- , 
formation completely non-alternating on A but not non-alternating on R, 
contrary to hypothesis. Hence Æ is an arc-set. 


THEOREM 3.4. In order that every non-separating transformation 
T(A) = B be non-separating on a given subcontinuum R of A, it is necessary 
and suficient that R be an arc-set. 


The sufficiency is proved in the same way as Theorem 3.2. To prove the 
necessity, we shall make slight modifications in the proof of Theorem 3.3. 
Using the notation of that proof, and supposing as before that R is not an 
are-set, consider the set A — K” == Opm, + 0s, where Cpp, is the component 
of A — K” containing p, and p, (these points lie in the same component of | 
A — K” because they are joined by the arc a, which does not intersect K”) 
and the 0’, are the other components of A — K”. Let K” == K” + 30. 
Now all the limit points in A — C’; of any component C’; must lie in K”, 
whence ° #(0";) C K” for all Ci, and therefore ZF (C) C K”. But K” is 
closed, so that 3F(C’,) C K”, and, since the space is Peanian, F(30;) 
CEF(C’:) CR” [9, p. 155]. Therefore K” is closed, and 4 — K” 
(== Cpp) is connected, whence K’” does not separate A. On the other hand, 
XC, contains neither p, nor pa and K” separates R between p, and ps (as we 
have seen in the proof of Theorem 3:3), so that K” separates R between p, ` 
and ps. Therefore, assuming A to be cyclic, if T be defined to carry K” into 
a point g and to be homeomorphic elsewhere on A, T is non-separating on A 
but not non-separating on Æ, contrary to hypothesis. If A is not cyclic and C 
is the true eyclic element of A containing p: -+ Pa, let T carry any component 
of A —C into its limit point in C; the result then follows as before. The 
supposition that R is not an arc-set thus leads to a coniadicion and the 
theorem is proved. 

Whether the theorem remains true if the first occurrence of “ non-sepa- 
rating ” be replaced by “ completely non-separating,” is not yet known. 

- Theorems 3. 1—8. 4 may be summarized in the ` 


COROLLARY. If A is a Peano space and R is.a subcontinuum of A, the 


° The symbol F(#) denotes the boundary of the set X, i e., the set LAK: 
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following properties are equivalent : (1) R ts an are-set, (2) every transforma- 
tion monotone on A is monotone on R, (3) every transformation non-alter-. 
naling on A is non-alternating on R, (4) every transformation completely 
non-alternating on A ts non-alternating on R, (5) every transformation non- 
separating on A ts non-separating on R. 


In the same way that Theorem 3.2 was established, we can prove 


THrEonEM 3.5. If a transformation T(A) = B is completely non- 
alternating (resp. completely non-separating, weakly non-alternating, weakly 
non-separating), it has the same property on every arc-set in A. 


Some of the converses of Theorem 3.4 are also true. Since Theorem 3. 3 
holds, it is true a fortiori that if, in that theorem, “ non-alternating ” or 
“weakly non-alternating” be substituted for “completely non-alternating,” 
or if “completely non-alternating ” be substituted for “ non-alternating,” or 
both, the theorem still holds. However, if “ weakly non-alternating ” be sub- 
stituted for “ non-alternating” in Theorem 3.3, then even if “ weakly non- 
alternating ” be substituted for “completely non-alternating ” the resulting 
theorem is false. As indicated in the remark following Theorem 3.4, we do 
not know whether that theorem remains true if “ completely non-separating ” 
be substituted for “ non-separating.” In other respects the foregoing remarks 
concerning the various non-alternating transformations apply without change 
to the corresponding types of non-separating transformations. 


4. Extension theorems. In this section we establish an extension theorem 
for monotone, non-alternating, and non-separating transformations; t. €., a 
theorem which asserts that a transformation having one of these properties on 
certain subcontinua of the space has the same property on the whole space. 
Ws. Ayres has defined [10, p. 568] a basic set of a Peano space A to be 
a subset of A such that each point of A lies on an arc joining two points of the 
subset. In this section we show that transformations which are monotone, 
non-alternating, or non-separating on all the cyclic chains joining pairs of 
points of a basic set possess their defining properties on the whole space. 


THEOREM 4.1. If K is a basic set of A, and tf T(A) = B ts a trans- 
formation monotone on C (z, y) for every pair of points x, y in K, then T is 
monotone on A. | 


Suppose that T is not monotone on A; then there exists a point b of B such 
that T= (b) = U + F, where U and V are non-vacuous mutually separated 
sets. Letu and v be points of U and F, respectively; then no connected subset 
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of T+(b) contains u-+v. We consider separately the cases in which (1) 
u+ v lies in gome true cyclic element of A, and (2) u and v lie in distinct 
cyclic elements of A. | 

| 












Case 1. u and v lie in some true cyclic element C, let s be a non-cut 
point of A contained in C. Since K is a basic set of A, there exist points 2 
and y in K such that seC(z,y). But if an arc-set contains a non-cut point 
of a cyclic element, it contains the cyclic element.” Hence C(z,y) DOD. 
u-+v. But then 7*(b) is not connected in C(s, y) and T is not monotone 
on C(x, y), contrary to hypothesis. 


Case 2. ` If u and v do not lie in the same cyclic element, there exist cyclic 
elements Cy, and Co, containing u and v, ‘respectively, and such that either 
Cy-Cy=0 or Cy: Co is a single point. We proceed to find points 2 and y 
of K such that C(z,y) Du-+v. If Cu is a node (i. e., contains exactly one 
cut point of A), then [11, Th. 8] C, contains a point of K which is not a cut 
point of A; call this point z. - On the other hand, if C, is not a node (t. e., 
contains more than one cut point of A), let c be the particular cut point in Cy 
which is the limit point of the component of A — Cy containing C», and take 
as x any point of K lying in a component [10, Th. 11] M of A—C,. whose 
limit point in Cy is a point d distinct from c. 

Now we may select a point y in exactly the way that z was chosen, merely 
interchanging u and v in the above paragraph. Thus ((z,y) contains either 
a non-cut point of C, or two cut points of C; (t —= u,v), and in either case 
C(z,y) > Ci Hence C (z, y) D Ca + Co u -+ v, whence T is not monotone 
on C(x, y), contrary to hypothesis. 

We now prove, in much simpler fashion, that the same theorem holds for 
non-alternating and non-separating transformations. 


THEO 4,2. If K ts a basic set of A, and if T(A) =B is a trans- 
formation liernating (non-separating) on C(a,y) for every pair of. 
points x, y in K, then T ts non-alternating (resp. non-separating) on A. 


If 7 is not non-alternating on A, there exist points p and q of B such 
that T-"(p) separates A between some two points u and v of T*(q), whence 
T-*(p) separates u from v in any connected subset of A containing u + v. 
But we have seen in the proof of Theorem 4.1 that there exist points q and y 







1 Every cyclic chain ig an arc-set, and it follows immediately from the definition of 
the latter that a non-degenerate arc-set contained in a cyclic element C must contain 0; 
and an arc-set which is not contained in O but contains a non-cut point in O must also. 
contain a cut point in C, and hence, containing two points of 0, must contain 0. 
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of K such that C(s, y) Du-}v. Hence T= (p) separates C(z,y) between 
u and v, contrary to the hypothesis that 7 is non-alternating on C(s, y) for 
all points z,y in K. In the same way, T may be shown to be non-separating 
on A if it is non-separating on each C (zx, y). 


Onto UNIVERSITY, . 
ATHENS, OHIO. 
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THE PROBLEM OF PLATEAU IN HYPERBOLIC SPAC 





By A. T. LONSETH. 


1. Preliminary considerations. The spaces of constant Riemannian 
curvature * fall into three types according as the curvature is zero, negative, or 
positive. In the first (Euclidean) case, minimal surfaces and the Plateau 
problem have been studied intensively.? Here the second (hyperbolic) case is 
considered. The central result obtained is a proof of the fact that if a Jordan 
curve in three dimensions is capable of bounding a surface of finite area-in the 
sense of hyperbolic geometry it actually bounds a surface which is minimal 
in the sense of hyperbolic geometry. 

The three-dimensional hyperbolic geometry whose curvature KC == — 1 can 
be represented on the half-space of (2,y,z) in which z>0. Its distance 
element is then given by 


(1) ds? == (dz? + dy? + dz*)z* 


(“ Poincaré’s metric”). Geodesics are circles orthogonal to the (x, y)-plane. 

A vector function g(u, v): afu, v), y(u, v), z(u,v) will define a surface 
in z > 0 if the three coördinate functions are continuous on the closed unit 
circle of a (u, v)-plane; z(u,v) > 0, so that it possesses a positive lower bound. 
We shall say that g (u, v) is an admsstble vector if the first partial derivatives 
of its components are continuous in the open unit circle, and are summable 
with their squares thereon. 

Lf the expressions E, F and G are defined as the coefficients of the first 
fundamental form of z(u, v): 


* Received September 9, 1930; in revised form, July 20, 1941; presented to the 
American Mathematical Society, April 15, 1939. 

This paper is a revision, without any essential modifications, of the author’s Uni- 
versity of California thesis (May, 1939). The author is deeply indebted to Professor 
Hans Lewy for his interest and assistance. 

Several valuable improvements were suggested by the referee. The most noteworthy 
of these is incorporated in the bounding procedure of § 4, which replaces a much less 
elegant method. 

1 Bianchi-Lukat: Vorlesungen ilber Dtfferential-Geometrie, Leipzig, 1899; pp. 675 
and 584. 

* For work done up to 1933, see Radó: On the Problem of Plateau, Berlin, 1933. 
For more recent investigations, see Courant, “The existence of minimal surfaces of 
given topological structure under prescribed boundary conditions,” Acta M athematioa, 
vol. 72 (1940), pp. 51-98. 
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ds? == E dw + 2F du dv + G dv? 

then, from (1), oe , | 

E = gur? = (Eu? -H Yu? + Zu)’, 

(2) F = Yuez t = (Luty -+ Yuyo -+ Zuty) z? 
G mm gaz? = (2 + y? + a). 


. For an admissible vector g (u, v), the hyperbolic Dirichlet integral 


Bir] = ff (E +- G)dudo 


ur ct 
= ff (wpa tye + get + at + ate? du do 
i utrol 
exists. -Noting that 
VIG— Ps VECSE +6), 


we conclude that-the hyperbolic area integral 


all= f f VEF dav 


uota 
exists and satisfies the inequality 
(3) Alr] = BE]. 


In (3), the equality occurs if and only if E = G, F= 0. 
In terms of spherical codrdinate functions r(u,v), 6(u,v), o(u,v) ob- 
tained from z(u,v), y(u,v), z(u,v) by the transformation 


(4) T == T sin Ë cos d, y == r sin # sin ¢, Z == f CO8 O, 
we find that , 

(5) Bly] = Bilzj + B.[r], 

where 


B [r] = ff (Tu? + ro?) r° sec? 0 du dv, 


uto <1 


B.[r] = ff { (Ou? + 657) sec? 6-+ (dy? + potan? 8) }du dv. 
l why? <1 
The fact that B,[ xy] is independent of r(u, v) will be of use later. 
Certain notations will be employed rather frequently. A function will be 
said to be of class C‘ in a domain D if all its derivatives of order n exist and 


are continuous in D. The open circle whose center is at P and whose radius 
is Æ will be denoted by C(P, R) ; the closed disk by C(P, 2) ; and the circum- 
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ference by C*(P, R). Thus in peri the opens unit circle in the (s, o 
plane-is C (0,1). 


2. Statement of the problem. If a surface is defined by a vector of 
class C” in O(O,1), whose coérdinate functions satisfy in O (O, 1) the Euler 
equations of the problem A[z] = minimum, we shall call it a hyperbolic 
minimal surface. 

A particular class of hyperbolic “ minimal varieties” consists of the 
spheres (including planes) which are orthogonal to the fundamental plane | 
z==0. These are totally goedesic (i.e., their geodesics are also geodesics of 
the enveloping space), so their nivel er! follows oe a general 
theorem.® 

Let there be given in (2, y, 2) a closed, continuous curve T without double 
points (Jordan curve). We shall say that a éontinuous vector z(u, v) spans T 
if the equations z == z(u,v), y = y(u, v), z= z(u, v) map C*(0,1) onto T. 
The boundary mapping, though continuous, need not be (1—1). 

We can now state the problem of Plateau for hyperbolic space: given a. 
Jordan curve T in hyperbolic space, it is required to find a hyperbolic minimal 
surface whose coordinate vector r(u,v) spans T. This problem will be solved 
for any curve T which can be spanned by an admissible vector, as defined in $ 1. 

In view of the minimal character of totally geodesic surfaces, a solution of | 
this Plateau problem- would be obvious incase T should lie on a sphere or 
plane orthogonal to z = 0: namely, that portion of the sphere (or plane) | 
“interior” to T. This remark is.the key to a bounding procedure employed 
in § 4. 

We proceed to the analytical details in the saa case. O Z = exp é, 


E = exp (— 2E) (Lu? -+ yu?) + bu’, 
(2) F = exp (— BE) (tute + Yuyo) + Cugo, 
G = exp (— 2¢) (to? + yo?) + bo? 


The Euler equations (€*) for the problem Ale] — minimum, obtained a 
— variations of T, y and ¢ are: ¢ 


= EGA —2F Fe) W] ar ame (EG., — 2FF.,) W- 1] == 0, 
(E*) Z [4 (GB, — 2FF,.) W*] + = z [HEG = 2FF,,) Ww] = 0, 
i L4 (GHy, — 2F Fy) W=] + i [F(E G, — 2F Fg) W] 


— } (EG: + GE, — FF) W- =) 


*L. P. Eisenhart, Riemannian Geometri, Princeton, 1926, p. 184. 
t O. Bolza, Vorlesungen über Variationsrechnung, Leipzig and Berlin, 1909, pp. 655, 


amet 
x4 
s ae e 


667. 
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where W— (EG— F*)4. ‘If we suppose H—Ge=F==0 in 0(0,1)—the 
case of isothermic parameters—equations (E*) become, since then ʻa E =6G, 
on removing the Tauon 4, ; 


= len] Tar io, ] ma 0, 
Z [En] Le [G,,] — 0, 


8 8 
È t+ Ela] — E+ @1 =o. 
By (2), these finally reduce to 


Az — 2( ute + boto) = 0, 
. (£) Ay — 2? (bux + Coye) = 0, 
Ag + exp (— 2E) (tu? + ao? + yu? + yr?) = 0, 


where A is the Laplacian operator 


For future reference these equations (6) will be denoted by €(2; £), 
€(y;) and E(¢; T, y) respectively. 

It is easily seen that if E — G = F = 0 and if equations (€) hold, then 
equations (€*) also hold. Accordingly, the condition on a hyperbolic minimal 
surface, that its codrdinate vector satisfy the Euler equations (€*) for the ` 
problem A[r] = minimum, can be replaced by the following (apparently more 
stringent) pair of conditions: 


1 FEH—G=F=0 in 0(0,1); 
2. equations (E) hold in C(O,1). 


j 


The problem of Plateau becomes:* given a Jordan curve T for which z > 0, 
it is required to find a vector r(u,v): s(u, v), y(u, v), z(u,v), where 
z(u, v) > 0, such that 

1. x(u,v) is continuous on C(O, 1) and ts of class ©” in C(O, 1); 

2. x(u,v) maps O* (0,1) continuously onto T; | 

3. the quantities E, F and G defined by (2) satisfy E — G= F =Q in 
C (0,1); 

4. the equations (E), in which pa log z, are satisfied in C(O, 1). 


Fi 


5 CE. Radó, L. 0.°, pp. 31, 32. 
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3. The Plateau problem as a minimum problem for B(x]. The system 
of equations (Ê) is precisely the system of Euler equations arising from the 
problem B[z] == minimum. Hence if z(u, v) 


l. spans T and is continuous on (0,1); 

2. 1s of class C” in C(O,1); 

3. 1s such that Bly] =g.1.b. {B[zr]}, where {x} is the class of admis- ° 
sible vectors spanning T; then x(u,v) must satisfy (E€) in C(O,1). Con- 
cerning I we now make explicit the further assumption that it can be spanned 


by an admissible vector, so that {g} is not empty and {B[z]} consequently 
possesses a finite greatest lower bound. 


Further, if y(u, v) has the three properties just listed, it follows neces- 
sarily, that E — G == F = 0 in C(O,1). Thus if an y(u,v) can be found with 
these properties, it defines a hyperbolic minimal surface; for E — QG = F = 0 
and equations (€) hold, so that the variational equations (€*) are satisfied 
in C(O,1). The problem of finding a vector function satisfying conditions 
1, 2, and 3 we shall call the minimum problem for B[z]. A solution of this 
problem is a solution of the problem of Plateau in hyperbolic space. 

The proof of the isothermic relation E — G = F = 0 under hypotheses 
1, 2, 3 on y(u,v) does not differ essentially from proofs of the corresponding 
theorem in Euclidean space, as given by Radó ° and by Courant.” Radé’s proof 
requires only the obvious replacement of the ordinary by the hyperbolic 
Dirichlet integral; Courant’s, in addition, use of equations (€) instead of 
Laplace’s equation to establish analyticity of the function of a complex variable 


p(w) = ġ (u + w) = E — G — uF 


within (0,1). The vanishing of ¢(w) identically in (0,1) then follows 
from the hypothesis that z(u, v) minimizes the B-integral among variations 
of the mapping of ©” (0,1) onto T. We omit the details. | 

In what follows, the minimum problem for B[r] is solved. The method 
of attack is fundamentally the direct method of the calculus of variations: a 
minimal sequence of admissible vectors spanning T is improved until finally a 
vector with properties 1, 2, 3 is obtained as a limit. Major improvements are 
effected by the indirect method, involving solutions of the variational equations 
for analytic approximating boundary values. The difficulties encountered are 


"T. Radó, l. 0.°, p. 97, Lemma. 
1 R. Courant, “ Plateau’s problem and Dirichlets principle,” Annals of Mathematios, 
vol. 38 (1937), pp. 679-724; p. 693. 
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due to thé non-linearity of equations (€), which complicates improvement and 
convergence of minimal sequences, and even makes a modified type of minimal 
sequence seem necessary. 

Use will be made of the Euler equation obtained from B[y| == minimum 
by variation of r(u,v), leaving 6(u,v) and d(u,v) fixed. Writing 


. (6) à= log r, 
we have from (5) 


By [tr] -ff (Ax? -+ Av?) sec? 8 du dv; 


as has been remarked, B.[z] does not involve r(u,v). The Euler equation for 
A(u,v) is then 
; AÀ — 2 tan (Ous + fov) = 0, 


which we write as E(A; 0). 


4. A bounded, analytic minimal sequence. Consider the totality {g} 
of admissible vectors spanning a given Jordan curve T in hyperbolic space. 
Since B[r] = 0, the set of numbers {B[z]} possesses a non-negative greatest 
lower bound, finite because of our assumption that {r} is not empty. Write 


(7) b= g. 1. b. {B[z]}. 


We can pick from {g} an infinite sequence {ga} such that lim B[z,] = b. 

Instead of proceeding to improve this minimal sequence, we construct a 
minimal sequence in approximation to T. Suppose that e > 0, and that M 
is a continuous mapping of C*(O,1) onto T such that there exists an 
admissible vector with boundary values Af. Consider the totality {y: M, e} of 
vectors whose values on C*(O,1) differ from M by less than e. Write 


B(M, ©) = ¢.1.b.{B[x: M, €}. 


Now evidently B(M,«) does not decrease as e decreases. Further, 8(M, «) 
<= Bl[tm], where {m is some admissible vector whose values on C*(O,1) are 
precisely those of Bf. Consequently 8 (M, «) has a limit as e— 0: lim P(A, €) 
— B(M). | 

Now consider the totality {Af} of mappings which carry C*(O,1) con- 
tinuously into F. The set of non-negative numbers {8 (Af)} has a finite, non- 
negative greatest lower bound: 


(8) B —g.1.b.{8(i)}. 


From their definitions, 8 = b. Jt.will follow from the existence proof that 
8 =b. 
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By (8), a sequence {Ma} of mappings can be found such that‘lim B(Mn) 
== 8. If {en} is a null sequence of positive numbers, we can pick a sequence 
{tn} of vectors such that 


1. on C*(O0,1), ta(u,v) differs from Ma by less than en; 
2. lim Bir, | re B. 


Such a sequence {r,} we shall call a minimal sequence for B[g] in approzt- 
mation to T, or briefly, mintmal sequence. The term minimal sequence will 
from now on be used in this sense only. 

Nothing is known about {ga} except “ admissibility ” of its elements and 
the two limit properties above. Our first improvement consists in obtaining 
from this primitive {ya} a minimal sequence of uniformly bounded vectors, 
with {z,(u,v)}, moreover, bounded uniformly away from zero. Geometrically, 
all surfaces defined by the new minimal sequence lie above a plane parallel to 
the (x, y)-plane, and within a sphere whose center is at the origin. 

The continuous, closed curve T lies in the half-space z > 0. It is conse- 
quently completely above a plane z == m and within a sphere z? -+ y?-+ 2’ 
< R*, where R >m >O. The boundary values of a minimal sequence in 
approximation are not necessarily so restricted ; but if we construct the sequence 
with en == m/8n, we shall have on C*(O,1) the inequalities, for all n: 


(9) Zn > Ym/8, 

(10) tn? + yn? + an? < (R + m/8)?. 

From such an {ťn} we shall now construct a new sequence {gn} with the 
properties : 


1. tx 13 an admissible vector; 

2. {tn} ts a minimal sequence, with en = m/8n; 
for all n, and for (u,v) in C(O,1), 

3. 2n(u,v) Z 3m/4; 

4. [ra(u,v)]? =< R + m/4)*. 


Two lemmas € on certain deformations of r, will be used. 


LEMMA 4,1. Det g(t) be a function of class C’ for0 < t < œ such that 


s For these, the author has to thank the referee. The method of bounding originally 
used consisted in cutting off the vectors above by a sphere and below by & plane, and 
then smoothing by averaging over small circles; the radii of these circles, fixed for each 
n, tend to zero with 1/n in a suitable way. 
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(i) *g(t) =t for 0< 1< log (R + m/8); 
(ii) g(t) Slog (R + m/4); 
(iii) OS g(t) S1. 


Suppose y expressed in terms of coérdinates A, 0, $, (cf. (5) and (6)). If tn 
belongs to a minimal sequence with en == m/8n,. the new vector En: Any Ba, dns 
“where Àn = g (àn), coincides with ty on C*(O,1). On 6(0,1), IP S (R 
+ m/8)*. Further, I» is admissible, and B[t,| S Bln]. 

Such a g(t) is readily constructed. By (i) and (10), boundary values are 
unchanged. The spherical upper bound follows from (ii). Continuity of 
g (t) assures admissibility of fn. 

The only part of Bl x, | affected is B,[z,].. Dropping subscripts n for the 
moment, and integrating over C(O,1), we obtain 


B [g] = ff (Au? + Au?) sec? 9 dudv 


= f f [o’(A) 12 (au? + Av?) sec? 6 du do 
= B, [x], 
by (iii). 
LEMMA 4.2. Let h(t) be a function of class O' for 0 < t < œ such that 


(i) A(t) =t for t Z Im/8; 
(ii) A(t) 2 3m/4; 

Gu) OSKE SEL. 
If tna: Ön, Yn, Za 18 the spherically bounded vector of Lemma 4.1, the new 
vector In: Ln = En, Y n == Yn, Zn = h(n) coincides with Ën (and tn) on 
C*(0,1). On 6(0,1), zn Z 38m/4 and g*a S (R +m)? Further, r*, ts 
admissible, and Bl x*.] S Blt.) S Blan]. 

Like g(t) in Lemma 4.1, h(t) is easily constructed. 

By (i) and (9), boundary: values are preserved. By (ii), Zn = 3m/4. 
The spherical bound is seen from the fact that no point on the surface is moved 
up more than 3m/4. Continuity of h’(t) assures admissibility of r*y. 
Dropping subscripts as before, 


B[r*] = ff {2a F Ve? H yu? + yo? + (2)? (eu? + 20") Jo? dudy 
= Br], 


We can evidently get the spherical upper bound (R + m/4)° by taking a 
larger &. 
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We shall now oad this bounded {r*a} by an eae minimal sequence 
which also is bounded above and below. 

The vector r*, is continuous on C(0,1). We can, equal Gail & 88- 
quence of positive numbers ky < 1 such that, defining $a (u, v) = 1”, (knu, kav), 


1. lm kp = 
2. on O*(0, 1), | £*n — ta | < en = m/8n in each codrdinate ; 
3. | B[r*n}| — Blea] | <L En 


This new {rx} is a minimal sequence, differing from the original by less 
than m/8n on O*(0,1). The vector rq is of class C’ on the circle C(O, ky), 
which includes Č (0,1). Therefore on C(O, $(1 -+ ky) ) we can approximate 
uniformly to fx, Tau aNd Yn» by a polynomial vector (again called ga), the error 
being less than e, in each codrdinate, both for the components and for their 
first derivatives.? -It is easily verified, using the uniform boundedness of 
{B[x*,]}, that {z4} is a minimal sequence. On (*(O,1) there is approxi- 
mation within m/2n to the original boundary mapping M,. Everywhere on 
(0,1), and for all n, . 

(i) : Zn > m/2; 


(12) Tn? + Yn + an? < (R + m/2)* < (R +m)? 


We are now in position to apply a selection theorem of Courant’s,’° which 
will give us a minimal sequence of analytic, bounded vectors whose boundary 
values converge uniformly to a mapping of C*(0,1) onto Tr. First we note 
that Bly] is invariant under conformal mapping; this evidently goes through 
precisely as does the invariance of the ordinary Dirichlet integral. Accordingly 
we can construct, by conformal mappings of C(O, 1) into itself, a new minimal 
sequence satisfying a “ three-point condition”: the mapping Aly, to which fa 
approximates, carries three distinct fixed points on C*(O,1) into three distinct 
fixed points on I, independently of n. For all vectors y,, the ordinary Dirichlet 
integral] - 


Dir] = ff (£x? + To") du dv 
C (0,1) 
is uniformly bounded, since 


Dita] < (m/2)-* Blan] < (m/2)? M, 


°” Courant-Hilbert, Methoden der Alathemattschen Physik, Bd. I, Berlin, 1931, p. 57. 
Hereafter this book will be referred to as Courant-Hilbert I, and the second volume 
(Berlin, 1937) as Courant-Hilbert IT. 

10 R. Courant, L. ¢.7, p. 692. 
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M being the uniform upper bound for B[z,|. Hence Courant’s theorem can be 
applied: the boundary values of {gn} are equicontinuous, so we may pick a 
subsequence (again {ta}) converging uniformly on C*(0,1). The. limit 
mapping is continuous, and is monotone in the sense of Radó. We shall even- 
. tually show that it is also reciprocally (1 — 1). | 


5. On solutions of the variational equations (€). Further improve- 
ments will be gained by replacing components of č» by solutions of their. 
variational equations. This replacement is not accomplished for all com- 
ponents of x, simultaneously, but in an alternating procedure: with z, fixed, 
Tn and Yn are replaced by T*n, Y*n satisfying E(2*n3 fn), €(y%n3 Cn) ; then, with 
a*, and y*, fixed, Za is replaced by z*,(== exp ¢*,) satisfying €(€*n 3 2*n, y*n)- 
On O*(0, 1), Ën = Tn, Y n = Yn, Zfn = Zn We shall show in this section 
that these “ Dirichlet problem ” solutions 2*n, Y*n, 2%, exist; are unique; are 
bounded above (excepting z*,) and below, independently of n; are analytic 
in ('(O,1) and analytically extensible outside C(O,1); and decrease the B- 
integral, so that if g*a = T*n, Y*n, 2*,, B[t*n] < Bly], unless g*a = fn. 
Since values on the boundary are unchanged, the new vectors are equicon- 
tinuous there. From the definition of a “ minimal sequence in approximation,” 
B[x*,| = £8, so that {r*,} is also a minimal sequence, whose components satisfy | 
the equations €(2"n; gn), E(y*n; on), E (E"n; o*n, y*n). 

We shall assume, in accordance with $4, that all our data are analytic, 
and shall make no attempt to determine minimum restrictions in the following 
statements. Many are obviously true under weaker hypotheses. 

Noting that €(2;%), €(y;¢) are the same, we may consider just the 
equation E€(2;£): 

Ar — 2 (Euu + Coto) = Î. 


Our problem is: given that ¢ is analytic in O (0,1 -+ e), where « > 0, a func- 
tion «* satisfying E(s*; ¢) is to be found, of class C’ in C(O, 1), continuous 
= on O(O,1), and with pre-assigned analytic boundary values. 

Analyticity of in C(O,1-+ e) assures existence of the Green’s function | 
for E(x; ¢) which vanishes on C*(O,1). Hence existence of a solution 2* 
` follows by the generalized Poisson formula. A non-constant solution of 
E(x;%) can have no maximum or minimum at an interior point? Conse- 
quently, a solution z*, of the boundary value problem for E(x; n) is unique, 


/ 

u D, Hilbert, Grundeilge einer allgemeinen Theorie der Integralgleichungen, Leipzig, 
1912, p. 243. 

+? Courant-Hilbert II, p. 275. 
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and possesses upper and lower bounds which depend only on the boundary 
values—i.e., on T alone, not on n. Thus 2*,, y*, are bounded uniformly. 
We may write E(¢; z, y) in the form 


(13) AL -+ p(t, v)exp(— 2¢) = 0, 


where p(u, v) = 0, being a sum of squares of derivatives of z(u,v), y(u,v), 
and is analytic in C(O,1-+ «)}. Existence of a function £* of class O” satis- ° 
fying (13) and assuming (continuously) prescribed analytic boundary values 
may be proved in various ways. For instance, if one writes £ for the har- 
monic function coinciding on C*(O,1) with ¢*, the function { = 2(¢@ — ¢*) 
must be found so as to satisty 


Ag — we = w (exp (Ẹ) — Ẹ), 


where the analytic function w(u, v) = 0. Bieberbach has proved, in solving 
Az = exp(z}, the convergence of a sequence of successive approxueenons for 
this equation.*® 

The solution is unique; to prove this suppose that ¢,, ¢2 are solutions of 
(13) which coincide on C*(O,1). By the theorem of the mean of differential 
calculus, 


Al, — Al, = — p{exp(— 2¢,) — exp (— 22) } = 2p (tı — &) exp(— 28), 


where £ is analytic and lies between ¢, and Zz The difference g ==, — 2. 
satisfies the equation 
Az —- 2p exp(— 2£)z == 0 


and vanishes on C*(0,1); it consequently vanishes identically.** 

From the totally geodesic minimal surfaces mentioned in § 3, one might 
guess that ¢* would have its minimum on C*(0O,1), but not necessarily its 
maximum. This isso. Writing P for (u,v), Q for (w’,v’), € (P) as before 
for the harmonic function which coincides on C*(O,1) with ¢(P), and 
G(P,@Q) for the non-negative harmonic Green’s function which vanishes on 
A 1), we have *® 


(P) =t (P) + | f GP, Q)p(Q) exp(—2e*(Q)) a0, 


showing that ¢*(P) =¢™(P). Hence the minimum of ¢* is attained on the 
boundary; the maximum may lie in the interior, as is shown by the example 
of the geodesic sphere. Thus the functions {z*,} have a uniform, positive 


42 Courant-Hilbert II, p. 286. 
14 Courant-Hilbert II, p. 275 
18 Courant-Hilbert I, p. 316. 
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lower bouhd: z2*, > m/2, which depends only on T, and not on n. But we 
know no uniform upper bound. 


Each of the equations €(2*; £4), €(y*; En), €(2* 5 t*a, y*n) is of the type 
(14) Aw == f(u, Dy w, Oy, wy), | | 


where f is an analytic function of its five arguments. Two theorems of S. 
' Bernstein ** apply to solutions of such equations. We quote them for our 
special region C(O, 1). 


THEOREM 5.1. If a solution (u,v) of (14) is of class O” in C(O,1), 
at ts analytic in C(O,1). 


THEOREM 5.2. If a solution w(u,v) of (14) is of class O” (and con- 
sequently analytic) in C(O,1), ts continuous on C(O,1), and reduces on 
C*(0,1) to an analytic function of the arc, tt can be continued analytically to 
ihe exterior of O(0,1). 


Thus the functions 2*n, y*,, 2%, are analytic in C (0,1); and since their 
boundary values are analytic, they may be extended analytically throughout a 
circle C(O, 1 + n»), where ya > 0. (In fact, the existence of £*, depends on 
these theorems. ) 

It remains to be shown that replacement of £a, yn, Za by E*n, Y n, 2% does 
not increase the B-integral. To this end, we consider the integral, taken over 


0(0,1), 
Io] = f f Iel o) (out + ot) + lo; u,0)] du do, 


in which ¢, œ, y are analytic functions of their respective arguments, and 
furthermore ¢ = 0, vow = 0. The integral J[w] contains by specialization of $ 
‘and w each of the three problems: to minimize B[y] with respect to one com- 
ponent, leaving the other two unchanged. The variational equations (€) are 
contained in (15), which must be satisfied in C(O,1) by any e minimizing 
Ilo] among functions analytic on C(O, 1): 


(15) (dou) + (gov) »— tho = 0. 


Fixing y and gin Bly], $ = exp(— 2£) and ys = 0, so that we get E(x; 2); 
similarly we obtain €(y;¢). Fixing z and y, with 6 = 1 andy == p: exp(— 2), 
we get (13) or €(£;72,y). 


1¢ Theorem 6,1 may be found, e. g., in S. Bernstein, “Sur la nature analytique des 
solutions des équations aux dérivées partielles du second ordre,” Mathematische 
Annalen, Bd. 59 (1904), pp. 20-76; p. 32. For Theorem 5.2, see S. Bernstein, “ Sur 
la généralisation du problème de Dirichlet. Première Partie,’ Mathematische Annalen, 
Bd. 62 (1906), pp. 253-271; p. 254, 
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Since and Yu» are non-negative, the uniqueness of the solution of (15) 
may be-‘proved exactly as for (13). 
We can now establish 


Lemma 5.1. If w(u,v) satisfies (15), and if &(u,v) is any other 
function analytic on C(O,1) which coincides with w(u,v) on O*(O, 1), 
IES] >o]. 


Write & == w + y, so that y(u, v) vanishes on C*(O,1) and is analytic 
on (0,1). Then 


(16) Ia] Ifo +al— f f (lost +0!) plot 95 u,0)) dudo 
+2 f f bloum oom) dudut ff ont +t) dude, 

By application of Taylor’s theorem, 

(17) yle +a uv) = plo; uv) + Yolo; t 0) + apuulo + O75 4,0), 


where 0 S61, and 8 (u,v) is a continuous function of (u,v). By partial 
integration (Green’s lemma’), which may be extended to the whole of G(0,1), 


(18) fS (oun + dooms) du do—— fF of (gon) + (Goo) dudo 


since 7 == 0 on C*(0,1). Substituting from (17) and (18) into (16), 


I [6] = ff {p (os? + oa?) + p(w; u, v)} du dv 
—2 f f al(deu)e + (dur)o— yolo; u 0)} du do 
+SS ialo + O05 u,v) du dot f f bln? + nt) dude. 


Since (15) holds in C(O,1), I[é]—IJZ[w] + Ply], where P[y] > 0 unless 
n == 0; 1. e., unless ô =m w, 

The claims made for {y*,} have now been justified. Re-naming our 
minimal sequence {y,}, we may evidently repeat the process verbatim, and 
any number of times. 


6. Growth of the Dirichlet integral. We have a minimal sequence 
which, by Courant’s selection theorem, converges uniformly on C*(0O,1). 
Our present goal is to show that after a few repetitions of the replacement 
procedure of § 5, we arrive at a minimal sequence which is uniformly bounded 
(with respect to n), together with its partial derivatives of the first three 


47 Horwitz-Courant, Funktionentheorte, Berlin (1929), p. 450. 
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orders, in° any interior circle C(0,1— R). Ascoli’s theorem will then be 
applied to pick a subsequence converging to a limit vector r of class CO” in 
C'(O,1), and this g will be shown to solve our Plateau problem. 

_. The keys to determining these uniform bounds are (1) a result which is 
implicit in. Morrey’s work on quasi-linear elliptic equations,** and (2) an 
extension of that result, together with methods which are classic in the theory 
" of elliptic equations. Both the theorems mentioned are concerned with the 
“growth ” of the generalized Dirichlet integral 


(19) T(P,p)— f f glu) (ett et) dudy 
under the hypothesis that €(u, v) satisfies 
(20) | (géu)u + (9&0) = 0. 


We include a proof of the first as well as of the second of these two theorems, 
making the assumptions peculiar to our problem. 


THEOREM 6.1. (Morrey). Suppose that g is analytic on C(O,1), and 
that0<m<g< Mt. Suppose further that P eO(0, 1 — E), where R < $ĝ, 
and that 0 <r < E. Then if (u,v) satisfies (20), 


(21) J(P,r) SJ (0,1) (1/B)5, 
where a = a (m, Vt) > 0. 
By (20), there exists a function o(u, v) such that 


(22) Gbu = on, Jv = — Ow. 
C(P,p) ' 


the area of the region Q in the (w, ¢) plane into which O(P, p) is carried. 
If L is the perimeter of O and s = p9 the arc on C*(P, p), 


2r 


L = f (w + £47) * pd ; 


0 


using the isoperimetric inequality A <= L?/4x and Schwarz’s inequality, 
ar 
J (P, p) S (p/2) f (ws? + &,7) pdb. 
0 


1" C. B. Morrey, “ On the solutions of quasi-linear elliptic partial differential equa- 
tions,” Transactions of the American Mathematical Society, vol. 43 (1938), pp. 126-166, 
Theorem 2, p. 138, and Lemma 3, p. 140. 
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Now ° 
ws + é” S (g + 1/9) 9 (éx? +?) S ax ae + &"), 


where a == min(m, 1/9). Hence 
I(P,p) S (p/a) J g(t + tot) 


from which adp/p & dJ/J so that, by integration from p =r" to p = R, d (P,1) 
S J (P, R) (r/B)", from which (21) follows. 

The extension of Morrey’s theorem which we shall need requires that 
g (u,v) = g (P) satisfy a “a Holder condition with constant C and exponent £” 
in C(0,1— R), where now R < 1/4: i.e., if Pi, Po, are any two points in 
C(0,1— B), 
(23) | g (P1) — g (P2) |< C(P:P2)8, 
Č and 8 being positive constants associated with C(O, 1 — B). 

THEOREM 6.2. Suppose that g(P), in addition to possessing the proper- 
ties assumed in Theorem 6. 1, satisfies in C(O, 1 — E) a Hölder condition (23) 
with constant C and exponent B. Then, for E(u, v) satisfying (20), and for 
PeC(0,1— 2B), 

J(P,r) <K(r/R)?, 

where K is determined by C, B, m, Wt, and J(O,1). 

Writing go = g(P) and using (22), we see first that J (P, p) = Ao/go, 
where Ay is the area of the region Q, in the (go, w) plane into which C(P, p) 
is mapped. By the isoperimetric and the Schwarz inequalities, as before, 


(24) T(P, p) S (p/2g0) | (go'te? + oi) pd 
Now ° 


(1/90) (Gof? + we?) = (90/9) 9 (Ea? + E°) 
+ [ (9? a= 90") / 99019 (Eur — bots)? 
< (1+ Eip*) 9 (éu? + 6°), 


where K, = Cm? (m + 29%). The inequality (24) becomes 
J(P,p) < 4p(1 + Kip) dJ/dp. 
Integrating as in Theorem 6.1 from p =r to p = R, 


WP.) < I(P, R) (FEB) (B)? < K(r/R)* 


with K =J (0,1) (1 + K,). 
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7. Uniform bounds and Holder conditions for &, As in § 5, let ta: 
(Ens Yny Zn) be the bounded analytic minimal sequence obtained in § 4, and 
(2¥n, Yn E*n) the solutions of E (£n; fn), E (yas bn), E (En; 24n, y*n) having 
the same boundary values as (Zn, Yn, Gn) respectively. We know of gë, and y*n 
that they are bounded above and below independently of n, but of £*, only that 
they are so bounded below. We shall show, however, that the {{%,} are uni- 
* formly bounded in any interior circle C(O, 1 — E) ; once for all, 0 < F < 1/8: 


1. if PeC(O,1—R#), &*.(P) < A(T, R). 
We shall show further that the {€*,} satisfy a uniform Holder condition: 


2. if P,, Pac C(O, 1— È), 
| 2%, (P1) — tën (P2) | < L(PiPa)", 


where L == L(Y, R) and y ==7(T, R} > 0. 

It is of the greatest importance in the sequel that H, L and y are inde- 
pendent of n. 

With an obvious modification of the notation in (13), we may write 
E(u T n Fn) as AC*, + p*, exp(— 26*,) == 0. We have for ¢*, a Green’s 
function representation : 


(28) E(P) = G(R) + ff OP, 0) pal) exp (—2644(@)) 40. 
C(0,1) 
Now 


(26) G(P,Q) = — (1/2r) log PQ + y(P, Q), 

where y(P, Q) = y(u, v; w, v) is harmonic (in u,v for fixed uw’, v’ and con- 
versely) and regular in C(O,1). Since PeC(0,1— R}, the harmonic 
functions {,) (P) and y(P, Q) are bounded independently of n: 


(27) (aP | < H (T.B); 
(28) | y(P, Q) | < He(R). 
Since {r*,} is a minimal sequence, we have B[rt*„] < M (T), so that 
(29) ff DQ) exp(—26%(Q)) 40 < H). 
C(0,1) 


Further, for Q outside C(P, BR), 
(30) — log PQ < — log R. 


Introduce (26) into (25), and break the integral involving log PQ into 
two parts: one over C (P, R), the other over the rest of C(0,1). Taking 
absolute values and using the inequalities (27)-(30), we obtain 
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(31) | t*a(P) | < Hi — (M/2n) log R + MH, + (1/2n)I4(B); 
where - . 
I(B) —— f f log PQ: p*n(Q) exp (—2e*m(Q) dQ. 
` C(P,R) 


We shall show that I,(R) is also bounded, using the theorems of § 6. 
In terms of polar codrdinates p,0:p= PQ; sinf == (v —v)/PQ, cos ` 
= (u —u)/PQ, and with R > ê >0, we may write 


Ía R =æ ]j Ia R,8 $. 
(£) = lim 1, ( ie 


where 
2r R 
o 8 e i 
Integrating by parts, 
(32) In (R, 8) = I’'n(B,8) + 1%, (2, 8), 
where 
; ` 2T P ; 
(33) I’, (R, 8) == — [log p ff p*n exp(— 2¢*n)rdr d0] a 
0 0 ; 
and ` 


R | 2r Pp 
(34)  I'a(R,3) = f (dp/o) | f ptn exp (—2t"n)rar ao. 
8 0 
Since by (11) i | 
| exp (— ea) = (2*a) > < (m/2)”, 
we have, from the definition of p*r, 


2 f 


(38) f f pre exp(—2eh,)rardo < (m/2)-*{D [at | O(P, p)] 


+ Dly*s | O(P. p) J}; 


where D[x*, | O(P, p)], for instance, is the ordinary Dirichlet integral of r*,, 
taken over O(P, p). The analytic z, which was replaced by z*„ was less than 
(8% +-m) by (12). Consequently, 


(36) D[{2*s | C(P.p)]-+ D[y*s | C(P, p)] 
< (R +m) f f pte exp(— 2) rarae. 


The integral on the right in (86) is the sum of two integrals of the form . 
2 
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J (P, p)—et. (19) ; zën and y*, are solutions of the corresponding variational 
equations of type (20), with g = exp(— 2ta), namely of E(z*n; Ca) and 
E(y*n;f,), respectively. Since 0 < (R + m)? < exp(—2f,) < (m/2)%, 
we have on application of Theorem 6. 1 the inequality 


. (87) mi p*, exp (— 2ta )rdrdð < 2M - (p/R)°, 
o o0 


M being as before the uniform bound for B[z,], and a a positive number 
depending on m and R—-the bounds for [—alone. Combining (35), (36) 
and (37), | 


ae op 
(38) ff p*n exp (—- 2¢*,)rdrdé < H;(T, R) - p*. 


0O 0 
Applying (38) to (33) and to (34), 
I’,(R, 8) < — Hs: (R° log R + ò log 8), 
R 


17, (R, 8) < Ha f pt dp —=.(H,/a) (R* — 8). 


3 
Returning to (32) and letting ô tend to zero, 
(39) I,(R) = lim Jy (R, 8) < HR (— log R -+ ad 


With (39) we can complete (31), which we write briefly as 
(40) | ¢*.(P) | < H = H (T, B), 
for any point P in C (0, 1— R). 

We now proceed to prove the second assertion of this section: the {¢*n} 
satisfy a uniform Holder condition in C(O,1— R). Let P,, Pa be any two 
points in C(O,1— E). By (25) and (26), l 


(41) Ea (Pa) — tn (Pa) = ba (Pa) — fu" (Ps) 
+ (1/2) f f tog (Ps0/P.0}* p*a(Q) exp(—2e%s(Q))d0 


C (0,1) 


{y (Pi Q) — y (Pa, Q) }p*n(Q) exp (— 28%n(@) ) dQ. 


C (0,1) 


Since £ ™ (u,v) and y(u, v; w, v) are harmonic n of u and v, they 
satisfy Lipschitz conditions ** in C (0, 1 — B): 


1 O, D. Kellogg, Foundations of Potential Theory, Berlin, 1929, p. 227. 
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(42) CNPJ ta (Ps) AARP, 
and, for every Q in C{0,1), 
(43) | y(Pi, Q) — 7 (P;, Q) | LA (PiP2), 


where L, = L, (T, E), La == La(R). As in (31), we consider absolute values 
in (41); (42) and (48) yield the inequality j 


(44) | f*n(Pi) — éa (Pe) | < (L1 + ML) (PiP) 
+ (1/2) | f f 10g{P:0/P:0) - p(Q) ep (— 2t" (Q) 


C(0,1) 
Writing y = / P2P,Q and using the cosine law, 


(45) log{P.Q/P.Q} = $ log{1 + (PiPa/P:Q)?—2(P:Pa/P:Q)cos y). 


For Q outside C (P1, VPiP2), the argument of the logarithm on the right in 
(45) is greater than 1 + (P,P./2)*— PPa, and at most equal to 1 + PP- 
+2VP;P2. Using the elementary inequality, good for |s| <a< 1, 


|log(1 + #)| < |log(1—a)| a |2], 


we conclude that a constant L, exists so that for P,Q > V P,P. with PiP: 
sufficiently small 

(46) | log{P20/P10} | < L; V PiP. 

Consequently that portion of the integral in (44) which is taken over C(O, 1) 
— 0 (Pı, V P,P.) is bounded by MLV P,P. As to the rest of the integral, 











ay) ff log{ P2Q/P1Q } p*n (Q) exp (— 2t%s(@))40 | 
C(PLVP4Ps) 
< ff logP.@ p*,n(Q)exp(— 2l*,(Q)) dQ | 
O(P, V PaPa) 
aT ff log P-Q - p*n(Q)exp(— 2£*,,(Q) dQ | : 
C (Pa 2V PaPa) 


To bound the two integrals on the right, we note that the proof of (39) 
establishes the fact that 


(48) In(p) < Hs(T, B)p*(— log p + 1/a) 
for any p< R. Since — p“ log p < Ls (a)p%”, we may write 
(49) In(p) < Hs(L4 + 1/0) p%/? = L (T, B) p%”. 
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We now apply (49) ta (47), choosing appropriate polar codrdinates, and get 
(50) |J J 1og(P.0/P.}p%x(Q)exp(—2e%»(Q)) dQ | < La(T, R) (P.Ps)*" 
C(P1,VP;P2) 
Returning ta (44) with inequalities (48) and (50) , We obtain 
(51) | E*n (Pi) — Cn (P2) | < L(PiP2)?, 


where L — L(T, R) and y==¢/4—7(T), if Pi, Ps are any two points of 
, C(O, 1—#). 


As usual, we re-name our minimal sequence {en}. 
8. An {z»} with uniformly bounded first derivatives. We replace the 
{£a} of §7 by a new {r*,}, as described in § 5. The Green’s function repre- 


sentation (25) now holds for the new ¢*. Differentiation of (26) with respect 
te u leads to the inequality l 


(52) | Gu(P, Q) | < (PQ)= + | yw (P,Q) |. 


Since (*,, p*, and y are analytic in a circle which contains (0,1), (52) 
assures the equality 


(88) E(P) =i (P) + f f OCP, Q)e%(Q)esp(— 20%4(0) 40. 


C (0,1) 
Suppose that P «C (0,1 — 2R). By (42) and (43), 
(54) | Emu (P) | < Ls, 
- (55) | Yu (P, Q) | < Le. 


Taking absolute values in (53) and using (52), (54) and (55): 


(58) |En (P) | < Li + Mla f f (PQ) *vta(Q)exp(—2%a(0)) 40. 


C(0,1) 
Integrating over C (0, 1) — C (P, E), we obtain 


(57) f f (P0O0 erp (— 2t") dQ < M/R. 
We must now deal with | 


(58) In(R) = f| f (PQ)*p*(Q) exp (~ 2t" (Q) )4Q. 
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Integrating by parts in terms-of polar codrdinates p, 0 at P, from p= ô to 
p = R, we have, as in (82), 


(59) Ja (E, 8) = Jn (B, 8) + In (BR, 8), 
where 
2w p i 
(60) J'n (Ht, 8) = [p> ff p*, exp (— 2¢*,) rdrdé] ae 
Q 
and ° 


R j tr p 
(61) J” a(R, 8) = f p"dp- f f p*, exp (— 26*,, )rdrdé, 
l ô 0 D 


Following the developments of (35)-(37), we must use somewhat different 
bounds for our present a, which is that obtained in § 7: we have 


2r p 3r p 
(62) ff p*, exp (— 2f*,)rdrd6 < (m/2)* ff p*, rdrdé, 
o o 0 Q 


and by (40) 


2r p 


2y 
(63) i p*, rdrdé < exp (2H) ff p*, exp(— 2f,) rdrdé 
O ù 9 0 : 


The present {, satisfies the Hölder condition (51) in C (0, 1—28), so that 
exp(— 2n) also satisfies a uniform Holder condition. Since equations 
E(£*n; fn) and E(y*n; fn) hold, Theorem 6.2 can be applied: 


2r p 
(64) ff p*, exp(— 2f,)rdrdé < K (p/R)’, 
Q 0 
K(T, R) being independent of n. (62), (63) and (64) yield the inequality 
2r p 
(65) SS P*a exp (— 20%) rdrdé < F(T, R)p’”. 
o o 


Returning with (65) to (60) and (61), and letting è —>» 0 in (59), we obtain 
(66) Jal R) < 2RF. 
Returning to (56), we find that 


(67) | "xu (P) | < F(T, B), 
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where F(T, R) = Lı + ML. + 2RF,. The same bound holds for-the deriva- 
tive with respect to v. 
We note further that for Pe C(O, 1 — 2B) 


(68) | | &*a (P) | < F(T, B). 


The proof of (68) differs from that of (40) in only one particular: it cannot be 
` said of the present ¿n that, whatever Pe C(O,1), exp(2in(P)) < (R +m)’; 
this was used in (36). But by (40)—the ¢", there being what are now 
written {n,—exp(2én(P)) < exp(2H) for all PeC(O,1—f). Accordingly 
we represent ¢*,(P) in terms of the Green’s-function Gr(P, Q) which vanishes 
on O*(0,1—) ; thus modified, the reasoning of (25)-(40) leads to (68). 

Again we re-name our minimal sequence {r,}. The next step is to bound 
the first derivatives of 2, and Ya. We replace the zr, just obtained by the 
vector zën derived from ta by §5. If Ger(P, Q) is the harmonic Green’s 
function which vanishes on C*(O,1—2R), we have, for PeC(O,1—2R), 
the representation | 
(69) at (P) =m (P)—2 | f Gen(P, Q)9%9() 40: 

C(0,1-2R) 


in (69), t,™ is the harmonic function coinciding with sa on C*(0, 1 — 2E), 
and . 
(70) qën == fnul nu + Enot no. 


In (69), we may differentiate under the integral sign : 


(1) %na(P) = anal (P) —2 | f Ca(PO) Jug" (Q) 40. 


C(0,1-2R) 


Let us suppose that P e C (0, 1 — 3R). Then the inequalities 


(72) | eu (P) | < 14, (¥, B), 
and 
(73) | [vaz (P, Q)]s | < L’: (T, B) 


follow precisely as do (54) and (65). By Schwarz’s inequality, we obtain on 
integrating over C(O, 1—28), 


(v4) ff (PQ) | 2% (Q) | 40 | 
SLS S POH n)a | S (PQ) (atau? + atn) 


The bound for derivatives of £, (67) now gives 
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D ff POE + Cn) dQ < 2e(1— 28) 
C(OA-2R) 

By (68), | & | < H’ throughout C(0,1—2R). Thus the second integral on 

the right in the inequality (74) is bounded by 


exp(2H') J J (PQ) (etna! + 2% m*)exp(—2n) dQ. 


That part which is taken over C (P, E), PeC(O,1—8R), can be bounded by 
the procedure used in (58)-(66) ; while for the rest of the integral, PQ > R. 
Combining these results, we obtain 


(76) SJ (PQ) (O"nu F tn) dQ < exp (2H") (RE + M/R}, 
C(0,1-2R) 

F’, being a constant analogous to F, in (66). Applying the inequalities (72)- 

(7G) to equation (71), we get 


(77) | One (P) | < F(T, B) 


for Pe (0, 1— 38). 

It is now readily seen that the new E*n, and its first derivatives are bounded 
uniformly in C(O,1— 32). We have only to represent ¢*,(P) in terms of 
the harmonic Green’s function Gsr(P, Q) which vanishes on C*(O,1— 38), 
and to use the boundedness of p*,»(P) in C(O,1— 8B). 

Re-naming once more, the new {ga} is bounded with its derivatives of 


~~ first order in the circle C (O,1— 3B). 


9. Bounds for higher derivatives. Each of the functions Ln (U,V), 
yn(u,v), E(u, v) satisfies, in C(O,1), an elliptic equation of the form 


(78) Ag = q (u, v), 


where q(u,v) is a quadratic function of certain first derivatives which are 
bounded, independently of n, in any circle interior to C(O,1). For a solution 
é of (78) with |q| bounded in, say, C(O,1—R), a theorem of Dini’s °° 
states that éu, & satisfy a Holder condition in C(O,1— 2A). In terms of our 
minimal sequence, the first derivatives of £a, y» and ¿n satisfy a Holder con- 
dition in any interior circle; the constant and the exponent do not depend on n. 


2 UJ. Dini, “ Sur la methode des approximations successives pour les équations aux 
dérivées partielles du deuxieme ordre,” Acta Mathematica, vol. 25 (1902), pp. 185-230; 
p. 202. 
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Since “g(u, v) is merely some quadratic combination of partial derivatives 
which satisfy Holder conditions, it also satisfies a Holder condition 

Let PeC(0O,1— 28), and let Ger(P, Q) = Gar(u, v; w, v) be the har- 
monic Green’s function vanishing on C*(O,1— 2R); if £™ is the harmonic 
function coinciding with é on C*(0,1—2R), and if we write 
we have 


(19) tau(P) = bes (P) — (1/2) & f f tog PQ (0) 40 


+a J J vP oa, 


the integrals being taken over C(O,1— 2R). 
The first and third terms on the right in (79) are bounded, by familiar 
reasoning. If the limit below exists ** 


(90) 2 ff og Po aag =i f È tog PQ- a(Q) ae 


C(O,1-2R) C¥(P,3) 


+ f f Ze og PO 9(Q)40) 


C(O,1-2R}-C(P,2) 
Now 


(81) lim fz log PQ: 4q(Q) dv’ == rq (P); 
so / ĝu 
C*(P,3) 


while in terms of polar codrdinates (r, 6) at P 
(82) f [Ap og PQ-9(Q)d0 = f f 1 cos 26[4(@) — Pag 
+ f f 1? cos 20g (P) dQ. 


Since for P, QeC(0,1—2R), | q(Q) —q(P)| < L'r, we can bound the 
integrals in (82): 





(88) (1/2) f fE log PO- 4(Q)4Q <L'y3(1— 28)" 
C(0,1-2R) 
+ max | q | (log 2 — log R). 


Applying (81) and (83) to (80), and then going back to (79), we obtain 
(84) | éus(P) | < L”, 


"1 Courant-Hilbert I, p. 317. 
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where L” is, for our minimal sequence, independent of n: the second derivatives 
Of £n, Yn, Ce are uniformly bounded in C (0, 1—3R). 
Since €(f43 Tn, Yn) holds, 


~ On . OG Za 

(85) a (T) e Be SB, 
where ® involves derivatives of at most the second order, and is bounded by , 
(84) in any interior. Dini’s theorem can be applied: the second derivatives 
of ¢, satisfy a Holder condition in any interior, with the constant and the 
exponent independent of n. But we cannot immediately draw the same con- 
clusion for the second derivatives of z, and y,: they satisfy equations which 
involve, not the derivatives of ¢,, but those of the preceding n, of whose second 
derivatives nothing is known. The difficulty is easily overcome: we apply once 
more the replacement procedure of 85. Al that has so far been obtained 
carries over to the new {r,}; we are able in addition to show that all second 
derivatives satisfy a Holder condition. By applying the bounding procedure 
of this section to (85), it is seen that the third derivatives are uniformly 
bounded. 

The construction of a minimal sequence with bounded third derivatives 
practically completes the analytical preparation for convergence. However, in 
order to assure continuity of the limit vector on the closed circle C(O, 1), 
we shall soon want to know * that D[z,] and D[y,], the ordinary Dirichlet 
integrals of x and yn taken over C (0,1), are uniformly bounded. This will 
be so if z is bounded above, uniformly in n, on €(O,1). It will be recalled 
that this property of z,, obtained by Lemma 4.2, was lost when the replace- 
ment procedure of § 6 was used; we shall get it back, while retaining the gains 
already made. ) 

To bound z, above, we may make use of either the spherical bounding 
device of Lemma 4. 2, or the fact that a solution of equation €(A*; @) attains its 
maximum and its minimum on the boundary. In either case, we must first trans- 
form to spherical codrdinates (4), then replace Àn = $log(z.? + Yn? + 2,7) 
by a function known to be bounded, and finally return to Cartesian codrdinates ; 
and we must end up, as we started, with a minimal sequence whose third 
derivatives are uniformly bounded in any closed interior. The Jacobian of (4), 


d(x, Y, 2) 
(207 a(r, 8, $) 


== 7? gin 6, 


is zero only on the z-axis (0 = 0). Inspection of the hyperbolic Dirichlet 


23 In order to apply Lebesgue’s selection theorem in the concluding section. 
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integral B[y] and the equations (E) shows that our Plateau problem is 
unchanged by translation parallel to the plane z == 0. We may, hence, suppose 
T, and consequently each of the surfaces defined by {y,}, to be in the half-plane 
z > a> 0, so that for the corresponding component functions (an, Yn, Zn) and 
(Tr, On, gn); 
(87) 
" everywhere in (0,1). 
Consider a partial derivative of order k of one of the functions r(u, v), 
6(u,v), or (u,v). It is a fraction whose numerator is a polynomial in 
derivatives of orders =k of z(u,v), y(u, v), z(u,v); 2(7,6,¢), y(7, 9,6), 
z(r,6,); and whose denominator is the k-th power of the Jacobian. In an 


0 (En, Yn, Zn) 
I (Ta Öns dn) 








>a > 0 


interior circle C(O, 1 — E), the derivatives of tn, Yn, Zn With respect to u and v - 


are bounded, independently of n. By differentiating (4), it is seen that the 
derivatives of v, y and z with respect to r, 6 and ¢ are bounded if r is bounded: 
but in C(0, 1— B), the functions x,(u,v), Yn(u, V), 2n(u,v) are bounded 
uniformly, so the same is true of (u,v). Combining these remarks with 
(87), we can say that the partial derivatives of r, (u, v), Ba (u, v), Pa (u, v) are 
bounded, independently of n, in any interior circle. 

We may now replace A, == log Ta by A*,, the function which coincides 
with A, on C*(O,1) and satisfies €(A*, 3.) in C(O,1). From the form of 
€(A; 6) it is evident that A*, assumes its extreme values on C*(0, 1), so that 
the new r*, is uniformly bounded. Further, A*, decreases B[r]. Finally, it 
satisfies a linear elliptic equation whose coefficients have bounded second 
derivatives, so that A*, (u,v) has bounded third derivatives: this follows from 
a theorem of E. Hopf.” 

The Jacobian of the inverse pase eaten being the reciprocal of (86), 
is now uniformly bounded away from zero on Ē(0,1). Hence the new 
En(u,v): f 

1. is uniformly bounded on C(O,1) ; 

2. has uniformly bounded partial derivatives of the first three orders on 


any interior circle. 


Finally, we replace tn, ya by 2*n, Y*n satisfying €(2%n5 fn), E(y*n3 fn), 
and once more re-name, Properties 1 and 2 above persist. 


10. The final minimal sequence, and its convergence. Choose an infinite 


33 E. Hopf, “ Uber den funktionalen, insbesondere den analytischen Charakter der 
Lösungen elliptischer Differentialgleichungen zweiter Ordnung,” Mathematische Zeit- 
sohrift, Bd. 34 (1932), pp. 194-233; Satz 3, p. 210. 


sy 
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sequence {f;} of positive radii increasing to unity. In each of the goncentric 
interior circles O (0, Ry) our £n is bounded, together with all its derivatives of 
the first three orders, by a bound which does not depend on n. Consequently 
the codrdinate functions and their derivatives of the first two orders satisfy 
the conditions of Ascoli’s theorem *4 in each C(O, Rx). 

We accordingly pick from {gn} a subsequence for which the z,’s converge 
uniformly in C(O, #,) ; from this subsequence we pick one for which the y,’s . 
converge uniformly in C(O, #,) ; proceeding in regular succession, we obtain 
a subsequence {tn} of {ta} whose codrdinate functions converge uniformly, 
together with their derivatives of first and second orders, in O (0, Ri). From 
{tn} we pick in the same fashion a subsequence {gn} which converges 
uniformly, with its derivatives of first two orders, in C(O, #2). Repeating for 
successive Fy, we obtain a sequence of successive subsequences {{rn‘*)}} such 
that {ta} converges uniformly with its first and second order derivatives in 
C(O, Ry). Hence the diagonal sequence {ga }—which we designate by {t:}— 
is a minimal sequence which converges uniformly, together with its derivatives 
of first and second orders, in any closed region interior to C(O, 1). 

At any point of C(0,1), the limit vector x(u,v) is continuous and 
possesses continuous derivatives of first and second orders which are limits of 
the corresponding derivatives of ty. By § 4, {rx} converges uniformly on 
C*(O,1) to a continuous mapping of O*(0,1) onto T. But we cannot 
immediately conclude that y(u,v) satisfies the requirements of § 2: y(u, v) 
is not obviously continuous on C(O,1). 

We shall base our proof of the continuity of gy(u,v) in approach to 
C*(0O,1) on two lemmas; the first of these enables us to infer that y satisfies 
equations (E€) in C(0,1). 


Lexa 10.1. If x ts the limit vector just obtained, and tf y 
(i) «is of class C’ on C(O,R), R <1; 


(ii) coincides with g on C*(O, R); 
then 
Biz’ | C(O, R)] = Bg | C(O, B)}. 


(In the following proof, all B- and D- integrals over C(O,R) will be 
indicated as above; if the region is not specified, it is ((O,1)). 
Suppose that x’ is as described, and that a positive a exists such that 


(88) B[x’ | C(O, R)] < Biz | 0(0, R)] — a. 


#4 Courant-Hilbert I, p. 49. 
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If (88) ig possible, we shall construct a new minimal sequence {r”,} such that 


lim B [tn] <p 
which is absurd. First we define a sequence {y'a}: 


§ %n = fy outside C(O, R); 


(89) l čan — Y + an inside C(O, R); 


where 3, is the vector, harmonic in C(O, R), which equals ta—v» on 
C™(O,&). Since ga and its first derivatives converge uniformly on C* (0, R) 
to y and its first derivatives, 3, and its tangential derivative converge uniformly 
to zero on C*(O,#). Further, 


| an | Ker 0 
everywhere in C(O, R). Thus 
BIr» | C(O, B)] — Ble’ + an | (0, R)] 
< S S EEA 2 (ebm + Keno) + ams? + ane?) (8 — en) “Pd 


C(0,R) 
whence, m’ being a (positive) lower bound of z (u,v), 
(90) Birn |C(0, R)] < (1 +m) {B[e’ | C(O, B)] 
+ 2(m’)*(D[e’ | C(O, B)] -Dian | C(O, R)})* + (m’)*D[an | C(O, R)]} 


by the Schwarz inequality; here ya —> 0 with en. 
The harmonic vector function g,(u, v) has a (vectorial) Fourier expansion 
of the form 


an = Ono + 5 (Qu CO8 kO + Dag sin k6)r*, 
whence j | 
(91) Dlx | C(O, R)] = È k (ana + Bian) R” 
By Parseval’s identity, 


(92) f (2 2) dm È ° (0na + bna) R, 


Comparison of (91) and (92) yields 


an 


MAC OAE Sya; 


0 
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since the tangential derivative of 3, on C*(O, R) converges uniformly to zero, 


lim D[3» | C(O, R)] = 0. 
Returning to (90), 


lim Bl’. | (0, R)] £ Bly | C(0,R)], 
so that by (88) and (89) 


lim Bfn] S 8—4, a> 0. 


This is not quite the contradiction we seek: r’, is not necessarily an admissible 
vector, since its derivatives may be discontinuous on C*(0, R). Well known 
methods permit the replacement of x’, by a “smooth” vector gn: we may, 
e. g., define 


sa (P) — (1/nant) | f aO) 
CP an) 
where {æn} is a suitably chosen sequence with zero limit; {r’,} is a minimal 
sequence such that lim B[r’.] <= 8 — a, whereas, from the definition of £, 
lim B[x’s] = £. 

The vector z(u, v) is of class C” and minimizes B[y | C(O,R)]. By the 
classical results of the calculus of variations, r(1, v) satisfies equations (€) 
in C(O, R}, and hence in C (0,1). 

Since y is continuous in C (0,1) and on O*(0,1), we need only show 
that it is continuous in radial approach to the boundary, uniformly for all 
radii. We shall need 


Lemata 10.2. If f(r.¢) is of class Œ on (0,1): 0OSrS1 
0S 6 < 2r; and Ff 


wth 
Aslf(rs¥)] = (12h) f f(r) a9, 
then, for 0 <8 < $ and with k = (2 log gyi 
(93) | AaLf(1, yX] — Aalf(1—38, ¥) 1 | < & (DLf]/2h) 888, 
We first observe that 


aptas) = fE ar, 
i 1-3 


whence 
vA 


i} e) — i — à $) do = f fit drag, 


y-h 1-8 
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or 
yh 1 
AF y)1— ali —8,y)] — (12h) ff E arag. 
By Schwarz’s inequality, ae 
wth 1 l wth 1 : 
| At) Aaa Is a2) f S rarae: f S (GE) rara 
y-h 1-3 Wh 148 


which gives (93). 


Now form As[An], where as usual An = $ log (an? + Yn? + 2n7). Since 
An—> A uniformly in any closed interior and on 0*(0,1), Aa[An] —> AalA] 
uniformly on such sets. Using (93) and the fact that D[An] < B[tn] < M, 


| As[an(1,¥)] —Aaldn(1— 8, 9) ] | < k (dH /2h) 8, 
Keeping A and 8 fixed and letting n — œ, 
| ATA (L, 4) ] — 4a[A(1— 8, 9) ] | < (26/21) 188 


so that As[A] is continuous in aprons to C*(O,1), and consequently is 
continuous on C(O, 1). 

From Lemma 10. 1 we know that €(A; 6) holds for x, throughout C(O, 1). 
Integrating both members of €(A; 6) and applying the theorem of the mean 
of integral calculus, we find that As[A] satisfies an equation of the form 


Az + a(u,v) Zu + b (u, v) 2. = 0; 


the (continuous) solution z = As[A], in any closed subregion of Č(O, 1), 
assumes its maximum and its minimum values on the boundary (§ 5), so that 
it is monotone in the sense of Lebesgue. According to a fundamental theorem 
of Lebesgue,” a sequence of continuous monotone functions contains a uni- 
formly convergent subsequence, provided only that the functions converge 
uniformly on the boundary, and that their Dirichlet integrals be uniformly 
bounded. Choose a sequence of positive numbers hi —> 0; then the sequence of 
averages formed with {hy} converges uniformly on C*(O,1); each average is, 
as stated above, monotone and continuous on C(O,1); the Dirichlet integrals 
of the averages are uniformly bounded.?* By Lebesgue’s theorem, there is a 


38 H, Lebesgue, “ Sur le principe de Dirichlet,” Rendiconti del Otroolo M atematioo di 
Palermo, vol. 24 (1907), pp. 371-402; p. 386. 

2° C. B. Morrey, “A class of representations of manifolds, Part I,” American Journal 
of Mathematics, vol. 55 (1933), pp. 683-707; p. 687. 
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subsequence {hj} such that Ar, [A] >A uniformly on C(O,1). Tt follows 
that A(u, v) is continuous on C(0,1). | 

By § 9, the sequences {zn} and {yn} also satisfy the conditions of 
Lebesgue’s theorem. We conclude that their limits z(u,v) and y(u,v) are 
continuous on C'(O,1) ; so also is z(u, v), from the continuity of A(u, v). 

We conclude that B[r] = 8. For, by the preceding discussion, x(u, v) 
is one of the vectors in competition in the minimum problem: hence B[r] = 8. ` 
On the other hand (lower semi-continuity of B[r]),2" B[z] = lim B[tn] = £. 
Hence B[y] == 8. Since (u,v) is an admissible vector spanning T, and since 
for such an z(u,v) B[r] =b, and since further b S £, Bly] = 8 =b; so 
that the vector y(u, v) actually solves the minimum problem of § 3; and, con- 
sequently, the Plateau problem in hyperbolic space. 

We may finally show that the limit mapping of C*(O,1) onto T is not 
only continuous and monotone, but also (1— 1); the proof which follows is 
exactly like Courant’s for the Euclidean problem.*® 

Suppose that over a whole are c on C*¥(O,1), g has the constant value to. 
We map ((0,1) conformally onto one of its semicircles, C’, so that c goes into 
the bounding diameter of ©’. As was remarked in § 3, the B-integral of the 
new vector r’, taken over the semi-circle C”, is the same as that of r, taken 
over ((O,1). If in the complementary semicircle ©” we define y’ = Yo, 


B[¥] = Br] =b. 


Now y certainly is not a solution of (€) corresponding to its boundary 
values on C*(O,1). But, as a special case of our existence proof, we are able 
to solve the system (€) with the new boundary values, and the solution must 
have a B-integral smaller than that of z’; which contradicts the definition of b. 


THE UNIVERSITY OF CALIFORNIA, BERKELEY, 
Iowa STATE COLLEGE, AMES. 


27 R. Courant, L. ¢.7, p. 692 
1: R, Courant, l. ¢.7, p. 696. 


SPHERICAL THEOREMS OF HELLY TYPE AND CONGRUENCE 
| INDICES OF SPHERICAL CAPS.* 1 


By Cus. Y. ROBINSON. , 


ł 


A metric space M has congruence order k [5], with respect to a class {S} 
of semimetric spaces if congruent imbeddability of any member 8S, of {S} 
into M is implied by congruent imbeddability of each k points of S, into M. 
The type of congruence order problem dealt with in this paper is: given the 
space M and the class {S} find the smallest integer k for which M bas con- 
gruence order & with respect to {89}. Of particular interest is the case when ` 
{9} is the class of all subsets of a space containing M congruently. For 
example, one may seek the congruence order of the p-sphere ? of #, with respect 
to subsets of Æ». In spaces which, like the Hs, possess, for each given pair of 
isometric subsets, a self-isometry carrying one into the other, the idea “ B is 
congruently imbeddable in 4” is equivalent to the simpler idea “A will cover 
B.” Hence, the problem of the p-sphere can be stated: what is the smallest 
integer / such that if each k points of a subset Sy of En can be covered by a 
p-sphere, it follows that So can be so covered? Now, since in any semimetric 
space a subset So is contained in a p-sphere if and only if the p-spheres with 
centers in So intersect (any point of the intersection is the center of a p-sphere 
containing S,), the problem may be stated in the alternate intersectional form: 
find the smallest integer k such that intersection of each Æ members of any 
family of p-spheres of Fa implies intersection of all the spheres of the family. — 
The answer to this problem is given directly by an application of the following 
elegant theorem due to E. Helly [1]: If each n+ 1 members of a family of 
bounded, closed, convex subsets of En wtersect, there ts a point common to all 
the sets. Applying the theorem to the family of p-spheres with center in So, 
we see that if each n + 1 spheres intersect, then all intersect and hence Jy can 
be covered by a p-sphere. We have proved as corollary to the Helly theorem 
that the p-sphere of Hy has congruence order n + 1 with respect to subsets of Ea.. 

The p-sphere thus provides an interesting link between the concept of 


* Received March 3, 1941; Revised August 4, 1941. 

1 Presented to the American Mathematical Society, December, 1940. This paper is 
a part of a dissertation for the Ph. D. degree, University of Missouri, 1940, and was 
written under the direction of L. M. Blumenthal. 

* The solid sphere of #H, with radius p. In any semimetric space the p-sphere with 
center p is the set of points œw of the space such that pa Sp. 


260 


SPHERICAL THEOREMS OF HELLY TYPE. 261 


congruence order and the Helly theorem in En. The problems of the congruence 
order of the hemisphere and of small spherical caps (p-spheres of the spherical 
surface) led L. M. Blumenthal to pose the question: for what integer k does 
the intersection of each & members of a family of convex subsets of the n- 
dimensional sphere imply the existence of a common point? In section 1 of 
the present paper three answers to this question are given corresponding to 
restrictions on: (1) a single member of the family, (2) the size of the family, 
and (3) the diameters of all the sets of the family. These spherical analogues 
of the Helly theorem have as corollaries the congruence orders of small spherical 
caps. A necessary lemma to the proof of Theorem 2, which restricts the size 
of the family, is the proof of the theorem for a family of hemispheres, first 
found by E. Steinitz [2]. The author gives a geometric proof of this result 
obtained independently of the Steinitz paper, in which the problem is treated 
algebraically. 

In section 2 a study is made of the congruence orders of small caps with 
respect to semimetric spaces and one cap is found to display a new congruence 
order property. 


Section 1. Spherical Theorems of Helly Type. 


In the following the n-dimensional spherical surface, | æ | = r of En, will 
n+1 

be denoted by a,r? If a half-Fy., P(x) = > artı — c = 0, intersects the 
izi 


Sar, the product is called a spherical cap and P(x) = 0 the base plane of the 
cap. If P(o) < 0 the cap is small, and if P(o) == 0 it is a hemisphere of the 
Snr. A set of hemispheres of Sn,» is called dependent or independent according 
as the rank of the matrix of base plane coefficients is less than or equal to the 
number of hemispheres. Clearly if any lower dimensional plane through the 
origin lies in the half-space of a hemisphere of the S,,,, it must lie in the base 
plane. Hence if the rank of the base plane matrix of a set of hemispheres of- 
Snr is k, the set of half-spaces contains a plane of dimension n + 1—é and 
no higher, and the hemispheres hence contain an Sa-x,r but not an Sni-x,r. 
Any product of hemispheres of S,,, will be termed a conver * subset of the Sn,r 
including the diametral point-pair Jo-. 


* The terms “sphere” and “S, ,” are interchangeable. 

t A more usual definition of convex subset of the sphere is: A closed set A is convex 
if when p,qeA and pg < rr, the minor are pq is contained in 4, and if pg = rr one 
semi-great-circle pq is contained in A. Al sets convex by this definition are convex by 
the first definition except the whole sphere, while all sets convex by the first are convex 
in this sense except the diametral point pair 8, p The theorems which follow can be 
-stated with only slight modification using this latter definition. 


3 
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LEMMA la. A convex subset of the Sa, which contains no diametral point- 
pair is contained in a small cap. 


Proof. Since the product of the family of all hemispheres containing the 
given convex set contains no diametral point-pair, there are n +- 1 independent 
hemispheres of this family defined by half-spaces Di: Pi(x) = 0 whose base 


+i 
` planes have z = 0 as their sole common point. The function P(r) == >) Py(z) 
4=1 


is thus everywhere positive over the product T of these hemispheres and hence 
takes on a positive minimum m in T. The function Q(z) == P(x) —m is 
non-negative in F while Q(o) ——-m is negative. Hence Q(x) 20 is a 
half-space defining a small cap containing T and thus the given set. 


Lemma 1b." If each n-+-1 members of a famly.of hemispheres of 
the Sur have a point in common with the product of n+ 1 fived independent 
hemispheres of the Ka r, then all the hemispheres have a common point. 


Proof. Let D be the product of the half-spaces of the fixed independent 
- hemispheres, let T == D: S, let x be the base plane and Q(x) = 0 the half- 
space of a small cap containing T (Lemma la), and let Hi be the hemi- 
spheres of the family with half-spaces D,;. Consider now the family of 
subsets O; =m: D+ D; of m. These are closed, convex and bounded (| æ | =r, 
weC,), and any n + 1 of them Cn, Cin’ - -, Cing intersect. For there is, by 
hypothesis, a point p of Hi: Ai: + + Aa: T == Di: Di: + Di: D: Sar, 
and since the origin o and the set T are on opposite sides of r, the ray op cuts r 
in a point p’ between o and p. Since the sets D, and D are convex, p’ belongs 
to each of them and hence to Ciy Cin’ © °, and Cin We have shown that each 
n -+ 1 of the sets O, intersect. By the Helly theorem it follows that there 
is a point g of m common to them all. The point q of the Sa,- on the ray og 
is common to all the hemispheres H4. 


Lemma ic. If each n-+1 T k members of a famiy of hemispheres of 
Sa r have a point in common with the intersection of a fixed set of n+ 1— k 
independent hemispheres (k ==0,1,; -n4 1), then all the hemispheres 
have a poini in common. 


Proof. Let Hı, Hz ++, Hais-x be the fixed independent set of hemi- 
spheres. The previous lemma proves the case k= 0, the anchor for the 
following induction. We suppose the lemma true for k— 1, k — 2, :,0, ’ 


5 As well ns simplifying the fo.mer proofs, this lemma, suggested by A. N. Milgram, 
brings out the algebraic nature of the spherical Helly theorems. 
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(k > 0) and prove it true for k. Enlarge the set Hy, Ha © +, Hn» to make 
as large an independent set of hemispheres as possible, say Hi, Hot ++, Hna-r, 
rk. If r= k then every hemisphere is dependent on the given fixed set, 
and their intersection (an Sz-ı,r) is common to all the hemispheres. If, how- 
ever, T < k, any n+ 1-+r other hemispheres have a point in common with 
Hy: Hat © + Anwar. For, by hypothesis, any 2n + 2 hemispheres containing 
the fixed set intersect. By our inductive assumption it follows that all the ` 
hemispheres intersect. 


The above lemma is interesting when translated into a theorem on 
inequalities. l 


THHoreM 1. Jf each n4- k 4-2 members of a family of convex subsets 
of the Sy, intersect, and if one member contains no Spr, OS k Sn, then 
there is a point common to all the sets of the family. 


Proof. Let {A} be the given family of sets and {H} the family of all 
hemispheres containing sets of {A}. If Ao is the set containing no Sx,r, then 
there is a set of n -+ 1 -— k independent hemispheres Hı, Ha,’ © -, Huss» whose 
products contains Áo. For if each n + 1— k hemispheres containing A» are 
dependent, then their base planes contain a common hyperplane of dimension 
at least k + 1 and all the hemispheres containing A, have an Syr in common. 
Consider a set of 3n + 2 hemispheres H,, He,- > +, Hanea where those beyond 
n + 1— k are arbitrary hemispheres of {H} which contain respectively sets 
Anio-ky’ © `, Ån Of {A}. By hypothesis Áo’ Anson © ° Åon 3&0 hence 


2n+ 


3 
H; 540. The family. {H} thus satisfies the conditions of the lemma and 


$=1 
possesses & common point p which is a common point of {A}. 


LEMMA 2a. If q ts interor to a convex polyhedron P of the Hy with 
vertices Pis Po,’ °°, Pm (m Z 2n—-1) then etther (1) q ts interior to an 
n-dimensional sub-polyhedron of P with 3n — 1 or fewer vertices, or (2) P has 
exactly 2n vertices collinear in pairs with q. 


Proof. The lemma being clearly true for n == 1, we make the inductive 
hypothesis that the lemma holds in the E, for s < n. For m = 2n— 1 the 
lemma is trivial, so we suppose m = 2n. Let p’; be the point in which the 
ray xg meets the boundary of P. Two cases arise: 


Case 1. One of the points p’; is interior to an s-dimensional face P, of 
P,n>s=1. By our inductive hypothesis, p’; is interior to an s-dimensional 
sub-polyhedron P’, of P, which has 2s or fewer vertices. The point q is then 
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interior to the (s-++1)-dimensional polyhedron C(m,P’s)*® of 2s8+1 
— 2(s + 1) — 1 or fewer vertices. If s+ 1= n, the lemma is proved. If, 
on the contrary, s -+ 1 < n, then C (p4, P’.) cannot be a subset of the boundary 
B(P) since gqeC(pi, P's), g\B(P). Two (s-+-1)-dimensional faces of P 
méet in P,. Taking a vertex not in P, from each of these faces, say pj, Px, q is 
interior to the (s + 2)-dimensional polyhedron C (pi, pj, pr, P'e) of 28+ 3 
` == 2(s + 2) —1 or fewer vertices. If s-+2— n, the lemma is proved. If 
8+2 <n, the process is repeated. It is clear that n— s steps suffice, and 
that the last step gives an n-dimensional sub-polyhedron of P with 2n—1 or 
fewer vertices to which q is interior. Thus for Case 1 the alternative (1) holds: 


Case 2. All the points p’; are vertices of P. Then m is clearly even, and 
if m = 2n we have the alternative (2) of the lemma. If m = 2n + 2, we can 
choose 2n vertices, Pi, 1/1, Pe, P'2° °°, Pn, Pn collinear in pairs with g, not 
lying in an (n — 1)-dimensional hyperplane. A 2n-+ 1-st vertex Pa cannot ` 
lie in all the n hyperplanes determined by each n— 1 of the rays qm, +—1, 
2,- >- n, since only the point q is common to all these planes, so that Pri 
does ae lie in one of the hyperplanes, say the plane of q, Pu Pa’ °°» Pat 
Choose a point Puh: £ D'a on the opposite side of this hyperplane from Ph+ 
(one of the points pn, p'a can be used for pars). Then g is interior to the 
n-dimensional polyhedron Č (Po Pit © y Pais Pint) Pasis Pre), and the ray 
Paq cannot meet the boundary in a vertex, so that for m = 2n + 2 this case 
reduces to Case 1. 


Lemma 2b. A family of more than an + 2 ie as of Snr each 
2n + 1 of which intersect, have a common ‘point. 


Proof. For k—=n+ 1 Lemma 1c states: that if each 2n 4 2 members of 
a family of hemispheres intersect then all intersect, so’ that it suffices here to 
show that each 2n + 2 intersect. Given any set of 2n-+ 2 hemispheres Hı, 
H,* - +, Hana another one Hons of the family can be added. If the set of 
spherical centers 1, P2,- °°, Ponsa Of these hemispheres lie on a hemisphere 
with center p, then p is common to the hemispheres Hy, for pp; = ar/2. 
Consider the convex polygon P of En, with vertices pi, Pe,' © *, Pons. If the 
prs do not lie on a hemisphere then o is interior to P and Lemma 28 applies. 
Alternative (2) cannot be satisfied, hence (1) holds, i. e. o is interior to a sub- 
polygon of P with 2n-+1 vertices. This means however that the 2n + 1 
hemispheres with these vertices as centers do not intersect, a contradiction to 
the hypothesis that each 2n +1 do. Hence-each 2n + 2 hemispheres intersect 
and by Lemma 1c all have a common point. 


° The convex cover of the set p; + Py 4 
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THEOREM 2. A family of more than In + 2 convex subsets of Sn,r each 
2n -+ 1 of which intersect, has a common point. 


Proof. If one member is not a hemisphere, it contains no Sn+,, and 
Theorem 1 is satisfied with k = n— 1. If all the sets are hemispheres the 
above lemma applies. 


Remark. The only type of family of conver subsets of Snr such that each ` 
xn + 1 intersect while there is no point common to all is a set of n+ 1 
independent pairs of opposite hemispheres. 


Proof. If one member were not a hemisphere, then by Theorem 1 the 
sets would have a common point. Hence all the sets are hemispheres and 
there must not be more than 2n+-2 by Lemma 2b. Since the hemispheres 
do not intersect, the convex cover of their centers has o as interior point. 
. Since each 2n + 1 hemispheres intersect, o cannot be interior to the convex 
cover of 2n -+ 1 centers. Hence the alternative (2) of Lemma 2a holds, which 
shows that the hemispheres are opposite in pairs. 

We state without proof the following separation lemma which is needed 
in the proof of Theorem 3. 


LEMMA 8a. If A and B are two mutually exclusive convex subsets of 
the Snr neither of which contains an So, then there is an Sno separating 
A and B. 


THEOREM 3. If each n+ 1 members of a family {A} of convex subsets 
of Snr of arc diameters? less than 2ar/3 intersect, then all have a common 
point, 


Proof. The proof is an induction which we anchor with the case n =. 1. 
Let A» be a particular arc of {A}, c its middle point, c* the point of the circle 
opposite c, and T the tangent to the circle at c. Then c* is not contained in 
any arc of the family {A} and the projection of the family on T from c* 
yields a family {A’} of segments of T. Each two of these segments have a 
point in common, and hence, by the Helly theorem, there is a point m’ common 
to all the segments of {A’}. The corresponding point m of the circle is common 
to all the ares of {A}. 

We now suppose the theorem true for the Sn.4, and prove it true for the 
Sar. If we show that each n + 2 sets of the family have a common point, the 
validity of the theorem follows from Theorem 1. Let then Ao, Ái © +, Anu 


1 The arc diameter of a set ig the maximum are distance between two points of the 
set. 
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. . +l 
be members of {4}, and suppose that 4o: D = 0, where D — J] 4;. Then 
{=1 


there is, by the lemma, an Sn-1,r, K, separating Ao and D (KE 4o = K: D -= 0). 
Each of the n 4-1 sets Dı == A3: As: e Ama De = Ait Aat i t ma: 
Dn = A,- Ag: + + An contains D and, by hypothesig: a point of Ao, and hence 
must cross K and have a non-null product D’; = Kẹ; with it. These sets D'i 
- are the products of n-tuples of the n + 1 convex subsites A’, = K ` Ag, of Snr, 
im 1,2,- - -n -+ 1, of arc diameters less than 2rr/3. By inductive hypo- 
thesis there is a point m common to A’;, A’, + °, Ama But then m belongs 
to K - D, which is consequently not null, a contradiction. Thus each n -+ 2 sets 
of {A} have a common point, and the theorem is proved. 

Among Theorems 1, 2, 3, Theorem 3 is the truest correspondent a the 
Helly theorem for the #, in the sense that its proof follows closely that of the 
latter, and it shows that locally the En» and the Snar have the same Helly 
property (intersection of each n + 1 sets of a family of convex sets implies the 
intersection of all), The diameter bound 2rr/3 of Theorem 3 is not the best 
bound except for the circle Sır. Theorem 4, as a refinement of Theorem 3 for 
for the case n = 2, finds the largest diameter bound for the sphere.’ 

Preliminary to proying Theorem 4 we state without proof an elementary 
property of the equilateral spherical triangle and prove two lemmas. 


Remark. If a spherical triangle T is of arc diameter less than d, it has 
a smaller area than the equilateral spherical triangle of arc diameter d. 


Lemma 4a. If Ci, Cas Ca, Cy are conver subsets of the sphere and pi, ps, 
Ps, Pa are points of a small cap with p, eCe' 0s: Ca, pre Cr1:Cs* Ce, pseCr° 
Ca: O04, and p,e Ci: C2: Cs, then there is a point common to the sets Oa, Ca, 
Cs, Ce 


Proof. If we let r be the base plane of the small cap K which contains 
the points p;, then the projections of the convex sets Cy: K on r from o are 
-convex domains of m having each three a projection of one p; in common. 
By the Helly theorem, there is a point m’ common to them all, and the 
corresponding point m of the sphere is common to the sets C1, Ce, C's, Oa. | 


Lemma 4b. If each three points of the subset pr, Pa, Ps, pa Of the sphere 
are on a small cap and the sum of the areas of the four triangles with vertices 
in the set ts less than 4ar?, then the four points are on a small cap. 


Proof. Let T be the tetrahedron (degenerate or not) of E, with vertices py. 
Now o is exterior to T, for if it were interior the sum of the areas of the four 
triangles would be 4ar?. Neither can o be in a face of T, since the vertices of 
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any face are in a small cap. Hence, the projection of 7 on the sphere lies 
in a small cap. 


THEOREM 4. If each member of a family of conver subsets of the sphere 
is of diameter less than r cos? (— 37%) and if each three sets have a point in 
common, then there is a point common to all the sets. 


Proof. Let {A} be the given family of sets. If we can show that each ` 
four sets of the family have a common point, the validity of the theorem will 
follow from Theorem 1 with n = 2, k==0. Let 4, Ao, As, A be four sets 
of {A} with p, «Ag: Ag: As, poe Ar: As: As, Pae Ar: Az As, pae Ay: Ao: As. 
Hach of the four triangles with vertices in {p;} is contained in one of the sets 
A, so that the diameter of the triangle is less than r- cos?(—-3-*) the dia- 
meter of the equilateral triangle of area 777.8 Hence, the areas of each of 
these triangles is, by the second remark, less than 77, the points p, are on a 
small cap by the Lemma 4b, and the four sets A; have a point in common by 
Lemma 4a, 


COROLLARY. If no member of a family of convex subsets of the sphere 
contains a triangle of area m? or a diametral point-par, and tf each three 
-= members have a common point, there is a point common to all the sets. 


The bound 7: cost(— 3-4) of Theorem 4 cannot be increased. For if 
D1, Pa, Ps, Ps be points of the sphere and pip; == r- cos*(— 1/8), +543, then 
each of the triangles determined is of area wr? and diameter r: cos? (— 3-4) 
and the triangles intersect triplewise but have no common point. 

It would be desirable to extend Theorem 4 to the Snar, i.e. to enlarge the 
bound 277/3 of Theorem 3 for n > 2. The new bound would probably be the 
arc diameter of a spherical face of an equilateral n + 2-gon inscribed in the 
S,,r as it is for n = 1 and 2. 


Section 2. Congruence Indices for Spherical Caps. 


Just as the covering properties of the dise follow from the Helly theorem 
in the plane, so the covering behavior of spherical caps stems directly from the 
theorems on the sphere proved in the preceding section. 


THEOREM 5. If each three points of a gwen subset S of the sphere can 
be covered by a cap of radius p, p <r: cos*(1/3), then S can be so covered. 


Proof. The triangle of maximum area in a cap is the inscribed equi- 


e The are diameter of a spherical triangle may not be equal to a side, e. g. here it is 
equal to the altitude. 
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lateral triangle (Remark, p. 266), and the circumradins of the equilateral 
triangle of area wr* is 7- cos+(1/3), so that a cap of smaller radius contains 
no triangle of area xr®. Since each three points of S are by hypothesis on a cap 
of radius p, each three caps of the set of caps of radius p and center in S 
intersect. By the corollary to Theorem 4 there is then a point common to 

them all and hence S can be covered by a cap of radius p. j 


 T'HROREM 6. If each four points of a gwen subset S of the sphere can 
be covered by a cap of radius p, p < «1/2, then S can be so covered. 


The proof follows from Theorem 1 (n = 2,k = 1) by an argument similar 
to the preceding one. Using a similar argument with Lemma 2b we obtain: 


THEOREM. 7, If each five points of a subset S of more than sw points of 
the sphere can be covered by a hemisphere, then S can be so covered. 


From Theorem 1 with n == k — 2 we obtain: 


THEorEM 8. If each siz points of a gwen set 5 of the sphere can be | 
covered by a hemisphere, then S can be covered by a hemisphere. 


More general than the covering problems discussed above is the problem _ 
of determining the congruence orders of spherical caps with respect to the class 
of semimetric spaces. 

The following concept recently introduced by L. M. Blumenthal [4] will 
materially facilitate the handling of congruent imbedding properties. A semi- 
metric space S has congruence indices [n, k] with respect to a class C of semi- 
metric spaces if the congruent imbedding of any space N of C which contains 
more than n -+ k distinct points is implied by the imbedding of each n points 
(not necessarily distinct) of N in S. The symbols [n, 0] and [n,1] of 8 
with respect to the class % of all semimetric spaces are equivalent respectively 
to the properties of congruence order n and quasi congruence order n intro- 
duced by K. Menger [3]. It can be seen that if S has the symbol [n, k] it has 
also any symbol [n’, k’] for which w =n, and n +K =n-+k. In the set 
of symbols which a space has, we introduce a preferential ordering. The symbol 
[n, k] is preferred to (precedes) [n’, W] ifn <n’, or, in case n =— n’, if k < K. 
The first element of the set of preferentially ordered symbols is called the best 
symbol of 8 with respect to the class C. A complete set of symbols for a space — 
is a set which implies all the other symbols which the space has. In terms of 
congruence indices, Theorems 5, 6, 7 and 8 state that (with respect to the class 
of subsets of the sphere) a cap of arc radius p has congruence symbol [3, 0] 
for p < r: cos*(1/3), [4,0] for p < ar/2, and the symbols [8,1] and [6, 0] 
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for p= «r/2. It is well known that the sphere has the symbol [3,0] with 
respect to %. 

A pseudo-spherical set is one not congruently imbeddable in the sphere 
while each four of its points are. L. M. Blumenthal has proved the following 
interesting theorem about such sets ([5], p. 80). 


THEOREM. If P isa pseudo-spherical set containing more than five points, 


no two of which are diametral, then pq=1-cos*(+1/38) for each paw of ` 


distinct points p, q of P. At least one distance is r cos™(— 1/3). 
An immediate consequence of this theorem is: 


THEOREM 9. The sphere has the congruence symbol [4,1] with respect 
to the class of semimetric spaces of diameter less than r cost (— 1/3). 


Proof. Ifthe contrary be supposed, then there exists a semimetric space P 
of diameter less than r-cos*(— 1/3) containing more than five points, such 
that P is not imbeddable in the sphere while each four of its points are. But 
P is then a pseudo-spherical set satisfying the conditions of Blumenthal’s 
theorem and having no distance equal to r- cos?(— 1/3), which is impossible. 

There are exactly three types of quadruples of the sphere having only 
distances r-cos*(+ 1/3). They are (1) the equilateral quadruple with each 
distance r-cos*(—1/8), (2) the center and inscribed equilateral triple of a 
cap of radius 7-cos*(1/3), and (8) the square with side +-cos*(1/8) and 
diagonal r cost (— 1/3). Quadruples (2) and (3) are both imbeddable in a 
cap of radius r-cos*(1/3) while quadruple (1) is imbeddable in no cap. 
There is a single type of pseudo-spherical quintuple and a single type of sex- 
tuple with quadruples of types (2) and (3) only, while every pseudo-spherical 
septuple without diametral point-pairs contains a quadruple of type (1). The 
figure illustrates the unique type of sextuple, the dark lines indicating a dis- 
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tance r-eos*(— 1/3) and the light r-cos*(-+ 1/3). Omitting any one of 
these points gives the quintuple of unique type mentioned above. The above 
- remarks may all be verified by elementary considerations. 


THEorEM 10. The best congruence symbol for a cap K of radius p, 
p < 1r-cos?(1/3), with respect to 3 ts [4,1]. 


Proof. 1. K has the symbol [4,1] with respect to X. Suppose that N is a 
semimetric space containing more than five points and that each four points of 
N are congruent to a subset of K. By Theorem 9, N is then congruent to a 
subset N’ of the sphere each four points of which can be covered by K. Hence 
N” can be covered by K (Theorem 6), so that N is congruent to a subset of K. 


2. K has not the symbol [4,0] with respect to 3%. A pseudo-spherical 
quintuple can be constructed so small that each quadruple is imbeddable in K- 
The reader will find the construction on pp. 77-78 of [5]. 


3. K has no symbol with first indez 3 with respect to 3. Any set of more 
than three points metrised equilaterally with a sufficiently small distance has- 
each three points imbeddable in K but not the whole set. 7 

Thus [4,1] is the best symbol for K with respect to 3. 


THrorEM 11. The best congruence symbol for a cap K of radius p, 
r:cos?(1/3) =p < ar/2, is [4,2] with respect to &. 


Proof. 1. K has the symbol [4,2] with respect to %. Let N be a semi- 
metric space containing more than six points, each four points of NV imbeddable 
in K. We show that N is congruent to a subset of the sphere which can be 
covered by K. If N were not imbeddable in the sphere, then it would constitute 
a pseudo-spherical set of more than six points no two diametral, so that by 
Blumenthal’s theorem all distances in N would be r:cos*(+ 1/3). Since the 
sphere has the symbol [7, 0], some septuple of N must also be pseudo-spherical, 
and hence by the remarks on p. 269 N must contain an equilateral quadruple 
contrary to the hypothesis that each quadruple of N was imbeddable in K- 
Thus N is congruent to a subset N’ of the sphere each four points of which 
are coverable by K. Meno Gi covers N” (Theorem 6), and N is congruently 
imbeddable in K. R] 
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2. Khas not the symbol [4,1] with respect to %. Each four ‘points of 
the sextuple of the figure are imbeddable in KH while the six are not. 


3. K has no symbol with first index 3 for the reason given in part 3 of 
the proof of the preceding theorem. 
Therefore [4,2] is the best symbol for K with respect to X. 


THEOREM 12. The cap of radius p < 1/2 has the congruence symbol 
[5,0] with respect to X. 


Proof. Since the sphere has the symbol [5,0] with respect to % and the 
cap has the symbol [4,0] with respect to the sphere, it follows that the cap 
has the symbol [5,0] with respect to X. 


Remark. The symbols [4,2] and [5,0] are a complete set for the cap of 
radius p, r’ cos?(1/3) Sp < xr/2. For the best symbol [4,2] of the cap 
implies all its other symbols except [5, 0]. 

This cap is, to our knowledge, the first example given of a space with a 
complete set containing more than one symbol. This is clearly possible only 
if the second index of its best symbol is greater than 1. A space whose best 
symbol has a second index equal to 1 is not unusual as both the Euclidean and 
hyperbolic n-dimensional spaces have the best symbol [n -+ 2,1], with respect 
to &. 


THEOREM 18. The best symbol for the hemisphere with respect to X 
is [5,1]. 


Proof. 1. The hemisphere has the symbol [5,1] with respect to 3. 
Since the sphere has the symbol [5,0] with respect to % and the hemisphere 
has the symbol [5,1] with respect to subsets of the sphere, it follows that the 
hemisphere has the symbol [5,1] with respect to 3. 


2 The hemisphere has not the symbol [5,0] with respect to Z for each 
five points of three independent diametral point-pairs are on a hemisphere 
while the set is not. 


3. The hemisphere has no symbol with first index 4. Consider the set 
of points of the sphere on the coordinate axes plus the great circle are joining 
two not on the same axis. Each four points of the set are on a hemisphere 
while the set is not. 
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Theeresults of this section are summarized in the following table: 


: Complete set of symbols 
Space with respect to 3 
(1) Sphere > : [5, 0] 
(2) Hemisphere [5,1] 
(3) Cap of radius p, [4,2] [5, 0] 
r- cos*(1/3) <p < ar/2 
(4) Cap of radius p, | [4, 1] 


p < T: cos (1/3) 
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ON THE INFINITESIMAL GENERATORS OF INTEGRAL 
CONVOLUTIONS.* 


By Pari HARTMAN and AUREL WINTNER. 


The purpose of this paper is to transfer the principal results of the general 
theory of discrete convergent infinite convolutions of distribution functions to 
the corresponding continuous convolutions, which relate to the former in the 
same way as a one-parameter group relates to an infinite series. Such integral 
conyolutions have been considered in certain degenerate cases by de Finetti;* 
in the general case, but under the restriction of a finite standard deviation, by 
Kolmogoroff;? and finally, without this restriction, by Lévy.* 

While these investigations give an enumeration of the sheaf of distribution 
functions which are integral convolutions, an analysis of these distribution 
functions, from the point of view of the theory of real functions, has, appar- 
ently, not been attempted in the literature. Actually, it turns out that a 
considerable portion of the theory of discrete infinite convolutions, as developed 
by Jessen and Wintner,* is paralleled by corresponding theorems concerning 
integral convolutions. 

Since a direct approach to the problems in question appears to lead to 
serious difficulties, the Lebesgue analysis of the most general integral convolu- 
tion will be carried out by first developing the corresponding analysis of certain 
canonical components of these convolutions. To this end it is convenient to 
base the presentations on two exponential operators, which, at first .glance, 
might seem to be artificial. Actually, these exponentials are nothing but the 
infinitesimal generators of the families considered by de Finetti and Kolmo- 
goroff, respectively; while the general families considered by Lévy result by 
the adjunction of the infinitesimal translation as a third generator. 


* Received November 11, 1940. 

1 B. de Finetti, “ Le funzioni caratteristiche di legge istantanea,” Rendiconti della 
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: ' PART I. 


1. By the vectorial sum of two sets, A and B, of real numbers is meant 
the set, A (+)B, of those numbers x which have at least one representation of 
the form a -+ b, where a, b are numbers contained in the sets A, B, respectively. 
This addition is commutative, associative, and such that A(-+)B is the empty 
_ set if and only if at least one of the two sets A, B is empty. It is clear that 

A({+)B contains the logical sum of A and B whenever the logical product of 
A and B contains z= 0. Hence, if A, denotes the logical sum of A and of 
the set consisting of z == 0 alone, and if A, is defined by An = An-1 (+) Ao, 
then Án contains Án- By Aco will be meant the least set containing every An. 

It is clear that A is enumerable (at most) if and only if the same is true 
of Aw. Of course, it is possible that the closure of Ao is the entire z-axis 
(this is, for instance, the case if A consists of the numbers + a, + a’, + @f,' +>, 
where a is any fixed transcendental number greater than 1). Furthermore, Ao 
cannot be a bounded set unless Ay consists of g == 0 alone. It is also clear that 
if A contains an interval and if the closure of the latter contains x = 0, then 
Aco is either the entire z-axis or one of the half-lines ending at zr == 0, 


1 bis. If a,@2,- +: are positive numbers which tend to zero and need 
not be distinct, let A{a,} denote the set of those real numbers which may be 
represented, in at least one way, by a convergent series of the form + a +az 
++: ++, where the signs are chosen independently (for instance, A{3*} is 
Cantor’s ternary set). 

Suppose that a, + ae +: >- < œ, and let b; denote the j-th remainder, 
by = Gy, + an+’ It is easy to see” that if a; > b; for every 7, then 
A{a,} is nowhere dense, perfect, and such that 


meas A{a,} == lim 2/**0;; 
j>% 


while if a; = b; for every sufficiently large j, then A{a,} must contain an 
interval. | 

Hence, if 0 < c < 4, then A{c*} is a perfect set of measure 0; while it is 
seen from § 1 that there exists for every c, 0 < c < 1, an n = n(c) such that 
An{c*}is an interval placed symmetrically about y == 0, which implies that 
Ao{c*} is the entire z-axis. However, on replacing {c*} by a sequence which 
tends sufficiently rapidly to'0, one can assure the existence of sequences {ax} 
for which not only A{a,} but also Aœ {ax} is perfect and of measure 0. 


5 Cf. R. Kershner and A. Wintner, “ On symmetric Bernoulli convolutions,” American 
Journal of Mathematics, vol. 57 (19385), pp. 541-548. 
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2. Let p(z), — œ <r < œ, bea non-decreasing bounded function for 
which 


p(— o) =0; so that p(+ o) = [u] <=, where [u] — f delo). 


By the point spectrum and the spectrum of a will be meant the sets, 
P =— P (u) and 8 = S(p), of those real numbers, p and s, for which 
(p —0) pp + 0) and a(s —r) p(s +r), 


respectively, where r(+&0) is arbitrarily small. Thus S(y) contains P (u) 
and is closed (possibly empty). The set P(p), which is at most enumerable, 1s 
empty if and only if » is continuous, that is, Dla) == 0, where oy denotes 
the non-negative number 


(1) D(u) = maximum of p(s -+ 0) — p(z — 0) for — œ <r < ow. 


If y satisfies the same conditions as u, the same is true of the convolution 
u * vy, which is defined by 


(2) p(z) *r(2) = | a(e—y) arly). 
OO 
It is also clear that, with the above definition of the bracket symbol, 
(3) | [e *v] = [e] Lr]. 
Furthermore, it is known that, in the notations of § 1, 
(4) P(p*v) = Pn) (+) P(r) 
and 
(5) &(p*yv) = closure of (u) (+) S(v). 


Finally, it is clear from (2) that if {(2’;,2;)} is any sequence of mutually 
- disjoint «#-intervals for which 


(6) 3 | rS, 

and if p is such that (6) alone implies 

(7) Pe ee) =< 

then (6) also implies 

(83) S| als) (es) a) * (2s) | SOI, 


3. For every real number c, let xo denote the poor u which is defined 
by [xe] = 1 and 
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(9) Ixe) = c; so that xo(x) = $ + $ sgn(z— c) and yaw = xe *Xbs 

by (2). It is also clear from (2) that, for every p, | 
(10) p(t) * xo(T) == p(z — c). 

| Starting with any p, define a sequence of ws by the recursion formula . 
- (11) © pmm p k p, Where p° =m yo; (pè =m j), 

and then introduce still another », which we denote by exp pa and define by 


# 2 p* 

(12) apps E; TEREN 
_ Since it is clear from (3) and (11) that 
(13) 0 wr(— 20) Sere) S orm) — Le = Lal 
the series (12) is uniformly convergent for — œ <s < w; furthermore, 
(14) [exp a] = 1. 

The exponential notation is justified by the identity 
(15) exp (ut-v) = (exp p) * (exp »), 


which is easily verified from the fact that the multiplication defined by (2) is 
commutative, associative, distributive with respect to ordinary addition, and 
also with respect to ordinary multiplication by (non-negative) constants. 

A wis called a distribution function if [a] =1. While it is not assumed 
that this condition is satisfied, (14) shows that exp p must be a distribution 
function. 


4 Let M:(p) denote the Lth momentum, 


O 


(6) . Malu) = f zdala) it f |e fidate) < o. 

It is clear from (2) and (11) that if M: (u) exists, then M, (pz) exists E 
(17) e M: (u") — nM (4) [a], 

where Ms (n°) 0. Similarly, if M.(n) < œ, then 

(18) Ms (u®) = nM: (n) [a] + n(n — 1)M (m4)? Die 


where M;(p*) == 0 if either n == 0 or [p] == 0. 
' Using the Stieltjes ES to Lebesgue’ s theorem’ on mian 
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integration of monotone sequences, one easily verifies from (17), (18) and 
(12), that if M, (a) exists, then M, (exp p) exists and 


(19) M, (exp p) = M: (p); | 
and that if M.(un) < œ, then 
(20) Malexp u) = M:(p) + M (p). 


However, it will not be assumed that the momentum M,(a) or M:(p) 
of u exists. | 


5. Let Pu(») and S8,(u) denote the sets which, respectively, result by 
applying to the sets A == P (p) and A = S(p) of § 2 the definition of An in $ 1, 
where 0 Sn 0. It is clear from (4), (5) and (11) that, if n < œ, then 
P»() and the closure of S,(), respectively, represent the point spectrum and 
the spectrum of 


n 

$ pp", 

k=0 
whenever fo," ` ', Pn are positive constants. It follows, therefore, from the 
uniform convergence of the series (12) of non-decreasing functions, that 
(21) P (exp p) = Po(p) 
and 
(22) S (exp p) = closure of So(p). 


It is seen from § 1 how restricted is the class of those sets which may be 
represented, by a suitable A, in the form Ac. Hence, (22) implies that only 
sets of rather particular structure can be spectra of distribution functions of 
the form exp p (notice that A == § (u) itself must be a closed set). 


6. In order to go beyond the contents of (21) and (22), it will be 
necessary to consider the Lebesgue analysis of p, 


(23) p = pa pa + pe == pat pe, 


where pa attains its total variation on an enumerable set, ua is absolutely 
continuous, while the singular component, pa, is continuous and attains its 
‘total variation on a set of measure 0. It will be assumed that all three 
components are normalized so as to tend to 0 as r—>— œ. If a component 
does not vanish identically, » will be said to‘have this component. If a does 
not have more than one of its components pa, pa, pa, it 1s called a pure p. 

It is easily seen from (4) and (6)-(8) that, if v is arbitrary and b 
denotes a subscript occurring in (28), then 


4 
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(24) °? p = po implies u * y = (pu * y)p for b ==, a, 
while 
(25) p» 5£0 implies (u +v) 540 for b =c,a, if v£ 0. 


Since Aco always contains the point z = 0 (cf. 8 1), it is indicated by (21) 
that sharp results can be obtained only by replacing p by the function pt which 
- results by removing the possible saltus of » at x == 0; so that 


(26) . pt = p — MXo; l [cf. (9)], 
where | | | 
(27) 7 m= (+0) —p(—0) Z0. 

Obviously, 

(28) | (wt v)t = pt + of. 


Furthermore, from (15) and (26), 
(29) : exp p= exp (pt), 
since (12) and (9) imply that 
(30) exp (CxXo) = xo. 
6. The first two of the following three statements are clear from (21): 
(i) exp p ts always discontinuous at t = 0. 
. (ii) (exp p)t is continuous if and only if the same ts true of ut. 
(iii) (exp »)f is pure only if the same is true of pt; while if pt is pure, 
the same is true of (exp p)? unless pt is singular. | 
As to (iii), it is easily seen from (25) and (15) that it is sufficient to 
prove the following three statements: 
(I) exp p is purely discontinuous tf and only if the same ts true of u 
(unless p= 0, in which case exp p— yo). | 
(II) (exp p)t is absolutely continuous tf and only if the same ts true 
of ut. 
(III) exp p has a singular component if and only if the same is true 
. of pe ` 
It will be shown in § 6 bis by two examples that more than (III) cannot 
be true, since ~ 


(III bis) exp '» may or may- not have an absolutely continuous com- 
ponent when u (540) is purely singular. 


THE INFINITESIMAL GENERATORS OF INTEGRAL CONVOLUTIONS. 279 


Proof of (I). It is clear from (24) and (25), that (u*v).==0 if and 
only if pe==0 and y,==0. Accordingly, (11) implies that (u”)e = 0 holds 
for every n= 0 or for no n= 1 according as it does or does not hold for 
n==1. Hence, (I) follows from the fact that the series (12) of non-de- 
creasing functions has positive coefficients (and is uniformly convergent for 
— o <r< ow), 


Proof of (II). Suppose first that a is absolutely continuous. Then there 
exists, for every «e > 0, a 8 > 0 for which (6) implies (7). Hence, (6) implies 
(8) for every v. If v = p", then [vy] = [w]*+, by (11) and (8). Thus 


s/f ee) § pes) <5 vl" 
z [na f aa F! a Al 

This means that, on omitting that term of the series (12) which belongs to 
n = 0, one obtains an absolutely continuous function. It follows, therefore, 
from (9) that (exp »)T is absolutely continuous. Hence, the first statement 
of (II) follows from (80). The second statement of (II) is clear from the 
positiveness of the coefficients of the uniformly convergent series (12), since 
every a” is non-decreasing and p = p. 


Proof of (III). According to (I), (II), the functions exp pa, (exp pa)t 
are purely discontinuous and absolutely continuous, respectively. Hence, it is 
clear from (24) and (25) that (exp' pa) * (exp pa) cannot have a singular 
component. It follows, therefore, from (15) and (23) that, if has no 
singular component, the same is true of exp p. The converse is clear from 
the properties of the series mentioned at the end of the proof of (I) or (IL). 


6 bis. The assertion of (III bis) is two-fold, since it states that, for a 
suitable purely singular »(s<0), the function (exp a)t, which is continuous 
by (ii) and is £0 by (III), may be 


(IIL) purely singular ; 
(III.) not purely singular. 


Proof of (ILL). It is known € that if u denotes the distribution function 
of the Rademacher series 


OO 
S a sgn sin (2*n7t), 0 = ¢=1, where Z ax? < œ, a, > 0, 
k=1 : k=l 
then » is continuous and S(p) is the set A{ax}, defined in § 1 bis. It follows, 


° Cf. B. Jessen and A. Wintner, loc. cit.t, Theorem 11. The continuity is implied by 
a general theorem of P. Lévy (loo, ctt.7*). 
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therefore, from (22) and from the last remark of § 1 bis, that {ax} may so be 
chosen that not only 8 (u) but also S (exp p) becomes perfect and of measure 0. 
But then it is clear from (ii), § 6, that not only p but also (exp p)t is piy 


singular (5£ 0). 
Proof of (III). TIt is clear from the proof of (IL), § 6, that 


n 


| r 


LMB 
3/5 


nm 


is absolutely continuous whenever the same is true of pë, where k is arbitrarily 
fixed. It follows, therefore, from (12), that if p? = p * p is absolutely con- 
tinuous, then 


exp p= const. (xo + u +»), (const. = ¢'#)), 


where v is absolutely continuous. Hence, (III+) is certainly true if there exists 
a purely singular p(s& 0) for which u + p is absolutely continuous. And the 
existence of such a p can be assured as follows: 

Let L(u; p), — œ <u < œ, denote the Fourier- Stieltjes transform of 
p; 80 that, by Fubini’s theorem, 


L(u;p* v) = L(u; p)L(u; v). 


It is known? that there exists for every a < $ a purely singular (5&0) for 
which 
L(u;p)=O(lul*) asu> o. 


Hence, if « = 4, then 


co 


L(u;p* p) = O(| w[-%), and s f | L(u;p* p)|? du < œ. 


-00 


It follows, therefore from Plancherel’s theorem that p * p is absolutely con- 
tinuous.® 


_ 1N. Wiener and A. Wintner, “ Fourier-Stieltjes transforms and singular infinite 
convolutions,” American Journal of Mathematics, vol. 60 (1938), pp. 613-622. While only 
Fourier-Stieltjes momenta, instead of Fourier-Stieltjes transforms, are considered there, 
the construction applies automatically to the latter case also. 

e With a derivative of class L,(— œ, + ©). Similarly, if a> 4 — 0, it follows from 
Titchmarsh’s extension of Plancherel’s theorem in the Hélder-Hausdorff direction that, 
for every fixed p= 2, the derivative of a * p can be of class L (— œ, + œ) for every r 
between r = 2 and r = p. Incidentally, it may be shown that there exists a fixed u for 
a = 4; so that the derivative of a fixed u * p can be of class L,(— ©, + ©) for every 
p22. 
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PART II. 
7. Starting with an arbitrary p, remove its saltus at z = 0 (if any). 
Decompose the resulting function, (26), by placing ° 


oo 
(31) pt => MEF 


jaa 


where every w’; is a p and does not contain s = 0 in its spectrum. It is clear | 

that such a decomposition of at is always possible, and that the series (31) 

of non-negative, non-decreasing, uniformly bounded functions p’; is uniformly 

convergent for — œ <x < œ, no matter how the decomposition is chosen. 
Since z == 0 is not in the spectrum of p’;, 


(32) wie) fo yeaa), —o<e<a, 


defines *° a function p”; which is again a p, does not contain <= 0 in its 
spectrum, and possesses the finite second momentum 


(33) My(p";) = f dy’ ;(x) = [p's], 


where 2f;, | | are the operators defined in § 4, § 2, respectively. 
Let c; denote the first momentum of p”;; so that 


oo 
(34) Ms (W's) = f aduse) = cs, 
-00 


by (82). According to (33) and (20), 


(35) M2(exp Ki) = [ws] + ¢,/, 
since, by (34) and (19), 
(36) M,(exp ps) = cj. 


Finally, introduce, for every term w’; of (31), a distribution function, jy, 
which is defined by means of (82) and (84), as follows: 


(37) Pi = X-c; FOX peg. 


° The primes do not, of course, refer to differentiations. 
10 Or. the preceding footnote. 
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It is clegr from (10) that jy differs from the distribution function exp p”; 
only in that the origin is transferred to the center of mass (36). Thus 


(38) Mı (iy) = 0. 
Consequently, (35) goes over into 
(39) | Ms (as) = [v's], 


since a second momentum attains its minimum when the center of mass is the 
origin. 
8. Since it is clear from (31) that 
oO 
(40) x [v's] = [at], where 0S [pt] < œ, 
J= 
it follows from (38) and (39) that the convolution 
(41) fe == By * fig to 
is absolutely convergent.” 
The notation (41) is justified by the fact that the distribution function ñ 
depends only on the given » (actually, only on pt), and not on the particular 


choice of the terms w’; in the decomposition (31) of the function which is 
defined by (26) and (27). In fact, if 


© 
(42) pat me B pj 
jot 


-~ 


is another decomposition, one can obviously unite (31) and (42) into one 

decomposition of ut. Since the infinite convolution belonging to.this united 

decomposition is absolutely convergent, it may be rearranged ° into the abso- 

lutely convergent infinite convolution which belongs to either of the decom- 

positions (31), (42). This clearly implies that ñ is uniquely determined by pt. 
It is also seen from this proof that if y is another p, then 


(48) p= A * p, Where p == pt y. 


This suggests the introduction of the notation ñ == Exp ut; so that 


(44) Exp at = i * jieto canan ef. (41). 
In fact, (43) then appears in the form 


(45) Exp (ut + vt) = (Exp pt) * (Exp»t); cf. (28). 


11 Cf, B. Jessen and A. Wintner, loc. ott.4, Theorems 4 and 6. 
11 Cf. B. Jessen and A. Wintner, loc. ctt.‘, p. 58. 
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Since (44) is a convergent (and even an absolutely convergent) con- 
volution of distribution functions, it is a distribution function; so that 


(46) [Exp pt] =1. 


Needless to say, Exp ut means Exp (p), where p = pt, and not (Exp z)t, 


where u == pt (these two functionals of zt are not identical, since Exp (at) can 


have a saltus at c==0). Accordingly, it would be possible to denote Exp pt . 


= Exp (at) simply by Exp pz; cf. (28). This simplified notation will not be 
used for the reason that, while the function Exp p is now defined only if 
p = pt, it will later (§ 10) be defined for u s4 ut also; and this extension of 
the domain of Exp p will be such that 


(47) Exp » Exp (ul) 4 (Exp »)t = Exp p if past. 


9. In order to determine the spectrum of Exp pt, use will be made of the 


known fact }* that if s, *o¢2*-- - is a convergent convolution of distribution 
functions, then 
(48) Short 02% + +) == B (01) (+) Slo) (4+) ° °°, 


where the infinite vectorial sum is defined as the set of those values s for which 
there exists at least one representation of the form 


(48 bis) s= lim sy, where s; is in S (e1) (+) © (+) S(o;). 
j> i 


Since it is clear from (32) that S(«’;) = S(y’;), it follows from (22) 
and (37) that 


(49) 8 (iy) = 8 (x-a) (+) closure of Soo(p’s). 
Thus, from (44) and (48), | 
(50) S(Exp pt) = [S (x-0) (+) closure of Soo(u’s) ](+) 
[S (x-0) (+) closure of Soo(w’2)](+)° °°. 
10. For every constant s = 0, let.x. denote the symmetric normal dis- 


tribution of standard deviation Vs; so that, by a known (and characteristic) 
property of these distribution functions, 


(51) Kr * Kg = Kriss 
It is understood that x, is defined to be xo; cf. (9). Thus 


(52) (km) == (— 0, 0) if m > 0, while S(xo) = 0. 


13 B, Jessen and A. Wintner, loo. ott.‘, Theorem 3. 
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In § 8, Exp p was defined only for the case p = pt; cf. (26), (27). For 
the general case, define Exp u by 
(53) Exp p == km * Exp pt, where m— p(+ 0) —p(—0) = 0. 
This definition is consistent, since xo = xo Furthermore, 


(54) Exp (myo) = kn. 
Finally, the functional equation is preserved ; in fact, 
(55) Exp (u +r) — (Exp u) * (Exp ») 


follows from (28), (45), (51) and (53). 

The spectrum of (53) is supplied by (50) and (52), since 
(56) S(Exp p) = 8 (xm) (+)8 (Exp #1), 
by (5). Similarly, from (4) and (53), 
(57) P(Exp p) = empty set unless p = ut, 
Finally, from (3), (46) and (53), 
(58) [Exp p] = 1. 

11. Let L(u;v) denote the Fourier-Stieltjes transform 


(59) L(ujv) = f oir), —o<u<o; (L0;v) = D]): 


It is known that, in view of Fubini’s theorem, (3) may be generalized as 
follows: 


(60) L(u;p* v) = L(u;p)L(u;v); c£. (2). 
In particular 
_ (61) L(u; xa *v) == et, (u; v), 
since, by (9), 
(62) L(t; xa) = 6, 


It will now be verified that if y == exp p, then the continuous function 
(59) cannot vanish, and that the branch of its logarithm which is real (— 0) 
at u == 0 is 


(68) log L(u; exp u) = f (6'e —1)dp(2). 


Similarly, the logarithm of the Fourier-Stieltjes transform of Exp » turns 
out to be +4 


14 Cf. A. Kolmogoroff, loc. ott.? 
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~ 
UD na J aae A, 
(64) log D(w; Exp p) == | EIE 4 (0), 
Ca 4) s 
a transform of the type on which Wiener’s generalized harmonic analysis is 


based.?® It is understood that the value of the kernel at g == O is meant to be 


duw o T g 

(64 bis) lim o =a — ju? (also when u = 0), 
First, it is clear from (60), (62) and (11) that L(u; u*) = (L(u; p))*. 

Hence, (63) follows from (59) and (12) by a trivial term-by-term integration. 
Next, from (63) and (32), 


jus u $ a 
log L(u; exp p nf S emin f CESHE (a), 


by (84). Hence, from (87) and (61), 


UD aroma F amaaa 
(66) log L(u; jis) = f TO) 


Consequently, from (60), 
ette o | —— IUE 


log L(u; m*o- * jm) = a 


du(z), 

jelezi/n 
if the yp’; of the decomposition (31) are so chosen that dyg’; (z) ==dyu(x) or 
dy’ ;(x) == 0 according as J? S| x | < (j —1)7 does or does not hold, where 
j= 1,2,: ++: and 0% == + œ. Accordingly, from (44), 


log L(u; Exp pt) = lim f eG ); 
ce |z|Zzt/n = 
by Lévy’s continuity theorem of the Fourier-Stieltjes transforms of distri- 
bution functions. 

The last relation shows that (64) is true for p == yt. Since the Fourier- 
Stieltjes transform of the normal distribution function (54) is known to be 
emu it is clear from (64 bis) that (64) is true for p== mx, also. It 
follows, therefore, from (53) and (60) that (64) is true for every p. 

It should be noted for later application that the real parts of (63) and 
(64) can be represented, respectively, by 


18 Cf., e.g, N. Wiener, The Fourier integral and certain of its applications, Cam- 
bridge, 1933, Chap. IV. 


1 


286 i PHILIP HARTMAN AND AUREL WINTNER. 


\ 





(67) * log | L(2u; exp p)| = f (sin ux) %dp(z) 
and i 
(68) —4 log | L(2u5 Bap p) = f (FS it). 


12. The relations (50), (54), (55), (58) correspond to (22), (30), 
(15), (14), respectively. On the other hand, the italicized statements of 86 
do not remain valid in any sense, if exp is replaced by. Exp. In fact, it will 
now be shown by a straightforward adaptation of a method previously used +° 
in case of convergent convolutions y == o, *o,*- - - of distribution functions, 
that the distribution function v== Exp pt can possess an arbitrarily high 
degree of smoothness, whether ut be pure of any of the three types or mixed. 


(I). If there exists a positwe constant à < 2 for which 
: (e 9) 
(69) f [2 [Pau(2) = @, 
OO 


then Exp u has, for — œ <z < 0, derwatwes of arbtirarily ‘high order, 
which all tend to 0 as s—> + œ. IfrA<1, then Exp u ts a transcendental 
entire function. a 


It is understood that » =~ pt is sufficient but not necessary for (69); and 
_ that (69) is equivalent to 


f izPa(zy—o, >o, (0<Aà<2?), 


since « is a bounded monotone function. Accordingly, what is stated to impose 
on Exp p a high degree of smoothness is nothing but a sufficient amount of 
steepness of the curve u == p(z) near z==0, It will be shown in the proof of 
the Corollary to (II), § 13 below, that if the question of the analyticity of 
Exp p is replaced by the question of its mere continuity, then one is led to a 
similar, though of course less pronounced, assumption concerning the steepness 


te A, Wintner, “On symmetric Bernoulli convolutions,” Bulletin of the Amertoan 
Mathematioal Sooiety, vol. 41 (1935), 137-138; “On the smoothness of infinite con- 
volutions of the type occurring in the theory of the Riemann zeta function,” Amertoan 
Journal of Mathematics, vol. 61 (1939), pp. 231-236; cf. P. Erdds, “On the smoothness 
of the asymptotic distribution of additive arithmetical functions,” tbid., pp. 722-726. ` 
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of u = p(x) near z= 0; in fact, it will then be sufficient to require the 
divergence of the integral (69) exactly in the limiting case A = 2. Cf. (III), 
§ 14 below. 


Since the integrand of (68) is non-negative, 


; 1/|# 
E. — 1 e 1 sin ua \° 
i) a] ule log | L(2u; Exp »)| = lim ing rape (sim) dp (x), 
~-1/\s! š 


where e is arbitrary. But it is clear that there exists a positive constant such 
that 


(71) | sin y | = const. | y | for —1 Sy S1. 


Hence, on placing y == uz, one sees that the expression on the right of (70) 
is not less than a constant multiple of 


yll, 
lim int ee J SEY dele) = im int |u P{e(2/| e) — e1) 


u>+0 | u 
-1/ļu] 


Since the assumption (69) obviously implies that 
lim |u P*{a(1/| 41) — e(l ul} o 


for every fixed « > 0, it follows that the expression on the left of (70) is æ. 
This means that 


(72) L(u; Exp p) = O(elsl***), urto, 


for every fixed «> 0. Hence the statements of the italicized theorem follow 
from known connections between the smoothness of yv and an exponential 
estimate of (59) as u —> + œ. 


13. The absolute continuity of Exp p is not likely to be characterizable 

in terms of explicit properties of p. The following pair of conditions involve 

only an averaged order of p. The difficulties of the gap between these two 
conditions appear to be of diophantine irregularity and are rather obscure. 


(II). In order that Exp p be absolutely continuous, it is necessary that 


co 
(73) lim f (ZEY e) =o 
e>0 ET 


and it is suffictent that 


¢—>0 g e | 


0 
(74) lim inf a = f (EY ala) > 4 
-00 
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(the integrations refer. to x). In fact, tf l is anu number less than the 
expression (74), then Exp p has at least [21] continuous derivatives which 
tend to Sas T —> + œ. 


COROLLARY. If 


&O 
(75) f #2... 
but 17 | : 
i oo 
. 2 
(7%) tim int f (FE) ula) < ©, 


then Exp p is continuous but not eee continuous. 
First, it is ene from (68) that (73) is necessary and sufficient for 
(77) L(u;v)—>0, u—> + o, 


where y == Exp p. But (59) shows that (77) is, in view of the integral 
analogue to the Riemann-Lebesgue lemma, a necessary condition for the 
absolute continuity of v; while (77) is a sufficient (though not a necessary) 
condition for the continuity of v. 

Next, suppose that the expression on the left of (74) ee: a positive 
number, f. Then (68) shows that there exists a sufficiently small § > 0 such 
that 7, 
(78)- L(u; v) =0(| u 2), u> +o, 


is satisfied by y == Exp a. But it is known that (78) implies for v the degree 
of smoothness stated after (74). 

Finally, the Corollary follows from the fact that, according to ae 
$14 below, Exp p must be continuous if (75) is satisfied. 

In order to illustrate the Corollary, let p = a(x) be the step function 
which has at T == + af the saltus a", where 0<a<1 and 7—1,2,- 
Then (75) is obviously satisfied; while (76) requires that. 


lim inf S sin?(ale*) < o. 
€—>0 gzl ` 
This is certainly true if a ig the reciprocal value of an integer, since then 


l sin? (ar) = 3 sin? (alr), where n = 1,2, «> 
j=l 


17 N, -Wiener “ The spectrum of an array,” Journal of Mathematics and Physics, vol. 
6 (1927), pp. 145-157 (in particular, p. 161). 
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14. It will now be shown that, in contrast with the problem of absolute 
continuity, the question concerning the mere continuity of Exp p can be 
answered completely. The result to be obtained corresponds to (ii), § 6 but 
lies very much deeper. In fact, the proof will depend on a fundamental 
theorem of Lévy, which states that, for any convergent convolution o, * 62° °° 
of distribution functions øj, 


OO 

(79) D(o,*o,*- + -) = 0 if and only if II D(c,) = 0, 
gal 

where D(,) denotes the maximum saltus of u; cf. (1). 


0O 
(IIL). The function Exp p is continuous if and only if f zd (x) = œ. 


-00 
Cf. the comments made after (I), § 12. 
The statement is that 
xX 
(80) D(Exp p) = 0 if and only if f r dule) = 0, 


-00 


Suppose that (80) has already been proved for every continuous p, say p = p, 
and for every purely discontinuous p, say u = p. Then 


5 l œQ 
D(Exp p) D(Exsp p”) = 0 if and only if f dfu (a) + pli(r)} = o. 
-00 
It follows, therefore, from (55) that (80) is true for p= p? + p also, 
provided that it is true that 


D(vi yl) = 0 if and only if D(’)D(#!) =0. 


Since (1) and (4) imply that this is true, it follows that it is sufficient to 
prove (80) for every continuous a and for every purely discontinuous p. 

Furthermore, (57) shows that (80) is certainly true if p4 pt. Hence, 
it is sufficient to prove (80) for the case where p = at and pf is either con- 
tinuous or purely discontinuous. It will turn out that the decomposition (31) 
can in either case be so chosen that 


Oo 
(80 bis) Dy) = e0, where gy = [W] = | awite). 


me f° 


It is clear from the definitions (31), (32), (44) and from Lévy’s theorem 


18 P, Lévy, “ Sur les séries dont les termes sont des variables éventuelles Indépen- 
dentes,” Studia Mathematica, vol. 3 (1931), pp. 119-155, Théorème XIII. 
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(79), that (80 bis) implies (80) for m == „tł. Thus it will be sufficient to 
ascertain (80 bis) for the two cases mentioned. 

In the first case, where at is continuous, each of the functions yp’; occurring 
in a decomposition (31) of ut is continuous, and go the same is true of the 
functions (32). It follows, therefore, from (11) and (4) that yy" is con- 
tinuous for every n5<0. Consequently, it is clear from (1) and from the 
uniformity of the convergence of the series (12) for — œ < s< œ, that, if 
q; denotes the number [ 4”; |, l 


D (exp ps) = D (e%u” 1) == eVD (xo) =e, 


by (9). Hence, (80 bis) follows from (37) and (10). | 
In the second case, where at is purely discontinuous, the iene con 
(31) can be so chosen that, for every j, 


(81) E Kij wee 1X5) where Pi = 0 and aj 2 0. 


The possibility of this choice is clear from (9), since the bounded non- 
decreasing function pt now consists of a sequence of jumps and is, by its 
definition (26)-(27), continuous at z = 0. 

In addition to (81), it can be assumed that 


(81 bis) py < a, (2 = 0), 


for every j. In fact, if a (3&0) is any number in the point spectrum of pt, 
one can choose an integer N = N (p,a) so large that p= p (a + 0) — p (a — 0) 
is less than Na*; in which case the jump p at z == a can be represented as the 
sum of N terms of the form (81), where a; = a for each of the N values of j, 
while the sum of the N coefficients py is p. 

It is clear from (81), (82) and (9) that w” = qjxe,, where q; = p;/aj?; 
‘hence, 0 < q; < 1, by (81 bis). On the other hand, w”; — qjxa, implies that 
[us] mm (j, by a » 80 that, from (12), 


op ay 3 Geo" oa Ss, 
This means that exp w”; is the step function which has at z = na; the saltus 
n!igro, where n = 0,1,2,- -. Tt follows, therefore, from 0 = q; < 1 
that the greatest saltus of exp p”; amounts to 0!7q,;°e? == 6% (also when 
gj—0). Since gj — [»’;], and since (87) and (10) imply that f; has the 
“game greatest saltus as w”, the proof of (80 bis) is complete. 


15. In view of the vagueness of the parallelism between exp and Exp, 
it is somewhat unexpected that the theorem just proved can be refined as 
follows: . 
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(III bis). The function Exp p is not continuous tf and only if 


(82) w'(e) =f y*du(y) 


defines a (non-decreasing) bounded function for — œ < gs < œ; in which 
case 


(83) Exp p == x-o * exp p”, 
where 
ta 
(84) C= f ttdu(2) 
-00 


then exists absolutely. 


COROLLARY. If Exp p ts discontinuous, it must have a saltus at the 
particular point c= c. 


In fact, it is clear from (III), § 14 that (82) does not define a bounded 
function if and only if Exp p is continuous. Suppose that Exp p is not 
continuous. Then p= pt, by (57). Let the decomposition (31) be chosen 
as in § 11; so that 


+ ¢ny J Mz) if Sl el < GG—1)4, 
(a) me} a (} = 1,2, =; 0t = + œ). 
Then, by (84), 


g= f rtd (s) =M). 


Er < (j-1)-7 


oO CO 
Since the assumption, f r?da(s) < œ, implies that f | x |Idp(z) < œ, 
-00 -00 
it follows that the series c, + c2 -+ > + < converges absolutely and represents the 
value c which is defined by (84). Hence, it is clear from (37), (44) and (10) 
that, since ut = m 


xo * Exp u = (exp x1) * (exp ws) *° °°; 


‘in fact, this convolution of the distribution functions exp w”; is absolutely 
convergent, since the same is always true of (44); cf. the statement made 
after (41). Now, by (60), 


CO 
L(u; xo * Exp p) = exp 2s), 


in virtue of Lévy’s continuity theorem of the Fourier-Stieltjes transform. 
Thus it is clear from the formula which precedes (66), that 
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log L (u; xo * Exp u) = 3 fs dyle) = | = deo), 
yt < (j-i) 
by the above choice of the w’y. It follows, therefore, from (82), where p = ut, 
that ; 
ie | 
log D(u;xo* Exp p) = f (e2 —1)dy"(2). 
pe 

This, when compared with (63), completes the proof of (83). 

Finally, the Corollary stated after (84) is clear from (83), (10) and 
(i), § 6. 


16. According to § 4, the distribution function exp p has a finite second 
momentum if and only if M:(p) < œ. On the other hand, it will now be 
shown that the distribution function Exp p has a finite second momentum for 
every w; in fact, 


(85) M:(Exp p) —[n, 
while 
(86) M, (Exp a) —0, 
, no matter what p be. 
Tt is known 7° that if o, * c,*- + - is a convergent convolution of distri- - 


bution functions øy each of which has a vanishing first momentum and a second 
momentum M,(0o;), then the convergence of the series Af.(0,) + Ms(oa) +: 
implies, that M: (o, * oz *° - 3 is finite and has the value represented by this 
series, while Mi(o,*o,*:-:-)==0. On applying this to the convergent 
convolution (44), one see from (38), (39) 'and (40), that (85) and (86) are 
true for p = pt. On the other hand, it is clear from (54) that (85) and (86) 
are true for the symmetric normal distribution Exp p == xm also. Since both 
the squares of the standard deviations and the first momenta are additive on 
convolution, it follows from (53) that (85) and (86) are true for every p. 


PART II. 


17. For later aiaa: there will now be collected the distribution 
functions exp u, Exp p belonging to a » which consists of a single saltus. 

It is clear from (9)-(12) that 
(87) ezp (qxe) -3 Pre , where g20,¢ = 0 


1° B, Jessen and A. Wintner, loo. cit.+, Theorem 4. 
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` 


are constants. On the other hand, if the constants p, a are given and'g, c are 
defined by 


(88) ae c= 2 where 920,42 0, 


ag?’ 


then the function (82) and the constant (84) belonging to p == Pya are Gyo and 
c, respectively. It follows, therefore, from (83) that 
(89) Exp (pxo) == x-o * exp (qxe) ifa Z 0; while Exp (pxo) =E Kp) 
by (54). l 

The content of (88) and (89) is that, except for the limiting case a = 0 
of a symmetric normal distribution function, Exp (pya) may be obtained from 
a Poisson distribution function of standard deviation V p/a?(= 0) by those 
choices of the origin, orientation and unit of length (on the z-axis) which are 
assigned by (86) and (85). In fact, it is seen from (87) that, while 
exp(Yxo) = xo for every q, the functions exp (qxı) and exp(gx+) represent 
that Poisson distribution and its conjugate, respectively, which have the stan- 
dard deviation Vq¢(= 0). It is understood that by the distribution function 
conjugate to a given distribution function o({z) is meant the function 





1—o(—vz). 

It is seen from (63) and (64), respectively, that 
(87 bis) log L(u; exp(qxo)) == q (6% — 1) 
and 


pe — icu + g(et# — 1), if a 2 0; cf. (88), 
SEDI). TOE Ue PANEKE \ — 4pu?, if a= 0; cf. (64 bis). 

18. If exp is replaced by Exp in the italicized statements of § 6, all that 
remains true may be summarized as follows: 

Ag in (23), let pa, pe, Hs, Ho = ka -F ps, denote, respectively, the purely 
discontinuous, the absolutely continuous, the singular, and the continuous 
components of an arbitrary »; so that, by (55), 

Exp p = (Exp pa) * (Exp po), since p = pa + pe; 
(90) . 

Exp po = (Exp po) * (Exp pa), Simce po = pa F pe. 
Then 

(I) if Exp n is purely discontinuous, then p = pl and po == 0; 

(II) if Exp p has no absolutely continuous component, then p = pt and 
to = 0, while neither Exp pa nor Exp ps has an absolutely continuous 
component; , , 

(IIL) if Exp pis purely singular, then either Exp pa or Exp p ts purely 
singular. . 
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-Préof of (I). Suppose that Exp pis purely discontinuous. Then p= pt, 
by (58) and the case b == c of (24). Furthermore, (III bis), § 15 assures 
us that there exists a number c for which. the function (82) satisfies (83). Since 
Exp p is purely discontinuous, it is clear from (10) and (83) that the same 
is true of exp w”. It follows, therefore, from (I), § 6 that x” is purely discon- 
tinuous. Hence, it is clear from (82) that p is purely discontinuous. 


Proof of (II). Suppose that Exp p has no absolutely continuous com- 
ponent. Then p= ut, by (53) and the case b—a of (25). Suppose, if 
‘possible, that p = ut has an absolutely continuous component. Then the 
decomposition (31) can be so chosen that x’, is absolutely continuous but not 
a constant; in which case it is clear from (II), §6 that exp w: has an 
absolutely continuous component. Hence, (37) and (10) show that the same 
ig true of m. Since (44); where p = pt, shows that there exists a distribution 
function p(=j,*fs;*+--) for which Exp pu = ji, * p, it follows from the 
case b = a of (25) that Exp p» has an absolutely continuous component. This 
contradicts the assumption. Hence, pe = 0. Consequently, (90) reduces to 
(90 bis) Exp p = (Exp pa) * (Exp pa). 

Hence, it is clear from the case b == a of (25) that neither Exp pa nor Exp ps 
has an absolutely continuous component. 

Proof of (III). Suppose that Exp p is purely singular. Then, as just 
proved, Exp pa, Exp pe have no absolutely continuous components and satisfy 
(90 bis). On the other hand, since Exp p is continuous, it is clear from 
(90 bis) and (4), that either Exp yg or oa ps is continuous. This proves 
(IIT). 

19. The remarks made at the beginning of § 12 do not preclude for 
Exp an analogue to a united formulation of the results (1)-(III), § 6 on exp. 
It turns out that such an analogue aay exists. It lies much deeper than 
the corresponding fact on exp. 

(IV). If u ts purely discontinuous, Exp p i8 pure, but can be any of the 
three types, and it can be absolutely continuous also tf p = pt. 

It is clear from (53) and the case b =a of (24) that, if a54 pt, then 
Exp p is absolutely continuous. For this reason, (IVY) will from now on be 
restricted to the case p =m yt, | 

Suppose that zt is purely discontinuous. Then there exist constants py, 
a; such that (81) holds for every p’; in the decomposition (31). Hence, it is 
seen from (87) that each of the distribution functions (87) is purely discon- 
tinuous. But it is known * that if o, *'o2%- + - is any convergent convolution 


2 B, Jessen and A. Wintner, loc. cit.t, Theorem 35. 
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of purely discontinuous distribution functions oj, then, as a manifestation of 
Borel’s general principle concerning “ either 0 or 1” measures, the distribution 
function o, *o2*- - -: is necessarily pure. If follows, therefore, from (44) 
that Exp pt is pure. | 

In order to complete the proof of (IV), it remains to be shown that 
Exp pt can be of any of the three types. It is clear from (I), § 12, that Exp pf 
can be absolutely continuous; for instance, the condition (69) for a smooth 
Exp pf is satisfied whenever the constants p;(= 0), a; (>£ 0) are go chosen that 


(91,) ~—x = œ for some positive A < 2. 


>> 

= aly 

On the other hand, (ITI), § 14, shows that the pure function Exp pt is dis- 

continuous if and only if the numbers p; (= 0), a; (3&0) are so chosen that 
o0 ` 


3 Pl <o. 


(912) a 


Finally, the example considered at the end of $ 13 was there shown to be 
continuous but not absolutely continuous and is, therefore, purely singular in 
view of the theorem just proved. 

Incidentally, it will turn ont in § 20 bis that 


(914) S(Exp pt) = (— œ, 0) 
for the singular Exp p considered at the end of $13. Hence, there arises the 
question whether or not p; and a; can so be chosen that the resulting Exp pt 


is continuous and 
(915 bis) meas S(Exp pt) = 0. 


It will be shown at the end of § 20 bis that the answer is affirmative. 
Needless to say, the two sequences {a;}, {pj} of numbers determine, by 
(81) and (31), a distribution function Exp at if and only if 


oO 
(92) aj 2 0, p Z0 and Apc ow, 
j=1 


the last series representing the total variation of (31). 


20. It is easy to see that, if the p; are distinct from 0, the spectrum 
always is 
(93) S(Exp pt) — S (x-0) (+) So (xa) (+) (8 (x-00) (H) Seo (xaa) (+) 20+ 
where the c == c; are defined by (88). 


In fact, it is clear from (9) and from the definition of the set Aœ in § 1, 
that, if A == § (xa), the set So(xe) is the sequence 


(93 bis) Soo (xa) : 0a 24, 38a, * 
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It is alse clear from (9) that S(pya) is independent of the number p > 0; 
hence, Soo(pxe) is identical with the set (983 bis). Since this set is closed, it 
follows from (81) that (50) reduces to (93). 

There is an essential simplification in the symmetric case, 


Qoj——=— lej and Pej == Poj-1; J= 1,2, 


_ In this case, (92) goes over into 


oo 
aj >0,p;>0 and Sa lees ©, 
if the notation is changed in such a way that as}, pa; become Qj, Pi» respectively. 
Correspondingly, (88) shows that (93) reduces to 


S(Exp a) = So (xa) (+) Seo (x-0:) (H) Soo (xaa) (H) So (x09) (H) + *- 
It follows, therefore, from (93 bis) and (48 bis) that 


(94) S (Expat) — closure of all values S het, 
kei 


where tî» denotes an arbitrary real integer and j an arbitrary positive integer. 
' Notice that (94) depends only on the first of the two sequences {a}, {p,}. 


20 bis. For sake of simplicity, suppose that 
ea) oe) 
$ a;r < œ ; go that 3 + ay 
k=l k=1 


represents a value for every choice of the signs. It is, therefore, clear from the 
definitions of the symbols Ac and A{ax} in $ 1 and § 1 bis, respectively, that 


és | 
Aco{dz} = set of all values 3 iraz, where | &| Sn; 
‘ k=1 


it being understood that the integers n(> 0) and t( = 0) are arbitrary. This 
obviously implies that | 


closure of Aco{u} == closure of all values 3 till, where | tx |< <n; 


it being understood that 7 and n are eo positive integers, while every 
mo 0, + 1; 2,- +. But the additional restriction, | ù|: Æ n, is now 
redundant, since it can always be satisfied by choosing, for instance, 
' n= max(|t,|,°-,| 4 |). It follows, therefore, from (94) that 


(94 bis) S(Exp pt) = closure of Acf{ag}. 
It was observed in § 1 bis that if 0 < a< 1, then Aœ{a*} is the entire 


real axis. It follows, therefore, from (94 bis) that (91;)-is satisfied by the 
continuous function Exp at which was constructed at the end of § 13. 
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On the other hand, it is clear from (94 bis) and from the last remark in 
§ 1 bis, that (91; bis) can also be satisfied by a suitable choice of {ax}. Then 
Exp „t has no absolutely continuous component. Hence, Exp at is purely 
singular if (912) is violated. And (912) can be violated by a suitable choice of 
the p;(> 0), since the p; can be chosen arbitrarily within the restriction (92). 


APPENDIX. 


For the sake of completeness, it will now be explained how the theory of 
the two exponential operators, as developed in the first three parts of this 
paper, can be applied to the theory of homogeneous chaoses. 

Let there be assigned for every non-negative number ¢ a distribution 
function of in such a way that 


(1) oft % gtt = glitts 
and l 
(1 bis) o*t —> xo as t= +0. 


The condition (1) for the “indefinite divisibility ” of o==o' characterizes 

the distribution laws by means of which one can introduce into the function 

spaces of the type considered by Wiener ™ a Jordan content in such a way that 

the probabilities depend only on the Jordan content, ¿, of the linear map.” 
Correspondingly, the continuity axiom (1 bis) concerns the probability 

carried by sets of small Jordan content and is essential for extension purposes. 

In fact, while (1) implies only that 

(11) git ee e eR th ma gtit- ttn 

for every n < co, it follows from (1 bis) that 

(10) git & gia + +o gtis- whenever A -+ t; + a GO 


where the infinite convolution on the left is convergent. One can also say that 
the réle of (1 bis) is that of excluding the solutions 


(2) of == X p(t) 
of (1), where f(t) is an arbitrary non-linear (hence, neither measurable nor 
unilaterally bounded) real-valued solution of the functional equation 


(3) (ts + ta) = fh) + Fia). 
The general solution ot of (1) was given by Kolmogoroff °° under the 


71 Cf, eg, E. Hopf, “ Ergodentheorie,” Ergebnisse der Mathematik und ihrer 
Grenzgebtete, vol, 5, no. 2 (1937), $16. 

23 Cf. P. Lévy, loo. ott.’ 

2 A. Kolmogoroff, loc. ott." 
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restrictien that the distribution functions o* possess finite standard deviations. 
This. restriction was subsequently eliminated by Lévy,* who found that the 
Fourier-Stieltjes transform of the most general o* is characterized by 


: oO 
(4) log L(u; ct) — iatu — dmtu? + t f (om — 1—74) aN (2), 
OD š 
where a is an arbitrary real constant, m an arbitrary real non-negative constant, 
while N(x) is any function which is non-decreasing on both of the intervals 
—~wo<c2<0 and 0<a2< ow, remains bounded as v—-> + œ, and is such 
that : 
i l 
f TAN (z) < œ. 
-l 

Actually, (1 bis) is a tacit assumption of Lévys theorem.*® In fact, if 
Zermelo’s axiom is admitted in connection with (3), the term tatu in (4) 
must be replaced by the term 1f(¢)u, which corresponds to (2). Incidentally, 
it can be shown that in this way one obtains the most general solution of (1) 
alone. 

It is easily verified that Lévy’s megan ig equivalent to the statement 
- that the general solution of of (1) and (1 bis) is characterized by the existence 
of an arbitrary real constant c and of an arbitrary non-decreasing bounded 
function a for which 


ot == xot * Exp (ty!) + exp (t), 
where the non-decreasing bounded functions a’, vw! are defined in terms of p 
„by placing | 
dul (2) = j Ta OL A: ai 
and it is understood that 
pi (— 0) = 0, (+ o) =a (1); pl (— o) 0, pE (E T 0) [m E L 


U. S. ARMY, 
TEE JOHNS HOPKINS UNIVERSITY. 


a6 P, Lévy, loc. ott.? 

2 On the other hand, the analogue of (1 bis) in case of infinite convolutions 
o,*o,*... is a consequence of the corresponding analogue of (1), that is, of the 
assumption that the convolution is convergent; cf. B. Jessen and A. Wintner, loo. cit.4 
In other words, while the analogue of (1 bis) can be proved, the negation of (1 bis) 
cannot be disproved. It may be mentioned that this negative formulation of the rôle of 
Lévy’s tacit assumption (1 bis) is not in disagreement with the opinion expressed at the 
end of his paper “Sur quelques questions de calcul des probabilités,” Prace Mate- 
matyozna-Fisycene, vol. 39 (1932), pp. 19-28. 


ON A PROBLEM OF PARTITIONS.* 


By ALFRED BRAUER. 


Introduction. Let a, a2, --+,a, be relatively prime positive integers. 
The question of determining the number of representations of any integer n 
in the form 


(1) n = ht, + lota ++ > ++ Ody (Te > 0; == 1,2, ty 8) 


is one of the problems most treated in the additive theory of numbers. In 
this paper I shall determine bounds F(a, @,-*-,dx) such that the equa- 
tion (1) always has solutions in positive integers %,2%,:--°,2, for 
n> F(a, a2," * +,@). The existence of such a bound is used for instance 
in the latest researches on the density of the sum of two sets of integers. 

Lf F(a, de,- - -,@,) is such a bound, it is easy to see that 


G (ai, 027 © +, ak) == Fay, Go, + +, Ox) — Žar 
is a bound for the solubility of (1) in non-negative integers. 
For k = ? the solution of the problem has been known for a long time: 
(2) F (t1, dg) == 1s 
is such a bound and it is the smallest possible bound; hence it follows that 
(3) G(q, 2) = (0, —1) (a2 —1) —1. 


Sylvester? noted that there exist exactly (@,—1)(a.—1)/2 integers 
not representable in the form 


n == hT + Age (t =z 0, T = 0). 


For k > 2 the problem seems not to be solved; Frobenius mentioned it 
occasionally in his lectures. In $1 it will be proved that fora S t- S o S am 


(4) G (a1, de,* © +, ax) = (an — 1) (@—1) — 1 


corresponding to (3), and that hence 


* Received November 25, 1940. 

1 Cf. for instance H. Rohrbach, “ Einige neuere Untersuchungen über die Dichte in 
der additiven Zahlentheorie,” Jahresbericht der Deutschen Mathematiker- Y ereinmigung, 
vol. 48 (1938), p. 211. 

3 Mathematical Questions, with their solutions, from the.Hducational Times, vol. 41 
(1884), p. 21. 
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(5) F (dy, aa, * >, Ox) = haa + aa + as ++ l H aes 
== Ñ (4, Za, ° : ‘,%) = 8 


are such bounds. In $2, the following results will be found instead of (4) 
and (5): Let 


dy ==), dy = (Gi, d2),° my dy == (di, G2, ° i ' , Ox) = Í 
_ be the greatest common divisors, then 


(day 0s 5 04) — Oa Sf ty Bt + te ES a, 
(6) . pa 8 
‘ B (assay ** Oe) =m FE pty of tate = T (t, Ga,*** de) =T 


are such bounds. 

In § 8 the bounds (4) and (6) will be compared with each other. It will 
be proved that SÆ T. We have 8 = T, if and only if g is the least possible 
bound. This is true if and only if an index r can be found such that 
Qz, Qs,* * *,@, are all divisible by a, and such that ary = ari ==: © © = ak. 

In Si we inquire as to when T is the best possible bound. It will be 
proved that this is the case if for x == 3,4,°.- -, k the integer ax/ds can be 
represented in the form | 


(7) f= E 


p=1 dr- 


Yay with Yea = 0. 


This hypothesis is satisfied, in particular, if 
dr > drl (0)/ des, O2/dea,* ` ` , Ox-1/dx-1) 


holds for x = 8,4,: - +, k. Therefore for every pair of given integers a, and 
a, it is possible to choose Qa, aw,’ > *, as successively such that T is the best 
_ bound. 

It is interesting that for k == 3 the condition (7) is not ag sufficient, 
but also necessary. Set (ar, an) = dey, and 


a = digdisb;, (e == diadasb2, as = dısd23bs; 


and assume bı Æ be <b. Then we have (bi, ba) = (ba bs) = (bi, ba) = 1, 
and (7) becomes 
(8) ba = biy efe bayz (yı = 0, y2 = 0), 


and T (ai, ds, aa) is the smallest possible bound! if and only if (8) is satisfied. 
For every pair of relatively prime integers bı and b, there exist exactly 
(b;—1) (b,—1)/2 integers bs for which T (ds, Qa, 43) is not the best bound. 
For instance, T(m, m + 2, m +- 1) is the smallest possible bound if m is an 
even integer, and not the best bound if m > 1 is odd. 
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For k > 3 the condition a is not necessary; it can happen that T is 
the best bound, although (7) is not satisfied. For instance, T (9, 12, 21, 19) 
is the smallest possible bound. ` 

Jn § 5 we determine the best bound U for k consecutive aoan It will 
be proved that 


; 2- TRN ee 
U(m,m + 1,° : mki) [TE] Pe, 


The results in § 1 are due to I. Schur; he proved: them in his last lecture 
in Berlin in 1935. The improvement of these results in $2 is due to the 
author. The theorems in § 3—5 result partly from discussions of Schur and 
the author, It was formerly intended to publish these results in a joint paper. 
I conform with Schur’s wishes that the publishing be not longer postponed 
and that I publish the paper alone. 


1. Turorma 1l. Let a SaS: e S a be relatively prime positive 
integers. We put 
(9) S = K (tr, day". * Ok) = la F Os Pf dea F Aitte 
For n > 8 the Diophaniine equation 
(10) mT + aTa °° o F ltr mEn 
always has solutions in positive integers Ti, To,’ ` `, Tk 


` Proof. For k= the theorem is known since (9) becomes (2). The 

bound (2) can be obtained. easily since when n = ma, +r with r > 0 the 
integer z, can always be determined such that 
tT, = r (mod a2) 


where 1 & mt, =4,; hence T: = (n — 21) /d2 iS a positive integer: This 
result can also be obtained geometrically by using the fact that (a1? + a2”)3. 
is the distance between two neighboring lattice points on the straight line 
Tı + det, == n, Where th, az, n are integers and (Mi, Qs) = 1. . 

Now suppose that k = 3. We assume the theorem proved for all the 
integers less than k. If we put 


(11) (1, as, ` © `, 0%) = d, 
then (a, d) = 1, and the congruence 

(12) | | = Oy, (mod d) 
has solutions Ta We may determine z, such that 


(18) © {sasd. 
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According to the inductive hypothesis and (12) the equation 
l N ~~~ Agha ay Gs re lk 


can be solved in positive integers 21,23,‘ >, Te if 
ee = 

and hence, because of (18), if 
(15) n > dad + dg +a, +: sf dha + EE, 
Therefore the equations (14) and (10) can be solved in positive integers if 
(15) is satisfied. | | 

Denote by S“ the right-hand side of (15). We have only to show that 
Bo = 8. This is true since we have 


d—1 





S — 8A —a(1— å) + aüs 


| = (1—1) (“#—a) 2 (4—1) (was) Z0 
by (9), (15), and (11). 
COROLLARY. . For n= (a — 1) (ay — 1) the equation (10) always has 
solutions in non-negative integers. 
2. Without using Theorem 1 we shall now obtain another bound. 


THEOREM 2. ` Let Gi, Ga,’ ` °, Qw be relatively prime posttwe integers. 
If we put 
) | | (G1, G2," © *, Ox) == de | (x= 1,2, + +,&) 
the Diophantine equation (10) always has solutions in positive integers 
Tota *, te of 


d d d 
n> ds Gos + ty m T (0n a,” +, dx) m T 


holds. 
By changing the numbering of the ae the value of T is possibly changed. 


Proof. Since a,/d, and a/d are relatively prime, every integer m 
greater than a,@,/d," can be represented in the form 


mm Ys nt Fy (yı > 0, y2 > 0). 


Therefore every integer n divisible by d, and greater than 
Qiladi = dadı / da 
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is representable in the form . 


n = M + Mee (x > 0, t: > 0). 


Now we shall prove for « == 2,3, - +, that every integer N satisfying 
both the conditions 


(16) N = 0 (mod dx) 
and 
(17) N> aE pa Et: fg 


can be represented in the form 
(18) N = G0, + det, +++ + Oeee (xı > 0, £3 > 0,-°-, Ze > 0). 


For x2 this result has been already proved. We assume it to be true 
for x —=2,3,:--,/—1, and we shall prove that it is true for «=l. 
Because of (17) and (16) we can set 


(19) Nea Sta e+- a EE bd with BE1. 


The congruence 


(20) aja, == bd; (mod di1) 
has a solution 2; since 
(21) (ar, di-1) = di. 


It follows from (20) and (21) that 
bdi di- 1 
y= “Ot ( mo d dy “| F 
Hence we can assume that 


(22) 0¢as-->. 


Therefore we obtain from (22) and (19) 


d 
(23) Nami = N— au >a, Sta gt fan 2 
da 


and from (19) and (20) 


da a , -b ta os 
14, 





(24) N — ayes =a 5 tay 
-+ dy1 at bdi m g EE 0 (mod di1) ; 


According to the inductive hypothesis it follows from (23) and (24) that 
N — azı can be represented in the form 
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° N — ut = nt, + lata +--+ + aatia 
(za > 0 for à = 1,2,- ',ł}— 1) 


N == 0,2, + aat H ` + Giat + tzi 
(za > 0 for A=1,2,---,2). 


Thus, if (16) and (17) are satisfied, (18) is true for every x, hence also for 
` xemk. This proves Theorem 2. 

8. We now study the question as to when the bounds 8 and T are the 
smallest possible. . 


THEOREM 8. The bound S is the smallest possible if an index r can be 
found such that : 


(28) | Oy == hE: + -=4,=50 (mod a) 
and + 
(26) Ors) = Opyg = ls 


Proof. Writing k —r =m we get 


(27) S == da + dg +: > o H ar + (m —1) ay + aay 

l : 

because of (26). If S is representable in the form Sa,e, with ty = 1, 
=i 

we have 

(28) D = lT + Oe, +> - ++ apa, + age 

where 

(29) - 2m. 


By (27) and (25) we get 


S == (m — 1) a (mod a,) 

and by (28) : 
S = az (mod a) 

hence ar 

ayz = (m — 1) æ (mod a), 

z== m — 1 (mod a) 

since a, and a are relatively prime. Therefore we have 
z=m—li+t+a 

because of (29). It follows from (28) and (27) that 


I == 0,2; H aay -+- bre F k Oy H la Hi "+ dp 
“+ A dis oo 


ON A PROBLEM OF PARTITIONS. 305 


k 
This is not possible; hence § is not representable in the form $ ayav with 
i p=1 


£y = 1, and the theorem is proved. 
If the conditions (25) and (26) are not satisfied, however, © is not the 
best bound : | 


THEOREM 4. We have 9È T. Here the sign of equality is true if and 
only if the conditions (25) and (26) are satisfied. 


Proof. We have 
S—T = 4,4 dg t+ + dea + 1d 


da da ae dy- 
— ae de Ba ae — ük- g RO 
nee 
Qo i 
0) S— T = m(n — d) F- (=a s a (dr-2 — des) 
an k-1 





a A OA, eee, er, de + dg — +: ° — dr-a + dr) = Q. 


It is now a question as to when S—T holds. We have to distinguish 
between two cases. 


1) In the first place we assume that 
(31) di = d =: * ° = dki 


Then a, = dı = dı; all the parentheses in (30) are zero, and it follows 
that S = T. Since a, = d, and dp- = (Qi, d2,° * *, ag) condition (31) is 
satisfied if 


ls = h = ` ` = lp = 0 (moda). 
Therefore (25) and (26) are satisfied for r = k — 1. 


2) Next we assume that 
dy FS dy-1. 


Let x be the smallest index such that dx. > dx. From dr-ı— dr > 0 it follows 
that the sign of equality in (30) is possible only if 
(82) Ax/ de == Ax. 


Since ar <a, we get dk = 1 from (82) and we have Gx = xy =" °° == h. 
Hence (26) is satisfied for r==x— 1. Since x was the smallest index of this 


kind, it follows that 
t = dı = dg =: = des 


and therefore that dx-, is divisible by a,, and that 


la E= da E ° ' ‘= ar- = 0. (mod a). 
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‘Thus (25) is.also satisfied for r= x— 1. 
COROLLARY. The bound 8. ts the best possible if and only if 8 =T. 


4. Now we shall inquire as to when the bound T is the best possible. 


THEOREM 5. Suppose that k= 3. If for «x—3,4,---,k the integer 
ax/dx 13 representable in the form 


K-i 
(33) TE S yy with yer 0, 
dr p=l TA 


then T (a, Ta, +, dz) ts the smallest possible bound. 
The hypotheses of this theorem are satisfied in particular if 
ar/dr > T (dy/dx-1,02/der,*"* +, Ara/de1) for x—3,4,-°°,k, 
for then ax/dx is certainly representable in the form (33), and even with 
positive yev. Since dk S dxı, it is easy to determine integers as, ds,° °°» 


when a, and as are given such that for these integers T (Qr, Ga," °°, ax) is the 
smallest possible bound. 


Proof. We shall prove that T'(a,/dr,a:/de,.-*-+,@x/de) is the best 
bound for @,/de,d3/dx,- ` -,a@x/dx if (83) holds. For x= 2 the bound T 
is pas the best possible. Suppose that the statement is already proved 
for 2,3,-:-,«*«-——1. Then the alesse T (G1/dn1; Oa/de+,° * * 5 Ox-1/Gx-1) 


is not representable in the form > (Qv/de.1)tv with zy > 0 and we have to 
prove that T (@/dr, d2/de,-* >, M dn) is ‘also not representable in the form 
> (dy/ ie with ay > 0. If this were not true, we would have 


On dea 


a |, üx tads 
(34) r($, dx 2e a Gat da. a So eae r dy? 
ay 
-atg et ge ae 





where zı > 0, z3 > 0, - +, £r > 0, -and thus 


dr- = 
(35) a apah g.. 4 get == OD, F kaTa + °° + aTr. 
Therefore, since dx is the greatest common divisor of ax and dx, we would 
have 


ee 0 (mod de-i) 3 
= 0 (mod dx-1/dx). 


Putting tc = 0 cde1/de we get from (85) and (383) 
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a d £ T s 
(36) tits e ae = 
a 
= Oy a+ lata te e F aratri F alr de — Gr oe 
g k 


, K—1 
= aya + a2, oe » te ar-1Tr-1 -+ (k — 5 > Av xv 
y=1 
= 012, + h + + Gx-12K-1 


where %, %,° * *, 2-1 are positive integers. On the other hand we have 


(he Qr- a E poe 
37 T y EEA Sa) mer 3 Cr itra. 
le Ge Seg ge) ea = +o Sl Pn 


From (36) and (37) we get 























a (la Axe 
r (= ea á r) ie 1 i Pa. Ti p ue dx- oo 


This is incompatible with the inductive an and therefore the 
hypothesis (34) is not possible. Thus the assumption is proved for every «x, 
and for x =k we get Theorem 0. | 

Theorem 5 gives a sufficient ‘condition that T be the smallest possible 
bound. In the case k —=3 we shall show that this condition is also necessary. 
For this purpose we shall prove two lemmas. | 


Lemma 1. Let aand b be relatively prime posttwe integers. Then every 
positive integer m not divisible by a or by b 18 representable either in the form 


(38) m = az + by (z > 0, y > 0) 
or in the form 
(39) . m =— ab — ar — by (c>0,¥> 0). 


Proof. Let u be a solution of the congruence 
au = m (mod b) 
such that 0 < u < b. If we put 
m = au + bv 
the integer m is represented in the form (38) if v is positive. If v is negative, 
however, v = — y with y > 0, we obtain ; 
m = ab — — (ab — au) EE E az — by 


where z = b — u > 0; thus m is represented in the form (389). 
Finally m is oe representable simultaneously in the forms (38) and 
(39), because if it were, we would have m < ab and 


i] 
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(40) j az -+ by — ab — ag —by 
It would then follow from (40) that | 
| ab —= a(s +2) +b(y +y). 
This is impossible. 
COROLLARY 1. Let aand b be relatively prime positiva integers. There 


are (a—1)(b—1)/2 integers of the set 1,2, : -,ab representable in the 
' form (38) and fust as many in the form (89). 


Proof. The multiples of a and the multiples of b less than or equal to 
ab are not representable by (38) or by (39). Let m be one of the remaining 
(a-—1)(b-—-1) positive integers less than ab. If m is representable in the 
form (38), then ab — m is representable in the form (39). 


COROLLARY 2 (SYLVESTER). If we have (a, b)=—=1, then (a—1) (6—1)/2 | 
miegers are not representable in the form l 
(41) m == ar + by with a= 0, y = 0. 

Proof. The multiples of a and those of b are representable in the. 
form (41). 


Lemma 2. Let a,b, m be positive integers, (a,b) —1, and m divisible 
neither by a nor by b. If m ts representable in the form 


(42). m == ab — az — by (z>0,y>0), 
then every dwisor of m ts representable in the same form. 


Proof. Let ¢ be a divisor of m and put m = tm,. If ¢ is not.repre- 
sentable in the form (42) then ¢ is representable in the form 


- t == au + bv 
by Lemma 1 since ¢ is neither divisible by a nor by 6. Hence 
m = im, = amu + bmv. 


This is impossible becanse of (42), and therefore ¢ is representable in the 


form (42). 
Now let a1, a2, &a be three relatively prime positive integers. We put 
- (Gx, aa) = dr) (x, À = 1,2,8; «54A), 
dı = digd1sb1, Az = diadssbe, ‘dg = Aisdagds 
where 
(44) (bi ba) 7 (bi, bs) = (b2; bs) = ], 


Let us assume for instance that b, = by Æ bs. Then we have 
(45) bb. -+ bs = min (bibs -+ bs, babs -}- b:) 
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and ° 
(46) P= T(a,, de, dg) == dot / dy, + agde | 
=a di2diados (bid. + ba) Smin {T (ay, Gs, G2), T (a2, as, ai) } 


because of (45). Here the condition (33) has the form 


as = (ty /diz) Ys1 + (d2/di2) Yar (Ys1 = 0, Ya = 0), 


hence 


digdo3b3 = di30i4/s1 -}- eae 
By (48) and (44) we have 


(di3, desba) = (das; di301) = 1, 


and therefore yz. is divisible by das and ya, by dys. Dividing by dygdo3 we 
observe that (33) has the form 


(47) bs = biy +- bato (41 = 0, Ye = 0). 


We shall now prove that (47) is also necessary in the case = 3. More- 
over, we shall give a second proof for Theorem 5 in the case i: == 3. 


THEOREM 6. For k= 3 the bound T is the best possible if and only if 
(47) holds. 


Proof. If T is representable in the form 
(48) T = 4,2, + doe + dgZs (2, > 0, 2. > 0, a > 9), 


then T is not the smallest bound. Therefore we have to prove that T is 
representable in the form (48) if and only if (47) is not satisfied. 

Suppose that (47) is not satisfied. This is only possible if b, >1. It 
then follows from Lemma 1 that 

bs = biba — yb, i tf ode with yy > 0, Ya > 0, 

and hence by (46) and (43) 

T = ds ody 3423 (b102 + bs) = disdisdz3 (D5 + fib; + Yab -+ bs) 

= dost 1a -+ dy3Yf alo + 2d 0d ; 


therefore T is representable in the form (48). 
Conversely, suppose that (48) is satisfied. Then we aaa from (46) 


dyody3tlegb1b2 + dyodisdo,03 = T = dy 20130521 -+ dy 2thoabe®e + disdasbaTs. 


As previously, it follows that 2, is divisible by dəs and, in the same way, 
that z, is divisible by dys, and 23 by dı» Therefore we have 


(49) b,b. ote bs = Dita -+ baa 4- bT s 
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where #1, 22,2’, are positive integers. This cannot happen if {,:—1. For 
b, > 1 we have z’3.> 1 since 


| biba = bar -+ bata 
is impossible because of (bı, b2) == 1. Hence we obtain from (49) 
bs (23 aa 1) == biba Sest bar — bu’. 


where 2.,--1=2 1. It now follows from Lemma 2 that b, is representable 
in the form 


$ 


a = bib — b£” 1 — bt” l l (2 >0, =, > 0), 

and from Lemma 1 that (47) is not satisfied. 

COROLLARY 1. Let b, and b: be given integers. Then there exist exactly 
(bı — 1) (ba — 1)/2 positive integers ba for which T (a1, 02,43) ts not the 
best bound. 

This follows from the Corollary 2 of Lemma 1. 

COROLLARY 2. Let a, = m, Qa = m +- 1, as = m +- 2 be three consecu- 

tive integers with m > 1. The bound T(m, m + 2, m + 1) is the best possible 

bound tf and only tf m is even. 

Proof. If m is even, wo have 

dis = ĝ, dig == das == 1; b, = 4m, ba =m + 1, bs = 4m +1, 
and hence b = bı + bs. Thus the condition (47) is satisfied and T is the 
best bound. If m is odd, m, m + 1, m +- 2 are relatively prime in pairs, and 


(47) is not satisfied. In the latter case, we shall obtain the smallest possible 
bound in 5, 


5. THEOREM 7. Denote by U(m,m-+1,-:-,m+hk—1) the smallest 
possible bound for k consecutive integers m, m+1,:°::,m-+k—1. Then 
we have 


2. a eer 
U(m,m +1, -> m41) = [HE] mt EER, 


Proof. Let N be any positive integer representable in the form 


(50) N = mg, + (m+ 1ra- +--+ (m+h—I1)X 
(ze > 0; x= 1,2,:--,k). 
We set 
(51) | hoi (of Oe = y, 
Tz + ts +--+ +--+ (k — 1) Tr = 2, 
and accordingly 
(52) N = my +z. 


ON A PROBLEM OF PARTITIONS. . 31 
Here we have y = k because of zk > 0; moreover it follows from (51) that 
k , 
& S z = (k—1)y— Tri — tra —'` + -— (k—1)2, 


<(b—1)y—(F)=(F) + C-D 0i). 


It is easy to see that for Every fixed y the integer . z can actually take each 
of the values 


(C) troi) +00 


For, if z is one of these — we divide the non-negative integer 
s— gh (k—1) by k— 1: 


e— (5) = (k— 1) +r with 0Sr<k—l. 
Then it is sufficient to choose 

te=] for 2S S&k—l, #Ær4+1 
and | | 

T = q +1, Tri =, t =y—k—gq for r>0, 

Ty = q + 1, - t =y—k—q+i for r—0, 
This is possible since 

k 

(k—1)¢+r—2—($) 5 (k—1) (y—), 


and hence 
y—k—q=1 for r>0, and y—k—gq+121 for r—0. 


In both cases the conditions (51) are satisfied. a 


If we set g == km + 4k(k—1), then it follows from (52) that the 
integers 


g 
gtm, g+m+1, ...,9+m+h—1 
53) 49+ 2m, g+3m+1, Nahai dt, 
ya him — oH Hm aah (k — 1) 


form the totality of positive integers representable in the form (50). The 
first elements of two successive lines in (53) have the difference m. The line 
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è 


beginning with g + (y — kym contains exactly (y-—-k)(k—1)-+1 con- 
secutive integers. Therefore the first line from which on all the following 
integers are representable must contain not less than m integers. It is neces- 
sary for this that y is the smallest integer for which 





(54) m<(y—k)(k—1) 41; y2 +e. 
Since y is the smallest integer of this kind, we have 

| maika ‘ poe 
(85) y= pal |+ k—1 J° 


The preceding line contains only (y — 1 — k) (k— 1) +1 integers, hence 
it contains less than m integers because of (54). Therefore it follows from 
(55) that the greatest integer not representable is - 


m+ k*—3 ke—k—? 
N =g + (y—k)m— 1= [F] as ; 
This proves Theorem 7. | | 
In particular, we get for k = 3 





Um, m+ 1,m4+2) =|] mp Qa Tome 
== T(m,m +-2,m + 1) 
if m is even, and 
0 (m, h +1, m +2) = |] m4 Qaim tom a 
= OE cmt fom + 2—_T(m,m+1,m +2) 
` if m > 1 is odd. | | : 
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ON TWO CONJECTURES IN THE THEORY OF NUMBERS.* 
By A. E. INGHAM. 


1. Let f 
M(2) =Z p(n), L(«) = Dan), 
na nSz 


where a(n) and àÀ(n) are the arithmetical functions of Möbius and Liouville 
defined by 


(1) 1/¢(s) = TL (1 — (1/p*) = È a(n) / 
(2) £(88)/¢(s) = ID [1 — (1/p*) + (1/p%) — =] = È a(n) n 


GSe tai eS), 


It was suggested by Stieltjes [6] and by Mertens [1] that | M(r)| < 2% 
(x >1). The calculations of von Sterneck [3,4,5] confirm this up to 
« =— 500,000, and at intervals up to 5,000,000, and indeed with a factor 14 
on the right hand side except near z = 200. 

It was conjectured by Pólya [2] that L(t) =0 (s 22). This is sup- 
ported by a smaller body of numerical evidence (Pólya verified it up to 
x = 1,500), but the conjecture is attractive on account of its connection with 
the theory of binary quadratic forms az? + bay + cy? (a, b, c integers). Pólya 
showed that a positive integer m is a solution of the equation L(m) —0 
whenever 4m + 3 is a prime p > 7 for which h(— p) =1, where h(D) is 
the number of classes of (positive definite) forms of (negative) discriminant 
D (== b? — 4ac). If these were the only solutions of L(m) = Q, it would be 
casy to deduce, in view of the fact that, since A(n) = = 1, L(s) cannot 
change sign without vanishing, and of Heilbronn’s theorem that h(D) =1 
for only a finite number of negative D, that L(t) < 0 at any rate for all 
sufficiently large z. But other solutions of £(m) —0 occur within the limits 
of Pélya’s calculations, and the argument decides nothing. 

It is well known (and the proof is reproduced for completeness at the 
beginning of §3) that the truth of either of the above conjectures, or more 
generally the truth of any one of the four inequalities 


M(x) < Ka4, M(x) >—Ka4, L(t) < Kr*, L(x) >— Kr%, 


* Received February 12, 1941. 
1 The verification has recently been extended to œ = 20,000. See H. Gupta, “Ona 
table of values of L(n),? Proc. Indian Acad. Sct., Sect. A. vol 12 (1940), pp. 407-409. 
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for all sufficiently large z, where K is a constant, would imply that {(s) has 
- all its complex zeros on the line o =— (i.e., that the Riemann hypothesis is 
true), and that all the zeros are simple. The purpose of this note is to point | 
out a further consequence, namely that the imaginary parts of the zeros above 
the real axis must be linearly dependent (with rational integral multipliers). 
More precisely, we shall prove 


i 


THEOREM A. If the imaginary parts yz, y2,°°* Of the (distinct) zeros 
_ of €(s) above the real asis are connected by no relation of the type 


N 
(3) S, Cnyn = 0 (Cx integers not all 0), 
n=1 


or by only a finite number of such relations, then, when s —> œ, 


lims™M (z) = 4 0, limg™M (r) =— œ, 
lima*L(z) =+ o, limae4L(r) =— œ. 


The method of proof is similar to that ‘by which Littlewood disproved 
the conjecture +(x) <li in the theory of primes, except that the use of 
Phragmén-Lindelof theorems and of ‘explicit formulae’ is avoided. by an 
application of the technique introduced by Wiener in his fundamental 
researches on Tauberian theorems,. and that Dirichlets theorem on Diophan- 
tine approximation is replaced by Kronecker’s theorem. It is this that calls 

for the hypothesis of linear independence of the ya. It would be easy to relax 
this hypothesis a little, but there seems no obvious way of replacing it by 
anything essentially easier to verify. 


2. The proof of Theorem A is based on a theorem concerning Laplace 
integrals (Theorem 1) and on a special property of the generating functions 
(1) and (2) (Theorem 2). l 


THEOREM 1. Let 
(4) F(s) = f "A(u)e-*du, 
9 A 


where A(u) ts absolutely integrable over every finite interval 0 Su sS U, 
and the integral is convergent in some half-plane o > o, = 0. 
- Let A*(u) bea real trigonometrical polynomial 


N = 
A*(u) aaas 2 anet Yaw (yn real, Yn == — Yn; A-n == On), 
and let 





F* (8) -f A*(ujetdum > (e > 0). 


N 
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Suppose that F(s) —F*(s) (suitably defined outside the half-plane 
o> 01) ts regular in the region o = 0, —T St ST, for some T > 0 (or, 
more generally, continuous in this region and regular in the interior). 

Then, when u—> œ (T ficed) 

(5) lim A (u) < lim A*p(u) < lim A (u), 
where a | 


A*r(u) == ZX [1— (| ym |/T) Janet =m ao + 28 F [1 — (ya/T) Janet. 
Yanl <T ' 0<Ys < 


Tt is enough to prove the inequality for the lower limits, since the other 
may be deduced by: changing signs. We may suppose that lim A (u) > — œ 
(since otherwise there is nothing to prove), and indeed that lim A (u) > 0 
[by adding a constant to A(w) and to A*(u)]. Then A(u) > 0 for u > w 
(say), and it follows from a well-known theorem of Landau that the integral 
in (4) is convergent, and the relation (4) true, for o > 0, since F(s) is 
regular along the positive real axis s > 0, this being true of F*(s) (obviously) 
and of D(s) =F (s) —F*(s) (by hypothesis). Thus we have (on our 
suppositions) 


(6) D) = f7 TETE A*(uje™du (e> 0). 
Let k(t) — ke(t) =1— (lt |/T) (t< T); =0 (t=T), 


K (v) == Kr(v) = T[ (sin Tv/2) /(Tv/2) JF, 
so that l 


i betad E (o), f Eo) ettody = rk (t). 


Multiplying (6) by k(t) ot (o > 0) and integrating over —T S t ST, we 
obtain [since the integrals in (6) are uniformly convergent over this EE 
for fixed ¢ > 0] 


T 2 oO 
f D(o + üi)k (t) edt = f A(u)E(u—w)e"du 
~T . 0 , 
— [A (u)K(u—o)ervdu (e > 0). 


The first and third integrals here are continuous functions of o for o = 0, 
the first because D (s) is continuous for o = 0, —T S t S T, and the third 
because the integral is (absolutely) convergent when o == 0 [the integrand 
then being O (w?) as u—> œ (T and w fixed) ]. The second integral, having 
a non-negative integrand for u > uo, is continuous for o = 0 or tends to + œ 
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when a —> +0 (according as it is convergent or divergent to -+ œ when 
o= 0). The latter alternative is, however, excluded by the behaviour of the 
other two integrals, and we obtain, on making e —> + 0, 


T o 
f DUNE) eedt — f E a f ” A* (u) E (u — u) du. 
= 0 0 
Now let o> œ. The first integral tends to 0 by the Riemann-Lebesgue 
theorem, and we obtain 
(7) J, AK (uo) du [Ae (uy K(u— E ERTS 
o l o 
as w —> œ (T fixed). 
Since K (v) = 0 the first integral here is 
E a0 : 
> mex K(v)- f | A(t)| du-- bd A(u) f K(v)dv (0<é<a), 
-o wS o w=zg fw 
whence we deduce, making w —> œ and then é—> 00 , 
(8) lim f 4(u)K(u—0) du : 
(zaar oe ©) 6 
= lim A (u): f ` É (v)dv = lim A(u) - 2ek(0). 
44> OO “OO POO 
Also, the second integral in (7) is 


co N ` 
f A* (o + v) E (v) dv = S aneto f " E (v) etvedy 
— ~N -i 
(9) N 
= 2, anol neal (Ya) + 0(1) 
48s w — ©, 
The desired inequality 
lim A (u) 5 lim n A%n (a) 


“—>CO 


now follows from (7), (8) and (9), in virtue of the CuO of L(t) 
— p(t) and of A*p(w). 


THEOREM 2. Suppose that the complex zeros of €(s) are all simple 
and le on the line o =m 1/2, and let them be (1/2) + iyn (n = +1, + 2,°- 
Yn = — yn; 0< yr ye S++). Let a, be the residue of F(s) at s = tyn, 
where F(s) denotes etther of the functions 


(i) EEEIEE ee ee ee (ii) ___$(i+es) 
((1/2) + 8)€((1/2) +8)? © ( (1/2) +8) €((1/2) + 8) ` 


Then S | an | is divergent. 
1 
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Consider the integral 
ie f (T + is)tF (s)ds 


taken in the positive sense round the rectangle with vertices — «&, 8, 8 + 1T, 
— g + iT, indented upwards at the origin in case (ii), where a and 8 are 
fixed (0 < a < 1/4, 1/2 < 8 < 1), k is a fixed positive mteger,* and T > « 
through a sequence Tan (m = 1, 2,:::) such that 

| 1/61 (1/2) +- s)] | < TK (—1 S0 S1, t=T = Tn), 


where K is some positive constant. The existence of such a sequence Tm is 
well known (see, e. g., Titchmarsh [7], Theorem 18, p. 26). 


By Cauchy’s theorem of residues, 


I=mi X (T 
OLY <T 





yn) an = 2715 (T), 
Say. 

Let I, I2, Is, Z4 be the contributions to J of the four sides of the rectangle, 
numbered in the positive sense from the lower horizontal side. We have 


I = OG); 
© a, B+iT (T + is)*ds 
(as l tae 

J, (1/2) +s pte) sic OC 2 T/n log n) 
= T* log T + O(T*), 


[an = p(n) or A(n) | 


by using the inequality | (T + ts)*— T* | S K, | s | T* in the term n = 1, 
and deforming the path of integration into the broken line 8, T, T + 7, 
B+ iT [or, alternatively, writing n-ds = — d(n-*)/logn and integrating 
by parts] in the terms n = 2. 

Now the Riemann hypothesis (which we are assuming here) implies that, 
when {> œ, ¿(1 + 2s) = 0 (t°) uniformly for — « S o S £, and 


1 Doar ae cas (1 + 25)r/4|T( (1/2) + 8) 
c((1/2) +s) E12) —s) 


=0(r*) (e=— a), 
where e is an arbitrarily small positive number. (See, e. g., Titchmarsh [7], 


$5.18, (1), (2).) Hence 


2‘ Integer ’ may be replaced by ‘number’ if we specify that the branch of (T + is)* 
which is real and positive for s = it, t < T, has to be taken. 
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Ip = O(1-T3-TE-T*) = O( TR), 
T 
fi Of T(t 4 1)--#egt) — O(T), 
i 0 
Collecting these resuts, we obtain 
I = T* log T + O(T*) + O (TE), 


oie TEE Res: on 
(10) riS (T) ~ T* log T 


when T— œ through the Pane Tin. ‘This proves the theorem ( and indeed 
more) since j 

| S(T) |< T DZ |an]. 

i OR LYT 


3. Proof of Theorem A. We have 


F(s) = f° A(u)esdu le > 1/2), 


where F (8) has either of the meanings assigned to it in Theorem 2, and 4 (u). 
denotes the corresponding one of the functions 


(1) M (e*) e, (i) L(e*) e”, 
The conclusion of Theorem A is equivalent to 


(11) lim A (u) =+- 0,  limA(u) =— œ. 


_ Suppose that the first result (for example) is false. Then there is a 
constant A such that A — A (u) = 0 for u = 0, and the relation 


f, (A—A(u) jedu = (4/s) — F (8) = (8). 


(say), true in the first instance for e > 1/2, holds for e >0 by Landau’s 

theorem, since G(s) is regular along the whole of the positive real axis s > 0. 

Hence G(s), and therefore F(s), is regular in the half-plane o > 0; and also 
| G(s)| <= G(c) =O(o") as o>+0, 


so that G(s), and therefore F(s), can have no multiple pole on o=0. A 
similar argument with A + A4(u) applies if the second result (11) is false. 


' This means (and all this is classical) that the results (11) are certainly true 


if ¿(s) has a complex zero off the line e = 1/2, or if all the complex zeros 
lie on this line but include a multiple zero (and in these cases the hypothesis 
of linear independence of the y» is, of course, irrelevant). 

We may, therefore, make the assumptions of Theorem 2. Deine: yn and 
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a, as in Theorem 2 for n == + l, + 2,---, and as follows (in the twe cases) 
for n == (0: 

(i) Yo = 0, Wo = 0; 

(ii)  yo=0, as = 1/¢(1/2). 


Then the conditions of Theorem 1 are satisfied for any given T > 0 if we 
choose N so that yy = T ; and the conclusions (5) therefore hold. 
But, if the yn (0 < ya < T) are linearly independent, 
(12) lim A*p(u) =a £2 B [1— (ya/T)] | on |, 
OS Ya < 


BOO 


since by Kronecker’s theorem we can find arbitrarily large values of u for 
which the products ysu (0 < yn < T) are simultaneously as near as we please 
to —arg (+ @,) (mod 2r}. But the sum & on the right of. (12) is 


> 5 ha? |/2 


` 


O< Yan < 


and is therefore arbitrarily’ large with T hy Theorem 2. Hence 
lim A(u) = lim lim A*7(u) = + 0, 
TCS 00 


, u> 
with a similar result for the lower limit. 

The argument is not essentially affected if there are a finite number of 
relations of the type (3), since these will involve a last Yn, SAY yu, and we 
can apply Kronecker’s theorem to the yn in the range yi < yn <T. 
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ON THE PRIME NUMBER THEOREM.* 


By AUREL WINTNER. 


A few years ago, Watson succeeded in proving an asymptotic congruence 
property formulated by Ramanujan, namely, the following theorem: If m and 
k are fixed positive integers, there are between n = 1 and n == N only o(N) 
integers n for which the sum of the (2m-—1)-th powers of all divisors of n is 
not a multiple of k. This implies, in the particular case 2m — 1 == 11, that 
Ramanujan’s t(n) is divisible by 691 except for o(N) values of n. 

Actually, Watson has improved on o(N) by logarithmical factors (for 
arbitrary m, k), and has even proved asymptotic formulae for certain summa- 
tory functions on which the o-estimates depend +; asymptotic formulae estab- 
lished by the classical methods of the theory of primes (that is, by contour 
integrations, based on estimates of £(s) in a certain domain containing the 
line o = 1 in its interior). The singularities of the generating Dirichlet series 
and, correspondingly, the proof of the asymptotic formulae are similar to those 
occurring in Landau’s result,” according to which the number of the positive 
integers which are less than # and are representable as a sum of two squares is 
asymptotically proportional to «/(logz)4 The following considerations, 
which deal with the general analytical background of asymptotic laws of this 
type, seem to be warranted in view of Hardy’s recent presentation® of the 
results just mentioned. 

The asymptotic formula, given by Hardy in his discussion of Landau’s 
problem, is false, the passage from the order of the singularity (at s = 1) to 
the order of the summatory function being erroneous. This can be seen, with- 
out any Tauberian argument, from Abelian reasons alone. (Among all the 
possible orders, Landau’s exponent, 4, represents the only case in which Hardys 
calculation becomes correct.) However, my quarrel is not with this lapsus 
calami (which does not occur in Watson’s paper), but with the method of 
approach. In fact, Hardy refers (as Watson did) to the parallel problem of 


ee 
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two squares; a problem presented along the lines of Landau’s approach ef 1908, _ 
requiring, as the prime number theorem did at that time, a definite amount of 
information on a domain contained in the half-plane o < 1. And Hardy com- 
mences the presentation of this approach by a remark concerning its analytical . 
interest, which is observed to be due to the fact that the pole of the prime 
number theorem becomes replaced by an algebraic singularity; the order of 
infinity, say p, at s = 1 now being 4 instead of 1. But all of this must be felt 
as rather disturbing, the more so as, after Wiener’s work,* the prime number 
theorem itself has nothing to do with what happens beyond the line o = 1. 

In the sequel, this methodical anomaly will be disposed of by showing 
that, on the one hand, there is no point in passing through the line e= 1 in 
order to prove the theorem of either Landau or Watson, since a unified, and 
much shorter, approach to all these problems (including the prime number 
theorem itself) can be obtained by a straight-forward extension of Ikehara’s 
theorem concerning the case »==1 of a simple pole; and that, on the other 
hand, all these problems do not involve the algebraic character of the under- 
lying singularities, since p could be irrational, and therefore the singularity at 
s= 1 logarithmic, as far as the unified Tauberian approach is concerned. 
Even the fact that, in the problems of Landau and Watson, a not only is 
rational but less than 1 as well, turns out to be without any significance, since 
nothing happens when » passes through Ikehara’s case, p = 1. 

The necessary modifications of the proof of Ikehara’s theorem ë are so 
much on the surface that certain details will be given only because the possi- 
bility of these modifications appears to be overlooked in the literature. The 
only complication arising from the passage to the necessary generalization. of 
Ikehara’s case is the appearance of an additional factor. In fact, the Fourier 
transformation belonging to an arbitrary » > 0 corresponds to the T-integral 


oOo 


f ge Magpie 


0 


so that Ikehara’s case, »— 1 = 0, of a simple pole might have disguised the 


See 


tN. Wiener, The Fourier Integral and Certain of its Applications, Cambridge 
University Press, 1933, pp. 112-137. Actually, the first proof of the prime number 
theorem avoiding a crossing of the line g == 1 (and based on the characteristic applica- 
tion of the Riemann-Lebesgue lemma for Fourier integrals) is due to Hardy and Little- 
wood, Quarterly Journal of Mathematica, vol. 46 (1915), pp. 215-219. However, their 
proof presupposes at any rate a rough (exponential) estimate of {(1 + it) for large t. 
But any such estimate depends on the same machinery as the crossing of the line s = 1, 

e Cf. loc. cit.*, pp. 127-130. 
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_ availability of the method in the general situation. The latter can be formu- 
lated as follows: 


I f a Dirichlet sertes © . 
G) f(s) = Sayer, (O= LAL, 
; n=1 


where 
(2) an = 0, 


ts convergent for o >1 and such that there exist two constants, O s4 0 and 
p > 0, for which the regular function 


(3) f(s) —C/(s —1)4, where o > 1, (arg(o —1)#— 0), | 


possesses a continuous boundary function as a —> 1 + 0, then 





4 3 n o 
4) . ge” Th 


It is understood that: by the existence of a continuous boundary function 
is meant this: For every fixed T > 0, the function (3) of s = o + i tends, as 
o—>1-+-0, to a function of ¢ uniformly for —T StS T. Actually, it is 
more than sufficient to assume the existence of two functions, say 


(5) got) and g*(t) 20, (— o <i<o), 


eTgH-t as T> o. 


such that the function (3) of s =c + it tends, as g —> 1 + 0, to go(t) if t is 
arbitrarily fixed on the’ complement of a t-set of measure 0, and g*(¢) is 
L-integrable on every interval — T < tS T and exceeds the absolute value of 
the difference (3) whenever 1 <o < 2 (say). ) 
Even without this generalization of the italicized Tauberian theorem, the 
prime number theorem and Landau’s result follow by choosing | 
5 6 
p — ], f(s) = 4e (or, equivalently, f(s) == . “BL ) 


: The summatory functions (4) belonging to these two ordinary Dirichlet series 
(the second of which defines a function meromorphic in the half-plane o > 0, with poles 
clustering at every point of the line e = 0) are Y(exp@) and (exp), if the least 
common multiple of all integers between 1 and w and of all primes between | and 2 are 
respectively denoted by exp y (w) and exp @(a@). It is interesting that the prime number 
theorem, Y (v) ~a, is -equivalent not only to 6(”) ~@ but also to an asymptotic 
formula,’ y (w) — 0 (w) ~ 1/3, for the excess represented by multiple prime factors 
(counted in y but not in 8); in fact, 


Yla) = Z O(m), where $ O(a") = aio (we) = o (at), 
n=1 n=8 
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and 


a= Fo) Pee) ZO, T (1-4) 


— 279 p==s(mod 4) p” 


respectively, where the L-series is that mone to the non-principal character 
(mod 4). Correspondingly, Watson’s theorem results by placing 


{ —i 

mel, i= a (145) 

where œ is Euler’s function and & > 2. Needless to say, the various extensions 

of these results (for instance, the asymptotic formula for the number of inte- 

gers represented by a binary quadratic form,’ where, as in Landau’s particular 
case, p == 4) follow in the same way. 

In order to facilitate a direct comparison with the standard treatment ë 
of Ikehara’s case, the weight function of Tauberian averaging will be chosen 
in the usual way, that is, such that the kernel of the pouner transformation 
becomes 
(6) S (u) = (sin u/u)*. 


Since | u |* S (u) —> 0 as | u| — <o then holds only if 


(7) p<, (p > 0), 


the choice (6) will necessitate the restriction (7). In order to include arbi- 
trarily large values of p, all that is necessary is a replacement of the weight 
function 

o(c) = Max(0,1—|2]), (— 0 <2< 0), 


which leads to (6), by another weight function, leading to a Fourier transform 
which tends to 0 stronger than |u | (and is, as (6), non-negative). Such 
weight functions can be obtained by the well-known process of successive con- 
volutions, for instance.® Incidentally, not only (7) but even a 1 is satisfied 
in all the applications referred to abore. 


™Cf. P. Bernays, Ueber die Darstellung von positiven, ganzen Zahlen durch die 
primitiven, bindren quadratischen Formen einer ntcht-quadratischen Diskriminante, 
Dissertation, Göttingen, 1912. 

s Cf. E. Landau, “ Ueber Dirichletsche Reihen,” Göttinger Nachrichten, 1932, pp. 
525-527. 

° Cf., e.g, J. Karamata, “ Weiterführung der N. Wienerschen Methode,” Mathe- 
matische Zeitschrift, vol. 38 (1934), pp. 701-708 where, for other reasons, the square of 
(6) is applied (and, therefore, the first auto-convolution of the above weight function is 
considered ). 

The weight function exp{-—— 42) would have the advantage that the device of 
successive convolutions becomes unnecessary. But this self-reciprocal function has its 
own disadvantages, its order at infinity being too low. 


t 
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If, for — œ <t < o, 


(8) | a(t) =e" Zan, ` (an Z 0;0—A < Ae L.e), 
AagSz l 

then, by (2); 

(9) e7a(x) S eva(y) whenever £ < y, ° 

and n i 

(10) — l a(x) = 0 for =œ <z <0. 


According to (8), the assertion (4) can be written in the form 
(11) o a(g) woe, © (>w), 
if, without loss of generality, C =T ( p) in (8). | 
Instead of (11), it will be sufficient to prove that 
| Tz 
(12) f a(x — v/T) 8 (v)dv ~rr! as z—> o, 
OO , 
if T > 0 is arbitrarily fixed. In fact, since 
. 
f S(t)dv = v; by (6), 
-00 
the passage from (12) to (11) requires the elimination of the weight factor. 
But it is clear from (8), (9), (10) that this elimination is supplied precisely 
by the standard Tauberien argument,’° if (12) holds for an arbitrary value of 
T > 0. | 
According to (&), (9) and (1), 


oO 00 os 
is) = Í e~*8d {ea (x) } =s e7a(x)e*"dz, (o >1); 
so that, since ` 
D (u) /we = f gosgidr, (Rw > 0, p> 0), 


0 
the difference (3), where C = T'(), can be written in the form 
oO 


oO 
sf e0- eg (x) da — f e(l-aagel dy : (e > 1). 
. ; 


0 


meneame 


30 Cf., e. g., loo. oit., 1)-2) on pp. 526-527 
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Thus the assumptions specified after (5) mean that, if 


(18) pepida weriaiee Sd: a), 
and 
(14) Felt) = f {a(2) —a*}ot-ede, (e> 0), 


then there exist for — œ < t< œ two functions, say F(t) and F* (t), such 
. that | 


(15) F.(¢) —> Fo (t) as e— 0 holds for almost all t 
and 
(16) | Fe(t) | < F*(t) for arbitrary « and t, 


where F*(t) is L-integrable on every finite interval — T £ t £ T. 

Since the integral (14) is absolutely convergent for all values of s men- 
tioned under (13), it follows by a legitimate interchange’ of the order of 
integrations, that | 


2T ao ` 
f eiet(1— 4 |t| /T)Fe(t)dt = 2T f {a(w) — ut yeg (Tx — Tu) du 
-27 A 


is, by virtue of the definition (14) and (6), an identity in the three parameters 
e T, x. But (15) and (16) assure that, if e— 0, the integral on the left 
tends to the (fnite) limit | 
2T 

f (14 |t]/T)Fo(t)dt. 
-27 i l 
And the integral analogue of the Riemann-Lebesgue lemma shows that the 
last integral tends to 0 as z —> œ, if T is fixed. Consequently, there exists a 
(finite) limit 


(17) lim T f (a (u) — ue" (Tz — Tu) du, 
c0 ` 
0 


where T and ware arbitrary. And (17) tends to 0 as z—> œ, if T is arbitrarily 
fixed. : | 
Accordingly, if u in (17) is replaced by the integration variable 
pe Te — Tu, 
Tx . 


(18) lm f {a(x —v/T) — (z — v/T) et? S (v)dv —> 0 as t — œ, 


Y 
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where J’ (> 0) is arbitrary. Furthermore, from (6) and (7), 


T's Tz 
lim f (5 — v/T) eeng (v)do — | (c—v/T)"8(v) dv, 
é—>0 


-00 


and it is also clear from (6) and (7) that the ratio of the last integral to a“ is 





Tx 7 co 
=f G- 4) aw f T wr, TO, 
Iw -00 
where T is arbitrarily fixed. It follows therefore from (18) that 
Tr 
(19) a lim f a(a—0v/T) 6/7) S(y)dv—> x, ` pss 
-0 


holds for every T. 

In order to complete the proof of (12), it remains to ascertain that, if 
both z and T are fixed, the limit process «—» 0 can be carried out beneath the 
integral sign in (19): 


. Tx T 
(20) lim Í a(a—v/T)e(@/78(v)du— | a(2—v/T)S(v) dv. 


But the existence of the (finite) limit on the left of (20) was proved above. 
Furthermore, both functions (6), (8) are real and non-negative. Hence, (20) 
can be reduced to the trivial fact that, for every positive R (< œ), 


Tr Tzr 
tim f a(a—v/Tere!(v)dv— È als — v/T} S (v). 
e~>) 

-R -R 
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MATRIX REPRESENTATIONS OF COMPLETELY SIMPLE 
SEMIGROUPS.* 


By A. H. CLIFFORD. 


By a semigroup is meant a system S of elements a, b,- - : closed under a 
single binary associative operation : 


(ab)c = a(bc). 


To each element a of 8 let there correspond a uniquely determined matrix T (a) 
with n rows and columns and with elements in a (commutative) field O. If,. 
for all a, b in 8, 

T (ab) = T(a)T (b), 


then the correspondence ©: a — T (a) is called a (matrix) representation of § 
in Q of degree n. The notions of equivalence, reduction, and decomposition 
are defined exactly as in the theory of representations of groups or algebras. 

The only work dealing with representations of semigroups, of which the 
author is aware, is that of Suschkewitsch. In [2] he makes considerable 
progress in the determination of all representations of a type of finite semi- 
group which he calls a Kerngruppe. [3] gives an abstraction of the process 
used in [2], at the same time removing the finiteness restriction. In a previous 
paper [1], he determined the structure of all possible Kerngruppen. 

The latter determination has recently been extended and simplified by 
Rees [4]. In Rees’s terminology, a Kerngruppe is a completely simple (finite) 
semigroup without a zero element. He characterizes every completely simple 
semigroup as a regular matrix semigroup over a group with zero (definitions 
in §2). In the present paper we show how to construct all representations of 
a (not necessarily regular) matrix semigroup over a group with zero; the 
process is summarized at the close of § 6. In a final section (§ 8) we show © 
how a Brandt groupoid [5] can be made into a matrix ‘semigroup of especially 
simple type by the adjunction of a zero element; the theory of the present 
paper is then applied to find all its representations. 


1, Factorizations of a matrix of finite rank. This first section is con- 
cerned with a problem in pure matrix theory, namely that of finding all 
solutions X, Y of the matric equation 


AY =H, 


* Received March 18, 1941. 
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where Hf is a given matrix, possibly infinite but of finite rank, X to have a 
finite number of columns, and F a finite number of rows. _ 

Let J and K be arbitrary sets, and Q a field. By a J XK matrix in Q 
we mean any function A =a(t,x) == (Gir) on the product-set J X K to Q 
(4 ranging over J, x over K). If J isa finite set of m elements we shall ‘also 
call A an m X K matrix, with a similar interpretation for a J X n matrix and 
an mX n matrix. By a submatrix of a JX K matrix (ax) we mean a- 
J’ X K’ matrix (arx), where 7 and «’ range over subsets J’ and K’ of J and 
K. By the rank of A we mean that of the largest finite non-singular square 
submatrix of A, if such exist, and co otherwise. 

Let 3 and & denote the linear spaces over © consisting respectively of all 
J-vectors .(a,) and all K-vectors (ax). The subspace Ro of & spanned by the 
rows (fixed t) of A is the row-space of A; the subspace & of 3 spanned by the 
columns (fixed x) of A is the column-space of A. The row-rank of A is the 
dimension of Re, the column-rank that of Qo By an easy extension of the 
method of proof for the finite case, one readily sees that the rank, row-rank, 
and column-rank of any matris are all eee That is, either they are all finite 
and equal, or all three are infinite. ` l 


THEOREM 1.1. A J X K matris H can A expressed as a as 
H = QR 


of a, J X t matric Q and'a t X K matriz R if and only if it has finite rank 
ASH. 


Proof. If H — QR then the rows of H are linear combinations of those 
of R, which are ¢ in number, and hence the dimension h of the row-space of H- 
cannot éxceed t. Conversely, if h < t, we may take for È any t rows of H of 
which all other rows are linear combinations. The i-th row of Q may then be 
taken to be the coefficients in any expression of the i-th row of H as a linear 
~ combination of those of R. 
Two factorizations 

H = QR = Q'E 


of thematrix H, as in Theorem 1.1, will be called equate if there exists a 
non-singular’ X ¢ matrix C such that 


Q =Q, . BOR. 
A factorization with t = h will be called basic. 


X 


THEOREM 1. 2. Any two basic factorizations of a matris a ee rank 
are equivalent. 
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Proof. The h rows of È are a basis of the row-space Ro of H. Hach row 
of H is uniquely expressible as a linear combination of those of R, and hence 
Q is uniquely determined by R. Since the h rows of FR’ are also a basis of R, 
they are a non-singular linear combination of those of R. Hence fh’ = CR, 
with C a non-singular h X h matrix. From H == QR == Q’CR and the unicity 
of Q, follows Q’C == Q. 

Let H bea J X K matrix of finite rank e with row-space R, and column- 
spacé Qo, and let H == Qoly be any basic factorization of H. Let H = QE be 
any factorization of H into a J X t matrix Q of rank g and a t X K matrix R 
of rank +. Let Q be the column-space of Q, and R the row-space of R; then 
QDA., and RƏR. Let Q, be a J X (q—h) matrix such that the q 
columns of the J X q matrix (Qo Qı ) form a basis of Q, and let R, be an 


(r—h) X K matrix such that the r rows of the r X K matrix Fa form a 
basis of K. 


THEOREM 1.3. The factorization H = QR of H ts equivalent to the 
factorization 


Ro 
, hy, 
(1.1) | H= (Q0 Q, 0) 
0 
Proof. By elementary row transformations on Æ we can find a non- 
singular ¢ & t matrix C, such that 


RF 
or—(4) 


where R* is an r X K matrix whose rows form any basis we like of the row- 
space X of R, in particular 
a R, 
ko O 
a= (a): 


QC == (Q* A). 


Let 


Then 
H == QC," OB = OFR*. 


Since N D Ro, the rows of H are vectors in R, and so are unique linear com- 
binations of the rows of R*. From 


k . 
(Qo 0) a i Volto sa H, 

1 

and the unicity of Q*, it follows that 
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À Q* = (Qa 0). 


IU 
“= (oy) 
where J is the r X r identity matrix, and V is a non-singular (t—r) X (t— r) 
matrix. Then 


l * 
C.0,R— E ) SOR 
while | 
QC,71C, = (Q* B). 
where 


Bue Q*U + AV. 


Hence A may be replaced by any matrix B obtained from A by elementary 
column transformations on A(U = 0) or by adding to any column of A any 
linear combination of columns of Q*. But these are sufficient to reduce A to 
the form (Qı 0), where the columns of Q, form a supplement to those of Qo 
to make a basis of ©. Taking C == C,*C, with this determination of Cs, 
we have 


QC == QCC: = (Q* Q10) = (Qo 0 O10), 
; Ro 
P p (* R; 
CR m: Ci OR = CLR — 0 = R: = 0 
, 0 0 
COROLLARY 1.81 Two factorizations H == QR = Q’R’ are equivalent if 
and only if Q and Q’ have the same column-space, R and E’ the same row-space. 


Proof. Since (1.1) depends only on the spaces Q and R, both factoriza- 
tions are equivalent to'(1.1) and hence to each other. 


COROLLARY 1.32. Beside the evident inequalities (= q 2h, t=r=h, 
we have t =q+r—h, 


Proof. By counting columns in the J X t matrix. (Q. 0 Q10) we have 
t= h+ (r—h) + (q—h). | 
The inequalities of Corollary 1. 32 can also be expressed in the form 


t—h Z t—q 20, t— h Z t —r 2 0, 
which is Sylvester’s Law of Nullity in case H, P, Q are all finite £ X t matrices. 


2. Completely simple semigroups. Rees [4] defines an ideal a in a semi- 


4 
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group S to be a subset of 9 such that a8 and Sa are contained in a.* A zero 
element of S is an element 0 such that a: 0 —0-a—Oforallain S. S is-simple 
if it contains no other ideal than S itself and the zero ideal consisting of 0 alone 
(if S contains a zero element). An element eof S is idempotent if e? = e, 
and primiiiwe if there is no idempotent f5<0,6 such that ef=<=fex=f. A 
simple S is completely simple if (1) every element of 8 belongs to at least 
one set eSf, e and f idempotents, and (2) every idempotent 1 is primitive. Rees’s 
main result is that every completely simple semigroup is isomorphic with what 
he calls a regular mátrix semigroup over a group with zero. This is defined in 
the following way. . 
Let G be a group with a zero element 0 edjoined. Let J and K be any 

two sets of indices; denote the elements of J by i,j,- - +, and those of K by 
kK,à °°. Let P= (pr) be a fixed K XJ matrix in G, the pr; being | 
arbitrary but fixed elements of G. For a£ 0 in G, let (a)ix denote the J X K 
matrix having a in the t-th row and x-th column, and zeros elsewhere. (0) 4. 
shall mean, for any i and x, the null J X K matrix. S shall consist of all the 

“one-element ” matrices (a) ie together with the null matrix. ao eecaton 
in § is defined by — 


(2. 1) (2) ie (0) = (apxsb) a. 


(Thus the product of A and B in 8 is the matrix product APB; no confusion 
arises from denoting it simply by AB.) The associative law is readily verified, 
and so S is a semigroup—a matris semigroup over G with defining mains P. 
. 8 is called regular if there is an element = 0 in each row and each column 
of P, and 8 is then completely simple. If no element of P is zero, and S is 
finite (G, J, E all finite) then the non-zero elements of S form a Suschke- 
witsch Kerngruppe. 

According to Rees’s Theorem 2. 91 ([4] p. 397) it is possible to change P 
somewhat without changing S. One such change is to multiply the rows of P 
on the left by arbitrary elements rx 54 0 of G, and to multiply its columns on 
the right by elements q; 5 0: 


P —> P* == RPQ = (repeigs) = ( Yrs). 
This can be seen directly by writing 


| — [alex = (qark) ix, 
. whence by (2.1), 


[a]ix[b]s, m [ap*esb Jin. | 
It is thus possible to normalize P so that the elements in a fixed row and a 
fixed column are either 0 or the identity element e of G. If P is not identically 
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zero We ean choose our notation so that, after normalization, p,, == e and the . 
elements pri, Pı; are either 0 or e. 
We shall make explicit use only of pı = e. From this and (2.1) we 
have the following, which we shall need later: 


(2. 2) (a)n: (b)11 = (ab): p 
(2. 3) (e)a (e) = (prs) a | 

(2.4) (e)a (e)n = (8) 4 

(2. 5) (jale hem (6) x | 

(2. 6) (e)ir (e)a = (per)ax 

(2.7) OR ix — (Des) ia 

(2. 8) (¢)41(@)11(@) 10 = (2) 41 (€) ax = (a)i. 


We shall assume throughout the paper that 8 is a matris semigroup over 
@ group G with zero, multiplication being defined by (2.1), and with the 
defining. matrix P normalized so that pıı =e. We do not need to ‘assume : 
that S is regular, but merely that P is not identically zero. 


8. Construction of all representations of S as extensions of those of G. 
If £:a—>T (a) is any representation of S, then T (0) is an idempotent matrix 
and in the usual fashion £ can be transformed so that 
I 


| (0) — a | 


From 0a = a0 = 0 we readily find, for any a in S, 


TO” 
ra= (ona) 
Hence & decomposes into an identity representation ¥1:7,(a) —J, and a 
representation %4 in which 7’',(0) —0. Consequently there is no appreciable 
loss in generality if we incorporate into the definition of a representation © the 
requirement that l 
T(0) =0. 


By (2.2), the elements (a) i of S form a group with zero G, isomorphic 
with G. Any representation &* of S induces a representation of G,, and in 
the usual fashion #*, can be transformed so that 


Gaj a P*L(@)n T= (79 9); 
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Gahan X:a—>T (a) is a proper representation of G: ; . 
(8.2) T(ab)—T(a)T(b), Tle)=—I, T(0)=0. 


We call £* an extension of Z from G to S. The possibility that T* may induce 
a null representation in G, need not trouble us, since then by (2.8) &* is a 
null representation of S. 
Corresponding to (3.1), let us write 
Fax Eas 
ME] = (Fe Ft). 
Then from (2.3) and (2. 4) we have 


E N ne o a )= ee 4 

0 0 Ba as 0 . 0 l 0 07? uie 
Raa nd | oy (Re yl 3 
Far Rez 00 Ba 9 Rzy Raz : 


Hence Ry, = T (pu), Ria = 0, Ro = 0. Denoting Re, by Ri we have 


(3. 3) T*[ (e)a] — (7 D 
Similarly, from (2.5) and (2.6) we find 
(8. 4) T*[ (6)ic] = te $ 


Finally, by (2.8), T*[ (a@)ix] is the product of the three matrices (3.3), 
(3. 1), and (3.4). Using (3.2), 


sate T (pusdper) T (prid) Qe 
(3. 5) T O A rae), 


If the degree of © ig n and that of Z* is n + t, then the Qx are n X t matrices, 
and the R; are? X n matrices. We have also 


(3.6) Oe B26: 


THEOREM 3.1. Let X be a proper representation of G. Then (3.5) 
defines a representation X* of 8 if and only if the matrices Qk and Ry satisfy 


(3.7) QkE — T (pri) — T (prapa). 
Conversely, every representation of 8 is equivalent to one of this form. 


Proof. Taking the converse first, we have already seen that any repre- 
sentation £* of S can be transformed into the form (3. 5), and all that remains 
is to prove (3.7). From (2.7), (38.4), (8.3), and (3.1) we have 
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; ey 7 o= T (px) 0 
0O 0 R; 0 0 0 
which gives (3.7) immediately. 
Following Suschkewitsch [2], we write (38.5) in the form 
P*] (a) sx] — BiT (a) Qe i 
where E 
T 
Bem (7), Gem (Pm) Qe): 
(3. 7) becomes : 


Onky —_ T (prs). 
Then . 


T*[ (a) ix] T*[(b) sa] — BT (a) GBT (b) Oa = RiT (a) T (pes) T(b) Or 
— RiT (apesd) Qn = T* (apes) x] = T*[ (a) ax (0) sa]. 
We remark that if S has no divisors of zero, and we normalize its defining 
matrix P so that pu = pa =e for all t and x, then (3.5) and (3.7) 


simplify to 
. T(a) T(a)Qx 
Taul (pire) REO A 


Qk Ri =— T (pau) — 1. 
For a given representation ©% of G we let 
(3.8) | Hr = T (pei) — T (pap) 
and define H == H(%) to be the matrix of matrices 


(3.9) tm (the (31,11). 
Then the equations (8.7) can be expressed as a single matrix equation 
(3. 10) H=0È | 
where | 

o-(&) R = (... R4...) (k 1,1 1). 


' We exclude x == 1 and i == 1 since H,; and He, are zero and we have (3.6). 
(While it would not be necessary to adhere to (3.6) at this point, it is essential 
that we do so when we discuss equivalence in the next section.) In case J 
(or K) has only one element there ig no need to define H at all; in this case 
the matrices Qe (or R;) are entirely arbitrary. 

From Theorem 1.1 we have immediately : 
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THEOREM 3.2. A gwen representation © of G of degree n has an esten- 
sion &* to K of finite degree tf and only if the rank h of the matriz H defined 
by (3.8) and (3.9) is finite. The defining matrices Qr, Ry of any eztension ` 
<* of X of degree n -+ t are obtained from a factorization (8.10) of H. This 
is possible if and only if t= h, and so every extension of © has degree at 
least n+ h. 


.4,. Equivalence of two extensions. Two equivalent representations Z* ° 
‘and &* of § evidently induce equivalent representations © and 3’ of G, and 
hence &’* can be transformed so that XY = $. (8.5) for X’* is then of. the 
form : _ 


T(puaprı) TP (pia) or) 
7 — 
TL (panes) RE woe) 
with | | 
Q J mee 0, R’ 1™ 0. 
THEOREM 4.1. The two extensions X* and X’* to 8 of degree n -+ t of 
the same representation & of G of degree n are equivalent tf and only +f 
Q= OQO, te. Qe CQO (all x1), 
R—C.,RO,1, te Ram OR (all +541), 
= where C, is a non-singular n X n matric commuting with Z, 
OT (a) — T(a) 0, (all a in G), 
and Oo ts a non-singular i X t matris. 
Proof. Suppose that T* and * are equivalent. . Then there exists a 
constant non-singular (n + t) X (n+ t) matrix 


such that 
OT*| (a) ax] = T*[ (a) ax] C. 


For i = 1, x = 1 this gives 
% a yo (7 o) (on y 
Cu Cog 0 0, 0 Oa Cas 
and since T (a) is non-singular we ang 


a == 0, Cz: = = 0, CuT (a) = T (a) Cii 


(0, 0 
om (FG) 


Hence we may write 
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where C,*is a non-singular n X n matrix commuting with ©, and C2 is a non- 
singular t X ¢ matrix. Then OO 
| CiT (puidper) CiT (pua) 
+ == 
CAAA) eee ORT (a) Qx 
/ ` T (Puapkı)Oı T (pua) QC: ) ý 
ES = : 
[(4) Je Phen RT (a) O'nC 2 
‘For a == e, t= i equating these gives CiQr == QO. For a = e, k = 1, we . 

find C,H, = R’,C,. In terms of the composite matrices introduced in (3.10), 


these may be written = 
| CQ = Cs, CE N KO. 


But conversely, if these equations hold, and O, commutes with all T (ay, 
then the two matrices above are equal. To verify the southeast corner: 


CRT (a) Qe = RCT (a) Qe = RYT (a) O1Qe = BGT (a) QO 
If C is non-singular, then €* and X’* are equivalent. E 


THEOREM 4.2. If, in the preceding theorem, X is absolutely irreductble, 
then &* and X* are equwalent if and only if 


V=92C*, W =R, 


where C is a non-singular t X t matris. This in turn ts equivalent tb the 
condition that Q and Q’ have the same column-space, R and E the same 
TOW-space. 


Proof. Since C, must now be a scalar matrix s£ 0, by Schur’s Lemma, 
` we can take C = C:0:>. But this asserts that the factorizations H == QR 
—()’R’ of H are equivalent, as defined in $1. The second part follows imme- 
diately from Corellary 1. 31. 

This result makes it clear that, unlike the auson in group theory, even 
a finite 5 will in general have an infinite number of inequivalent representa- 
tions of the same degree. 


5. Proper extensions. A representation &* of S will be called proper 
if it does not decompose into two representations one of which is a null 
l representation. 


THEOREM 5. 1. Let Z bea representation of degree n of G, and let the - 
rank h of the matric H defined by (3.8) and (3.9) be finite. Let Z*E be an. 
extension to S of degree n+ t of Z, and let the ranks of its defining matrices 
Q and R be q and r. Then $2=q+r—h. F* is proper if and only if. 
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t—=q+r—h.’ If t>q+r—A, then X* decomposes into a proper ex- 
tension X’* of degree n+ (q-+r—h) and a null representation a degres 
tar me 


© Proof. t=q E r—h by Corollary 1.32. Let us assume first that 
t >q+r—h. By Theorem 4, 1 with C, = I, and Theorem 1.3, &* is equi- 
valent to an extension of ©% with defining matrices of the form ' 


; R? 
, = 
(5.1) Q=(990G0), R=] o 
| 0 
This means of course that 
. R’? 
4 1 
(5.2) a  Qe— (Qe 0020), ael 
| 7 0 
Let us write (5.1) in the form | 
(5. 3) Q= (70), R= a 


where the € 0 in Q is a null matrix of t — (q T r— h) columns, and the 0 in Æ 
has the same number of rows. Then 


Q=) B—(*'), 


and putting these in (3.5) we find immediately 
i Bales 0 
(5.4) Tajul = (T KOI a) 


where &’* has defining matrices Q’ and K. 

We have thus shown that if t> ¢-+-+—/A then &* is not proper, pai 
decomposes into &’* of degree n + (q +r— h) and a null representation of 
degree t — (q + r—h). The ranks of Q’ and R’ are evidently gandr. Hence 
all that remaing to complete the proof of the theorem is to show that if 
t = q + r— h then &* is proper. 

But if &* were not proper, it could be put in the form (5.4) with proper 
T+, The degree of £’* would then ben -+ v’, where / = g +1 —h, 7’ and r 
- the ranks of the defining matrices Q’ and R’ of T/*. From the form of (5. 4) 
it follows directly that Q and R have the form (5.3). Hence q == g’, r=. 
But this means t=, T* == Y7, 
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6. The basic extension; normal forms. Let © be a representation of G 
such that the matrix H defined by (8.8) and (8.9) has finite rank h. Let 


—= QIR? 


be a basic factorization of H (§1), the number of columns of Q° and éhe 
number of rows of R° being h. By Theorem 1.2 any two such factorizations 
' are equivalent, and hence the following is an immediate consequence of 
Theorem 4. 1. 


THEOREM 6.1. A representation È of G of degree n, with H of finite 
rank h, possesses to within equivalence exactly one extension X*, to 8 of 
degree n+ h. 


We call &, the basic extension of © io S. 


THEOREM 6.2. Every extension ©* to S of a representation © F G can 
be transformed into the form os 


0 RT (ape) RT (a) Qk? RT (a) Qn 


(6.2) T*[(a)ac] = 0 | T (Puapr) T (pua) Qe | T (Pua) Qk 
0 TROT (apr) RET (a)! ROT (a) Qe" 


mee ee le A A E T ea a pa n. 


0 0 : 0 0 


The diagonal block inside the dotted lines ts the basic extension X*, of X. 
X* is proper if and only tf the rank of the composite matris Q? is equal to the 
number of its columns, and that of F to the number of its rows. 


Proof. As in the proof of Theorem 5.1, X* can be transformed so that 
its defining matrices Q and R have the form (5.1), where H == Q°R° ig a basic 
factorization of H, Qt is a matrix of rank q — h equal to the number of its 
columns, and Rt is a matrix of rank r— h equal to the number of its rows. 
<* is proper if and only if the tail null-matrices in Q and R are absent, and 
then (5.2) becomes 


Ry 
Qr == (Qx° 0 Qe), R; = (e) i 
0 


Substituting these in (3.5), and then permuting cyclically the first three rows 
‘and columns of the result, we obtain (6. 2). 

An improper £* can be put in the form (6.2) bordered with null matrices 
to the right and below. This is also of the form (6.2) with Q! replaced by 
(@* 0), and the latter has rank legs than the number of its columns. 

This result snakes the construction of all representations of S as direct as 
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one could reasonably expect, provided of course that we know how to con- 
struct all those of G: 


(1) Construct all representations of G, and discard all except those © 
for which the matrix H defined by (3.8) and (3.9) has finite rank h. 

(2) For given ©, construct a basic factorization H = Q°R° of H. To do 
this one may take for E° any h linearly independent rows of H; Q° is then. 
uniquely determined, each row being the coefficients in the expression of the. 
corresponding row of H as linear combinations of the rows of R°. _ 

(3) With the resulting n X h matrices Q,° and h X n matrices R,°, as 
given by (8.10), write down the basic extension 2*» from (3. 5). 

(4) Every representation ©* of © is an extension of some ©, and any 
such is obtained simply by writing down (6. 2), the matrices Qt and Ri being 
entirely arbitrary. &* will be proper (§ 5) if and only if the composite 
matrices Q? and & have maximum possible rank. 


7. Reduction and decomposition. In spite of having an explicit form 
(6.2) for the representations of S, it is by no means easy to answer all possible 
questions concerning their reduction and’ decomposition. We give in this 
section a few simple results in this direction, 

It is clear from the form of (6.2) that a reduction (not a decomposition) 
of the basic ©*, yields a reduction of ©*, since Z* reduces into X*, and a pair 
of null representations. Thus every irreducible (non-null) constituent of &*, 
occurs with the same multiplicity in ©*. But it must be borne in mind that 
results like this do not tell the whole story when-—as in the present case—full 
reducibility does not hold. 


THEOREM 7.1. If Z ts an irreducible representation of G, then its basic 
extension X*, to S ts also irreducible. Every proper extension X* of © is 
indecomposable, but reduces into X*, and null representations. 


Proof. Were &*, reducible, there would exist a non-singular (n + F) 

X (n+ h) matrix C such that l 
£ T*,[ (a) ax] T*i[ (a) ix 
OTL] ey ed) 

Here n is as usual the degree of ©, n + h that of T*,. But then either 2*, 
or &*, must be an extension to S of the irreducible representation © of G. 
Since they both have degree less than n + A, this is impossible by Theorem 3. 2. 

If X* is any extension of X, and it decomposes into ©*, and X*,, then only 
one of the latter can be an extension to § of the irreducible & The other 
must therefore be a null representation, and X* is not proper. The reduction 
of T* into T*, and null representations is clear from (6.2). 
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, TH¥ornm 7.2. If the representation R of G decomposes into X and Z” 
then the basic extension X*, of T to S decomposes into the basic extensions X’*, 
and X'*, of X and T” respectwely. . 


Proof. Writing 
{Tla 0 > 
ra= (T ay) 
| Hea 0° 
na (HH 5°). 


From this it is clear that if any two of the matrices H, H’, H” have finite 
rank, then go, does the third, and h = K +h”, Jet n’ and n” be the degrees 


` we have 


o of X and ©; that of © is then n =n +n”, X*, and ©7”*, have degreds 


n +h’ and n”-+ h” respectively, by-Theorem 6.1. But then their direct 
sum X*+ T+, is an extension to S of Y + T” — T of degree 


(WW) (EW) mn +h 


and so inei be equivalent to the basic extension U*, of &. - 
Anyone interested will find it worth his while to check this theire (and > 


the methods of the present paper) on the example given by Suschkewitsch at 


the close of [2]. 


8. Application to Brandt groupoids. Let S* be a groupoid, as defined 
by Brandt [5]. Adjoin to, 8* a zero element 0, and define ab — 0 if ab is 
undefined in S*. The resulting system J is then a semigroup satisfying (in 
addition to closure and associativity) the conditions: 


I. If abc =0 then ab == 0 or bc == 0, 


II. Hach element a> 0 of g has a unique left ens e and right. 
identity f: ea = af = a. 


* I. The equation ax = b [ya — b], with given a and b both £0, has - 


a unique solution x [y] if a and b have the same lef [right] identity. 
IV. If eand f are idempotents, the set eSf contains an element + 0. 


Conversely, the non-zero elements of such an S form a Brandt groupoid. 
We shall therefore call 9 a groupoid with zero. (I.is a consequence of I and © 


III; we retain it only for purposes of comparison with Brandt’s axioms.) 

We show first that S is simple. Let a and b be arbitrary non-zero elements 
of 5; we are to show that the equation yar == b ig solvable. Let e be the left 
identity of a, and f the right identity of b, as given by II. -From their unicity 
follows e? == e, f? — f. By IV there exists c5<0 such that ea c. ‘By 
III we can solve az == ¢ and ye = b, whence yar = b. 


-_ 
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By II every element of 8 belongs to at least (in fact exactly) one get ef 
with e and f idempotent. Because of the unicity in II, every idempotent is 
primitive. Hence § is completely simple (§ 2). According to Rees’s Theorem 
2. ie S can be represented as a regular matrix semigroup over a + group G with 

* Let multiplication in § be given by (2.1). 

ger t be a fixed index in J. Since J is regular there exists at least one x 

in K such that Pri 9. TE pu 0 also, then 


(Per Ji (Pu?) — (Pu) = (Paa (pas) ar 
II then requires. that à ==x. Similarly, to a given x in K there exists exactly 
one tin J such that px; 40. Hence J and K are in one-to-one correspondence, 
We may therefore assume that J == K, and by suitable numeration choose pi 
to be the non-zero element in the i-th row or column of P. ‘As described in 
§ 2, P can then be normalized so that each pu = e. Thus we have the 
following theorem, the converse being readily verified. 


THEOREM 8.1. Any Brandt groupoid with zero can be represented as a 
regular matriz semigroup S over a group G with zero such that J = K and 
the defining matriz P is the identity matris: 


P.. n if 45, 
ii e if i=xk, 


Conversely, any such I is a Brandt groupoid with zero, 
Thus (2.1) becomes ordinary matrix multiplication : 


~ f (ab)u it j=k, 
(a)i; (b)xi 0 if jÆ k. 
We proceed now to obtain all representations of 3. Foriand j both = 1, 
(3.8) becomes o 
Hy = T (py), 
and hence, for any X, H of (3.9) is the identity matrix. By Theorem 3. 2, 
S will have non-null representations of finite degree if and only if J has a 
finite number s of elements. 
Assuming this to be the case, H is the identity matrix of depts n{s—1), 
if n is the degree of ©. Thus its rank is, 


| h = n(s — 1), 
and a basic factorization of H is obtained by taking 
, Q? == 2° — J, (== H). 
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'Fhen the n X h matrix Q,° can be described as a row of square matrices of 
degree n, one of them being the identity matrix I and the rest zero; I occurs 
at the i-th place if we number them from 2 to s. The h X n matrix R’ is 
similarly described as a column. Putting these in (3.5), T*[(@)a;] emerges 
as a matrix of degree s in matrices of degree n, having T (a) in the 4j-position 
and null matrices elsewhere. 

If © = ©, the identity representation H(a) == 1 of G, we obtain thereby 
the fundamental representation €* of degree s of 9 in which (a@)4; is repre- 
sented by the matrix Ey, having 1 in the 4j-position and zeros elsewhere. 2", 
is thus the direct product of €* and © in the sense that 


(8. 1) D*o{ (a) 43] = Fy X T(a), 


although (a)ı,—> 7'(a) is not itself a representation of J. 

_ Consider now any proper extension &* of Ẹ of degree n + t. Let g andr 
be the ranks of its defining matrices Q and R. Since Q is an h X t matrix and 
Rat X h matrix, q and r are S h. From Theorem 5. 1 we have 


tegtr—hShth—hmh. 


But ¿= h by Theorem 3.2. Hence n.+t—n-+h, and &* is the basic 
extension of £ by Theorem 6. 1. 


 THROREM 8.2. A groupoid 3 with zero admits non-null representations 
of finite degree tf and only if it has finite degree s over G. ‘In that case, every 
proper extension X* to 8 of a representation © of G is the basic extension of &, 
and is the direct product of & with the fundamental representation €* of 
degree s of S, in the sense of (8.1). | 
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THE PARAMETRIC OSCULATING QUADRICS OF A FAMILY OF 
CURVES ON A SURFACE.* 


By P. O. BELL. 


I. Introduction. Dan Sun * introduced two interesting quadrics each of 
which is geometrically determined at a point of a surface by an asymptotic 
curve of the surface and a one-parameter family of curves on the surface. 
His definition is essentially the following: At three neighboring points P, Pu, Pe 
on an asymptotic curve Cy of a surface § construct the tangents to the curves 
of a one-parameter family on S. The three tangents determine a quadric whose 
limit, as P,, P2 independently approach P along Cu is the parametric osculating 
quadric Q of the one-parameter family of curves of S at P. The parametric 
osculating quadric Q® is similarly defined with respect to the other asymptotic 
curve Cy. 

However, certain errors which Sun made in his routine calculation of the 
coefficients of the equations of the quadrics Q), Q‘*) ? invalidate his principal 
results. 

The purpose of this note is to obtain the equations of the quadrics Q“), 
Q™ by a method different from that employed by Sun and to determine some 
of the properties of the quadrics. 


2. The equations of the quadrics. Let a non-developable surface § be’ 
referred to its asymptotic net as parametric. The homogeneous projective 
coordinates y'#), (i = 1, 2, 3, 4), of a general point Pon 8 are, then, solutions 
of a system of differential equations, which by suitable transformation can be 
reduced to Wilezynskt’s canonical form 


(2.1) Yuu + 2byo + fy == 0, — Yov + Yu + gy = 0. 
Moreover, the coordinates y(® satisfy the determinant inequality 


(2. 2) (Y, Yay Ye, Yur) = 0. 


* Received May 5, 1941; Presented to the American Mathematical Society, Feb. 28, 
1942. 

1 Dan Sun, “ The parametric osculating quadrics of a one-parameter family of curves 
on a surface,” The Téhoku Mathematical Journal, vol. 32 (1930), pp. 81-85. 

* Loo. cit., equations (6) and (6); compare these equations with our equations 
(2.8) and (2.10). Sun omitted the details of the calculations whereby he obtained his 
incorrect equations (5) and (6). 
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An arbitrary one-parameter family of duiven on 8 is defined by the curvi- 
linear equation | | : 
(2.3) dv — Adu = 0 


wheré à is an arbitrary function of u,v. Let Cy nent the curve of the family 
which passes through P. 

The tangents at the points of an asymptotic curve Cy to the curves of the 
family (2.3) form a ruled surface Ry). 

The definition of the quadric Q“*) is clearly that of the oscwlating quadric 
along the generator through P of the ruled surface Ry). Hence the asymptotic 
regulus along the generator through P of the ruled surface #,® lies on the 
quadric Q, We use this fact to obtain the equation of Q™). 

The homogeneous coordinates of a general point on the ruled surface 
R,™ ara given by the form . 


(2. 4) z == Yu + Ayo + wy. 


Since v is fixed, z is a function of two independent parameters u, w. The 
differential equation for the asymptotic curves of the ruled surface is therefore 


(2.5) Ldu? +- 2Mdudw — 0, 


where L == (Zau, Zus 20,2), MM = (Zu, Zu, Zw, 2). On uae (2. 
and making use of (2.1) the following forms are obtained: 


Zw == Y, Zy m (rw — 2b) ¥0 + AYuo + WYn a Y, Zuo == Yu, 
+ (2bgX— fà — fw — fu)y. 


Substituting these forms in (2. 5) we find, by. means of elementary determinant 
theory and the inequality (2. 2), that the equation for the curved asymptotics 
of Ry™ may be expressed in the form 


(2.6) du /du— (Auu F BAA + 6DAy — 2g? — 2bydA — 2bod? 
- da bAS — 4bAwW — 4B?) /202. 


The homogenous coordinates of a general point of the sails regulus 
along the generator of Ry at P are, therefore, given by 


(2. 7) g= 2 + t(zu + [dw/dulzw), | 


wherein w, t are independent parameters and dw/du is defined by (2.8). 

view of (2.2) let the points Y, Ys, Yv, Yuv be selected as vertices of a local tetra- 
hedron of reference and let the unit point be chosen so that local coordinates 
of the point x == miy + ZaYu + Uso + TaYuv ATC Ly, 2, Tas Vae These coordinates 
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' for z are then readily found, by expressing the right member of (2,7) as a 
_ Linear combination of y, ¥u, Yos Yuv, to be given by 
| Tı = w—ft+ idw/du, 
Tz == 1 -+ wt, l 
Ta = À -+ (Às — 2b) t, 
| & = AÍ, 


(2,8) 


where dw/du is defined by (2.6). Homogeneous elimination of the parameters 
w, t from among these equations yields the equation of the quadric Q% 


(2.9) RA (TiTa — TaT) +- 2AT? + 2 (2b — dw) ÀTaT4 
+ (40? + 2b + 2d Ar? + RFA? H Aab — Gbu + 2Au? — Anu) 24 = 0. 


| The equation for Q™ may be found from this equation by replacing A 
by 1/A, f by g, and interchanging u and v, z: and z, and a’ and b. 
The result is 


(2.10) 2 (29% — teas) + 2AT? + 2 (20°02 + Av) Tota 
+ (407b + 29d + aud + RAA + Aa A + 6P ANo $ Avo) Ta? == 0, 


3. Properties of the quadrics. A few properties of the quadrics gw, 
Q will now be obtained from a study of their equations. First, however, it is 
worthy of note that each of these quadrics is defined by a generalization of the 
definition of the quadric of Ite. In fact, the quadric of Lie is the quadric 
Q‘) in case Oh is the asymptotic curve Co, and it-is the quadrie Q in case 
Cy is the asymptotic curve Cy. 

Since the equation for the quadric of Lie is 


(3. 1) TS WT, TeV -+ 2a’ba,? — 0, 


we find that the intersections of the en of Lie with the quadric Q™ are 
straight lines whose equations are 


(3. 2) Ta == Ty = 0), 

(3. 3) Ta oe fr % pna 0, T — piTa + 2a baz, = 0, 
and 

(3. 4) Ly m pal, == 0, Ly — [ets + 2a’ ba, =t 0, 


where pı, pe are the roots of the equation ` 
(3.5) IA u? +- 2A (2b — Auju + e= 0 


` in which c = 4b? t+ 2byd + BA? 4 BFA? — Gbu ++ 2Au — Muu. The quadric 
of Lie is, moreover, tangent to Q at each point of the u-tangent Ta = z4 = 0. 
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Let mı, qa denote the planes determined by the rulings (3.2), (8.3) and (8.2), 
(3.4), respectively. The planes mı, 72 are the only two planes each of which 
is determined by two rulings which are common to both quadrics. 

The harmonic conjugate of the tangent plane to S at P with respect to 


the planes m, and rs is the plane whose equation is F 


(3. 6) ay A (2b — Au) af 2A = 0. 


Let N denote the conjugate net consisting of the family of curves defined 
by (2.3) and the conjugate family defined by 


(3. 7) du -+ àdu = 0, 


The asis of the pointi P with respect to the net Ny joins the point P to 
the point ¢ given by = Yuv— Yu — Pyy wherein a= (às — 2b)/2A?, 
B = — (àu + 20'A?) /2A. This axis lies in the plane (3.6) if and only if 
ÀS + b= 0. This is the equation of the directions of Darbous. Hence, we 
have the following theorem: i 


A curve Cy is a curve of Darbous if and only if, at a general point P of 
the curve, the harmonic conjugate of the tangent plane to S at P with respect 
to the planes m, and rs, which are determined by the common rulings of the 
quadric Q% and the quadric of Lie, contains the asis of P with respect to the 
conjugate net Ny. | 


In a similar manner the following theorem may be proved: 


A curve Cy ts a curve of Segre tf and only if, at a general point P of the 
curve, the harmonic conjugate of the tangent plane to 8 at P with respect to 
the planes m, and r, contains the associate axis of P with respect to the con- 
jugate net Ny. 


The quadric Q‘*) may, of course, be used in place of the quadric Q‘ to 
obtain similar theorems. l 

Let ? denote an arbitrary line in the tangent plane to S at P which gen- 
erates a congruence T as P varies over S. The general homogeneous coordinates 
of the points p, ø in which / intersects the u and v-tangents to S at P are given 
by p= Y4 — By, == Yo — ay, where «, B are functions of u, v. Let Y 
denote the reciprocal of / with respect to the quadric of Lie, and let IY denote 
the congruence generated by V as P varies over S. 

The reciprocal polar lines of } with respect to the quadrics Q and Q% 
are given by the equations 


(3.7) te + Bay—= 0, — Atta + Pray + (2b — Au — aA?) a, = 0, 


| 
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and 7 
(3. 8) T3 -F aTa = 0, RAT: — Tz +- + (20A + àv — p) ts — 0, 


respectively. These lines are coplanar with the OEE of the tangent at P 
to the curve Cy if and = if 


: — 2b — ZBA +. 2a? —2a'A4.. 
Putting A = dv/du, X = d’v/du?, we have 
(3.9)  dv/du? = 2b — 2pdv/du + 2a(dv/du)* — 2a’ (dv/du)*. 


This is the differential equation of the unton-curves of the congruence T. 
Hence, we have the theorem: 


The curves of a family defined on S by dv — Adu == 0 are. union curves 
of the congruence IY if and only tf at a general point P of S the conjugate of 
the tangent to Cy at P les in the plane determined by the reciprocals of l with 
respect to the parametric osculating quadrics Q™) and Q® of the family at P. 


The equations of the tangent planes to the quadrics Q, Q% at a general. 
point z defined by (2.4) are 


(3.10) A7Z_q — ADs + (Ay — 26 — wa) 2, = 0, 
and 
(3. 11) | At, — Ta + (Ay + 20A? + wW)a, = 0, 


respectively. By making use of these equations and the equations 2, == 0 and 
20 (ATs — Za) + (X — 2b + 2a’r*?)a, = 0 for the tangent plane to § at P 
and the osculating plane of C) at P, the reader may easily establish the property 
of the quadrics Q™), Q® which is expressed as follows: | 


THRORRM. At a general point on the tangent line to Cy at P the tangent 
planes to the quadrics Q™ and Q separate harmonically the osculating plane 
of Cy at P and the tangent plane of 8 at P. 
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MINIMAL SURFACES SPANNING CLOSED MANIFOLDS AND 
HAVING PRESCRIBED TOPOLOGICAL POSITION.* 


By Norman Davis. 


The following paper is concerned with minimal*surfaces which have both 
least area and prescribed topological structure, and whose boundary elements 
belong to prescribed homology-classes on a prescribed closed manifold M.? 

In [I] and [II] R. Courant has treated variational problems for minimal 
surfaces with “free boundaries” in a general way, the connectivity being 
arbitrary and parts of the boundaries free on a manifold, other parts being 
fixed on prescribed Jordan arcs.2 However, if the entire boundary of the 
required minimal surface is left free on the manifold, a new topological con- 
dition becomes necessary to exclude trivial degenerate solutions. Such con- 
ditions, first mentioned in [II], stipulate linking properties between the 
boundary elements of ‘the minimal surfaces and certain cycles in the space 
complementary to the manifold. In [II] and [TV] such linking properties 
are applied to the discussion of fixed boundary problems; in [III] the following 
problem is solved: given a closed surface M of genus p > 0 in three-space and 
a closed simple polygon H having no ‘points in common with M, which is 
linked with all individuals of a non-zero one-dimensional homology-class on 
M,» find a simply-connected minimal surface of least area spanning M whose 
boundary is linked with H. The solution is based on an interplay of topological 
and analytical reasoning. 

The purpose of this paper is to elaborate the method with some modifi- 
cations and to extend it to more general problems. We shall allow, in order to 
formulate comprehensive results, solutions consisting of a number of distinct 
surfaces. The possibilities gaa in these problems far surpass Taone: in the 
fixed boundary case. 

The emphasis in this paper will be on the topological aspects of the 
problem and the analytical existence proof. It will then follow exactly as in 
[II] that the solution is a minimal surface and that it satisfies certain trans- 
versality conditions on M. 


* Received April 8, 1941. 

+See paper [III], where a preliminary report appears and the leading ideas of this 
paper are summarized. 

3 See [VII], where the problem of free boundaries on planes is treated. 

* For example, a polygon passing through the hole of a torus. 
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I. FORMULATION OF THE PROBLEM. e 


1. The topology of boundary elements. Given a closed oriented mani- 
fold M + of first Betti number p > 0 in euclidean n-space En having position 
vector ¥: (Tı,* * *, £a) the “topological position relative to M ” of a surface 
spanning M is determined by identifying its boundary with prescribed one- 
dimensional homology-classes on M. The degenerated “ point” surface on M 
then solves the minimum problem for the zero-class; the difficulties in the’ 
corresponding existence problem for other homology-classes lie in connecting 
such prescribed homology conditions with the variational procedure. We shall 
do this by introducing certain cycles in the complementary space En — M. 
If we choose for M an arbitrary one-dimensional homology-basis hi,- - -, hp 
there exist p oriented (n—2)-dimensional cycles zı’ <,2p in Bx,—-M 
forming a homology-basis for En — M, such that 


(1) (hu 24) = 1 : ey 

where A denotes the linking number.” ‘The set of cycles may be taken as a 
finite polyhedral complex Z, of positive distance æ from M. Any homology- 
class on M is equivalent to its set-of p linking numbers (1). An orientable 
surface spanning M will have » (signed) intersections with the cycle z, A 
being its linking number with the class of its boundary. These intersections 
will play an important role in the existence proof. 

We now suppose g == (u,v) to be a surface defined over the interior of a 
parameter domain G of the (u, v)-plane bounded by a finite number of con- 
tinuous curves. Since y need not meet M in continuous curves, the above 
homology or linking conditions referring to boundary curves have to be 
modified. This is done by replacing the idea of “boundary” by the more 
general concept of “boundary element,” based on the following definition: 
we shall say that y spans M if, for all sequences of points (Un, vn) in G which 
tend to a boundary point of G, the distance 


(2) d[E(tn, Un), M] — 0. 


t An r-dimensional manifold (r < n) is a continuous, arcwise-connected set locally 
homeomorphic to an r-sphere. A closed manifold is a compact manifold having no 
boundary points. 

5 All the topological definitions and theorems used here may be found in [X]. The 
existence theorem expressed by (1) forms part of the Alexander Duality Theorem. 

° As pointed out by Courant, the situation may be complicated by the presence of 
“ spikes,” i.e., long, thin portions of the surface which wind indefinitely often around 
the manifold and thus form discontinuities at the boundary. 


350 NORMAN DAVIDS. 


Hence any sequence of neighborhoods of the boundary B which nest down to B 
is mapped by g into a nested sequence of surface-pieces which converge 
uniformly to the manifold M. A similar property holds near single boundary 
curves of B. The class of all sequences of neighborhoods nesting down to a 
boundary curve of B will be called a boundary element of y associated with this 
boundary curve of G. 

To each such boundary element of y we may associate linking numbers 
with the cycles Z1,° * *, 2%. For, all curves in G sufficiently near a boundary — 
curve of G and homologous to it have, as images, curves in En closer to M than 
a/2, which are therefore homologous in /,—%z;. Their common linking 
number A; with z; will be taken as that of the boundary element. In this 
manner, by a remark above, we assign to it uniquely a homology-class on M. 
Our treatment has entirely avoided referring to the intersection of y with M. 





Fig. 1. : 


In general, if ¢ is a surface spanning M having k boundary elements 
B; (j=1,:--,k) the kp numbers . 


(3) Agy =— AC By, 21) t=—1,:--,p 


characterize completely the topological position of x relative to M. 

The total boundary of an orientable surface consists of the totality of its 
oriented boundary elements. The linking numbers with the z-cycles of the 
total boundary B are the sum of those for the separate boundary elements. 

An example illustrating the theory is that of the two-dimensional manifold 
M shown in Fig. 1. Here at least four minimal surfaces exist whose boundary 
elements belong to independent homology-classes.’ 


7It can be seen intuitively that an additional minimal surface forms at the bottle- 
like constriction at O (Fig. 1) which, although its area is a relative minimum, cannot 
be characterized by linking conditions, since its boundary is homologous to zero. Addi- 
tional conditions of a homotopic nature are required. This illustrates the variety of 
possibilities which may arise in such free boundary problems. | 
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2. Formulation of the variational problem. A minimal „surface ® 
g = (u,v) defined over a domain G of the (u, v)-plane is obtained by solving, 
under certain prescribed conditions, the variational problem 


D(s)—=4 f f (oP + rt) dudv = min = 3 


where D(x) denotes the classical Dirichlet integral.? Its smallest value 8 
represents the area of the minimal surface. 

The possibility of a minimum problem is suggested in a variety of ways. 
A typical problem would be one requiring a minimal surface spanning M of 
least area, where the p linking numbers of the total boundary are prescribed, 
while the topological structure and the number of boundary elements are left 
free. A more restrictive problem, analogous to the Plateau-Douglas problem,™ 
would specify both the topological structure and the kp integers (3). The 
solution of the first of these problems gives the key to the second. 

A problem requiring interlocking, but with unspecified linking number, 
always has a solution (see [III]), with an undetermined value of A. One 
would then expect that the k-tuply counted solution solves the minimum 
problem prescribing the linking number kà. In fact such multiply-counted 
surfaces must be permitted in the theory if complete generality of the results 
is to be attained. 

Accordingly, we shall emphasize the concept of a “vector” rather than 
surface. A vector r shall consist of a number of surfaces each defined over its 
own parameter domain and counted with its proper multiplicity. All the 
considerations of the previous section apply without change to vectors. 

We now introduce the following class of “admissible” vectors: r is to 
consist of a set of surfaces r- = gr(u, v) defined over domains G,, such that 


(a) the components (2,22,: °°) of each gr are continuous and have 
piecewise-continuous derivatives in the interior of Ge, 


° A minimal surface 'y = y(t, v) is determined by the conditions 
te = tvs Ends = 0 


Ar == 0. 

° The use of the Dirichlet integral, first explicitly introduced by Douglas, forms an 
important part of both Courant’s and Douglas’ methods in the fixed boundary case. 
The above variational problem is similar to Courant’s in [IT], except that the prescribed 
conditions are different. . 

* The classic problem of Plateau for fixed boundaries was first solved by J. Douglas 
and T. Radó. The extension of the problem to more boundary contours and higher 
topological structure, proposed and treated by Douglas (see [VI]), has since been called 
the Plateau-Douglas. problem. 


and 


352 NORMAN DAVIDS. 


(b), the Dirichlet integral of y is bounded, 
(c) each t spans M, 
(d) the total boundary of r satisfies prescribed linking conditions, 


(e) each surface of y is orientable, and the characteristic p(y) is Bi 
than a fixed constant K.1° Our main 1 theorem then states: ` 


Given a set of p integers — ` + Ap not all zero, then, tf the class of 
admissible vectors y satisfying the conditions 


(4) . A(B, zi) =M 


ts nol empty," there exists a vector g in this class for which the Dirichlet 
integral attains a minimum value 8 > 0. Hach surface br of t is a minimal 
surface and p(t) < K. 


A sufficient condition tbat. x consist of a single minimal surface is given 
by the relation | 
(5) 8(Ai,° ° *, Ap) S B(X ", Àp) 


where À,’ *'`,àÀp denote the prescribed linking numbers, Xi,* © ', Ap any 
other set of p integers, and the notation ô(àı,'* * *,àp) the g.l.b. of the 
Dirichlet integral considered as a function of the 2s. $ 


3. Preliminary lemmas. We shall require for the existence proof the 
following lemmas, proved in previous papers: 


Lemma 1. If g==g(u,v) is a simply-connected orientable surface 
spanning M whose boundary element ts linked with at least one cycle of Z, then 


(6) D(z) =A 


where A is a constant independent of z. This lemma is a corollary to the 
existence proof of a: ne 


- 


10 The characteristic of a vector is defined as 
p(x) = Zp(yz,) 
The condition p < K is introduced to prevent the possibility that the characteristics of 
a minimizing sequence tend to infinity. This case will not be considered here. 

1 Jf M is piecewise-smooth this condition will always be satisfied. 

13 It is possible to give a direct proof of Lemma 1. The author has obtained the 
explicit bound 
A = a9/8xr 
where a is the minimum distance of the e-cycle from A. By using suitable normal 
domains it is possible to extend the lemma to surfaces of higher connectivity. 
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The following important convergence theorem on harmonic vectors, due 
.to Courant,!? will be quoted as | 


Lema 2. If a sequence of harmonic vectors ty with uniformly eer 
Dirichlet integrals spans respectwely a sequence of manifolds M,, then, tf tn 
tends to a limit vector ¢** and Mn to a limit manifold M, g spans M. 


In our applications M, will be a sequence of curves tending to our given * 
manifold M. Also we shall need the following lemma, due ta Courant: 1° 


LEMMA 3. If z(u,v) is a surface defined over a domain G with 
De(t) < A, then, for arbitrarily small r, there exists a circle of radius r with 
r&r < Vr about any point of G or the boundary of G such that the oscilla- 
tion of y on this circle ts less than . 


[4rA/ | log r | Jė. 


II. SOLUTION OF THE VARIATIONAL PROBLEM. 


1, Normal slit domains. Before applying the variational procedure, we 
shall suitably normalize the parameter domains. Any parameter domain must - 
have the same topological structure as the surface it represents, i. e., it must 
have the same number of boundaries, genus, and orientability character, higher 
genus being obtained by identifying suitable boundary edges. We shall employ 
a particular type of normal domain obtained from the theory of conformal 
mapping, and described as follows: a normal slit domain G shall consist of 
the upper half (u, v)-plane cut by k — 1 horizontal slits of finite length whose 
edges, together with the real axis, form the k boundaries of G. In addition, 
if the genus is p, 2p slit pairs are present which extend to u==-+ oo, the four 
edges formed: by each pair being properly identified. A non-orientable cross- 
.cap is obtained by an additional slit-pair with a different manner of identifi- 
cation. If 8 is the total number of infinite se aa the characteristic of the 
domain is given by | 
(7): (p= kt B—2. 

We shall allow also the limiting cases where slits become coalesced. 


48 See [I] or [HO]. 

14 This is understood in the sense that, if y is defined over a domain D, Yn converges 
uniformly in every closed subdomain of D. 

16]. e the maximum distance of Af, to M tends to zero. 

18 See [V], p. 688. i 

17 Such normal domains were first obtained in [IX] pp. 114-122, and in Küche, Gott. 
Nachr. (1919) pp. 1-46. They are described in detail in [VII] pp. 855-861. 
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Our*designation of these domains as “normal” domains is justified by 
the following theorem of conformal mapping: Any domain (or Riemann 
surface) can be mapped conformally on a suitable normal slit domain.’* 
Accordingly, if (u,v). is a surface of finite genus it is always possible to 
choose new parameters (u,v) which range over a, normal slit domain of fhe 
same topological structure. We shall henceforth assume that the surfaces of 
` an admissible vector are already represented over such domains. The impor- 
tance of the conformality of the mapping lies in the fact that the Dirichlet 
integral is thereby left invariant, and hence the minimum problems remain 
unaltered. 


2. Generalized minimizing sequences. From our assumptions it follows 
-~ that there exists a minimizing sequence of admissible vectors whose D-integals ` 
tend to their greatest lower bound 8. The procedure of the variational problem ` 
consists in choosing a convergent minimizing ‘sequence. It must then be 
established that the limit vector so obtained satisfies all the prescribed condi- 
tions, particularly the topological ones. But precisely here lies the difficulty, 

‘namely, that of showing that the passage to a limit does not lead out of the 
~ class of admissible vectors. | 

A further difficulty arises due to the irregularity of the surfaces at their 

boundaries. This will be overcome by the following device, which admits to 
competition a wider class of vectors: We shall call tn an “ admissible sequence ” 
if each member satisfies the admissibility conditions (a) to (e) except that the 
surfaces of {a need only span manifolds M, which, as n— œ, tend to M. We 
- modify this still further by allowing the surfaces of fna to have “ holes ” whose 
diameters tend to zero. This may be expressed explicitly by allowing the 
manifolds M, to tend, not exactly to M, but to M plus a set of ue eee points 
in space. We define the quantity 


(8) Y —g.l.b. [limi D(ta)] 


where the g. l. b. is taken for all admissible sequences ts. We shall then call 
In & generalized minimizing sequence (g.m.8.) if {n is an admissible sequence 
such that 

(9) , D{tn) >F. 


_ Evidently & < 8, but we shall prove later that & = 8. 
In determining the characteristic of a member of a g.m.s. we shall not 


18 The mapping is established by means of a suitable dipole potential on the domain 
or surface, whose existence is proved by setting up a certain variational problem. The 
details for genus zero are presented in [XI], and for higher genus in [IX]. 
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count the contributions of its holes contracting to points. This “ generalized 
characteristic ” px is that which the vector ry, would have if the holes were not © 
there. We define the quantity 
x p= g. l. b. [lim pn] À 

for all g.m.s. Evidently p < K, and clearly is not greater than the corre- 
spondingly lower limit for the ordinary topological characteristic. The two, - 
however, as will be seen later, are actually equal. 

Next, p cannot be — œ. For we may assume that each surface of Yn 
interlocks with a cycle of Z.*° It follows from Lemma 1 that the total number 


of simply-connected surfaces of ga cannot exceed ZE, where A denotes a 


uniform upper bound of D (gn). Since the characteristic of each surface of Yn 





must be an integer = — 1, we must have px = = . We may then choose 


a g.m.s. tn such that 
(10) D(tn) >F; pa—=p. 


Next, denote by G@, the collection of parameter domains belonging to the 
| surfaces of ga. It is then possible to choose for each of the domains §,-neighbor- 
hoods of its boundary Ba, with ô» so small that the image of the neighborhoods 
does not meet Z and is nearer to My than 1/n. By deleting these surface-pieces 
from {a we obtain a new vector Ya which, because of (4) and because Mn tends 
to M, remains an admissible sequence. Yn is defined over a set of subdomains 
G’, of Gy (formed by deleting the §,-neighborhoods from Ga) and its boundary 
consists of a set of continuous curves Ca. Let Y» be the harmonic vector in 
G’, defined by the boundary values 


| t'n (u,v) = Yn (u, v) on" 
Evidently the vectors z'n in G’, also form an admissible sequence; hence 
lim Do, (Un) = &. 
By the classical Dirichlet principle, on the other-hand, 


De, (Un) = Dar, (tn) S Da, (tr) ; 
hence | 
De, (L'a) —> v, 
i. e., the r’, also form a g. m. s. 


19 Otherwise we could discard the portions which do not interlock and obtain an 
' admissible vector with a smaller D-integral. — 
*° This process replaces each surface comprising y by a harmonic surface. 
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Thig E does not alter the generalized characteristics. For we 
can obtain Yn» from ft, by means of ak deformation represented by the con- 
tinuous Gi of vectors 


nlu, vY} = falu, v) + tlf alu v) — inluv] Zin: = 


hence’ pn == pm and by (10), pn = pe 

The next step consists in mapping the domains oe G@, (which are 
not slit domains) conformally on normal slit domains, the set of which we - 
again denote by Gy. The surfaces forming zr’, map into harmonic surfaces fn 
over the domains of Ga, and having the same respective D-integrals. By a4 
similarity transformation of the domains we can further arrange that the 
point (0,1) always cotresponds to a Z-intersection. 


3. Convergence of the slit-domains.. In order to obtain a convergent 
‘subsequence of a g.m.s. we must first obtain one all of whose slit-domains 
converge. We proceed in the following manner: since p» is constant (= a) 
the number of boundary slits in the domains of Gn is ultimately constant, and 
we can therefore set up a correspondence between all the boundary slits S,* 
of the domains of G, and those of Gan. We may then choose a subsequence , 
of ty (and correspondingly a subsequence of Gn) such that the end-points of 
S,* converge, in the (u, v)-plane, to a pair of points lying on the same hori- 
zontal line. (A point-pair may coalesce to a single point.) ` The alit S* 
determined by them will be called the limit of S,*.°% We can arrange, in this 
manner, that all the slits converge for a suitable subsequence. In this way all 
the slit-domains of Ga define limit slit-domains, the collection of which we 
denote by G. The domains of G may have degenerate slits (point slits) and, 
in addition, a set of points which are limits of the holes on which the oscilla- 
tion of £a tended to zero. 

In the course of the convergence’ we shall prove that the following 
phenomena cannot occur: 


` (a) The distance in the (u,v)-plane: between two slits tends to zero 
while each slit remains above a fixed positive length. 
(b) A slit or several slits contract to a single point: 


= For this deformation leaves invariant the number of boundary slits, and may, 
at worst, reduce the number of coordinated slits. 

77 In the case where each domain has characteristic zero, their number may increase 
indefinitely. A diagonal process then has to be employed to obtain a convergent 
subsequence. 

** Except where a slit tends to infinity. If this occurs, the slit is lost in the limit. 
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For, suppose first that two slits S,*, 8,” both remaining of positive length, 
were to come arbitrarily near to a point P. Let ry be a sequence of positive 
numbers tending to zero. By Lemma 3 there exists a circle cy of radius 
Ty < Vr, such that the oscillation of g» on cy is less than [474/ | log ry |]? 
anc hence tends to zero. We take an ny so large that the slits Saë, Sn 
intersect cy; next cut the slit domain of G,,, to which these slits belong, along 





Fig. 2. 


the smaller arc of cy joining them: Since the cut domain has one boundary 
less than the original, its characteristic is | 


pn = p— 1. 


On the other hand, since the boundary of the corresponding cut surface con-- 
‘tinues to tend to M, the cut surfaces remain a g.m.s. This, however, con- 
tradicts (10). è 

We exclude similarly possibility (b). Suppose one or more slits were to 
contract to a single point P. Then, exactly as above, we could find a sequence 
of arcs or circles cy contracting to P upon which the oscillation of r, tends to 
zero, and a suitable subsequence Yn, == gv such that the slits of Gy contracting 
to P all le inside cy; this splits the slit domain in question mto two domains, 
the interior and exterior of cy. The sum of the ordinary characteristics of 
the two parts remains equal to that of the original domain, but the total 
“generalized characteristic” as defined in § 2 is reduced by two, since the 
curve cy defines, for each part, a hole contracting to a point. Thus 


: p(tv) ==p-—-2 
which again contradicts (10). i 
4. Topological position of the limit vector. It becomes possible now to 
pass immediately to a limit vector. Let @ be the limit set of domains as just 
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defined: If any points are present which are the limits of the holes we count 


these punctures as part of the boundary of G. In any closed subdomain @” 
interior to G (i.e., subdomains of each slit-domain of'G) we can choose a 
subsequence of tn converging to a limit harmonic vector y.** By a well-known 
diagonal process applied to a sequence of subdomains tending to Œ, we map cull 
a subsequence t, which converges to y in the interior of G, oes in any 
closed subdomain @”’. 

The punctures in the domains of y may easily be removed. For, by an 
elementary theorem of Function theory,”* since + is bounded and regular 
around these points, we can define values at these points in such a way that 
the vector becomes harmonic there also. Since the boundary curves of the 
surfaces of x, tend to M, Lemma 2 gives: the surfaces of t span M. Also 


D(¥) Slim D(t) = 8 
hence 
(11) a D(z) <8. 


it remains to be proved that the limit vector g satisfies the prescribed 
linking conditions. This is done by studying the behavior of the points in the 
parameter domains of G, which have, as images, intersections with z-cycles. 


` We shall call such points “ intersection points ” and speak of them as “ + ” or 


— ” corresponding to the sign of the image intersection in space. The linking 
number of ¢ with the cycle z; is then measured by the algebraic sum of these 
points. If, therefore, this number does not change in the limiting process, it 
follows that A(B,2;) =à, where B denotes the total boundary of x. A 
sufficient condition for this is that all the intersection-points of Ga remain at 
fixed positive distance from all boundary slits. On the other hand a change 
in the linking numberof the limit vector occurs if a set of intersection-points 
with a non-zero sum tends to boundary slits, these points no longer appearing 
in the limit domain. By excluding this possibility, we shall complete the proof 
of the main existence theorem. 

Accordingly, suppose that for one cycle z it occurs that in the slit- 
domains Gn a set of intersection-points with a non-zero sum tends to boundary 
slits. There must then be at least one slit S of G such that the set of inter- 
section-points tending to it have a non-zero sum. Since g spans M, given an e 
arbitrarily amall, we can then ‘find a curve ce encircling § and enclosing a 
neighborhood Se of S such that the distance 


™ By a well-known theorem of potential theory. 
A function analytic around a finite discontinuity may be made analytic there also. 
This extends immediately to harmonic functions. 


i 


ł 
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(12) d[x*, M] <5 D(s*) <e 


where r* denotes the image, under y, of the domain Se All 2,-intersection 
points of ¢ (which are finite in number) therefore lie in the domain C'e 
=: &—S,. Since y, converges uniformly to y in Qe we can take n so large 
that | os 

(13) | in (ts, v) — z(u,v) | <e 

in @’., sgo that the distance of the image of c, under ga (we denote this image 
by Cn) to M is < 2e. The curve Cy,. divides the z,;-intersections of {a into 
two classes, those in G’, which converge in the limit to intersections of y, and 
those in the complementary domain Sw, e == Ga — Qe (the sum of the inter- 
sections for both parts being à). 





For the rest of the reasoning let us suppose, first, that G has at least two 
boundary slits (k= 2). Then, if S, denotes the slit of tn converging to S we 
can, by Lemma 3, find a circle about any point of Sn with radius r such that 
er Ve, and such that the oscillation of x, on this circle tends to zero 
with e. Let xe denote the smallest arc of this circle joining Sn and ce We have 


(14) O (k) = o (e) > 0 as e— 0. 
We next slit G, along ce into two domains (Ge, Sne) and then slit Sn, e further 


_ along the are xe into a simply-connected domain. The corresponding split in 


the vectors Y does not destroy their property of being a g.m.s., because of 
(12), (18) and (14). The part defined over Sn, e has a non-zero intersection 
number with zı, by assumption. The other part, that defined over Ge must 
also have a non-zero intersection number with some z-cycle. Otherwise the 
intersection numbers of the first part with each z; would be equal to 4, and 
it would therefore form a g.m.s. by itself, having at least one boundary less 
than Yn, again contradicting the fact that pa == p. Hence the total generalized 
characteristic is the sum of that for each part, and since these are —-1 and p 
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respectively, we obtain a g.m.3. with a characteristic smaller than p This, 
however, is a contradiction. 

We must now dispose of the simply-connected case k = 1, where only one 
slit, the infinite u-axis, is present. If ce Se G’., have the same meaning as 
before, then two possibilities again arise: either the sum of the intersettion- 
points with at least one z-cycle over G's is not zero—in which case the above 
reasoning applies verbatim—or it may happen that the sum of the intersection- 
points over Ge vanishes for ‘every z-cycle. In the latter case, however, the 
portion of rt, defined over the complementary domain Sn,- then has the inter- 
section number A; with z;, i = 1,: - >, p, and hence forms a g.m. s. by itself. 
Therefore l 

DenelEn) = &. 


On the other hand, since the point (0,1) because of our normalization remains 
always an intersection-point with some z-cycle, and since £a is a harmonic 
vector, we have, by the remark after Lemma 1, 


De (fn) = a”/8r; 
hence 
Dag,,,(tn) = Do, — Do, < Do, — 02/8 < ¥, 


which is a contradiction. With this our theorem is proved, namely: ane limit 


vector y satisfies the prescribed topological conditions, i. e., 


rA(B, z4) = 4, — L> "yp. 


Further, since no boundary slits or surface-pieces are lost by the con- 
vergence of the slit domains, p(r) = p, hence it follows by definition of p that 
p(t) == p. Since x spans M, it is a vector in the original vector class penne 
ô ([I],§ 2), hence D(x) = 8. (11) then gives 


§= D(z) S8, 
hence, on account of § = Y, 


Thus g solves the minimum problem; and with this the existence proof is 
completed. At the same time we have proved §==&, which shows that the 
extension of the vector-class made in defining & did not improve the value of 
the lower bound 6. 

The inequality (5) gives a sufficient condition that r consist of a single sur- 
face. For, suppose it were possible to divide y into at least two separated parts 
r’, x’. Then to each part would be associated its own set of linking numbers 
Nis? oy Ap Ait + Np respectively in such a way that Mu == A4 +A”; 
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t==1,---,p, and such that both sets differ in at least one ‘number from the 
original set {Ai}. (Otherwise one of the surface-parts would not interlock 
with any cycle z,, and would therefore be a constant.) Thus ! 
D(¥) = D(z) — D(z”) < D(z) 
and ye would have 
D(A Ap) < ò (àn; "+5 Ap) 


for this set of 4”s, which is a contradiction. This proves the sufficiency of (5). 

That each surface of x is a minimal surface follows from the fact that 
each of these must have smallest Dirichlet integral with respect to all surfaces 
spanning M having its own topological position. We may exploit this mini- 
mum property and introduce certain cuts in the parameter domains, performing 
variations on the coordinations of the values along the edges of the cuts exactly 
as done in the Plateau-Douglas problem for fixed boundaries.” 


5. Concluding remarks and generalizations.” ‘The rere just found | 
answers the problem in which a minimal surface spanning M is sought as 
before, but having also a prescribed topological structure. Its existence con- 
ditions are expressible in the form of eens similar to those of the Plateau- 
Douglas problem. 

When non-orientable surfaces are admitted to the variational problem °° 
intersection numbers are not defined, hence an additional reasoning is required 
to show the non-constancy of the solution. 

In the special space Es we have-the following further results: a suitable | 
homology-basis exists on M and a set of minimal surfaces Hı,- © +, Hp such. 
that 

tomy i= l, :,p 
Ha Ey ee 
where B; == B(H;) and 2:,- * -, Zp form the complementary basis ine#; — M. 
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AN EXTENSION THEORY FOR RINGS.* 
By C. J. Evzrert, JR** 
* 


l. Introduction. aes in the theory of groups, many of the more intricate 
questions of ting structure appear as extension problems. The structure of 
nilpotent algebras, and that of algebras with given radical ‘and semi-simple 
residue class algebra modulo this radical serve as examples. It is the purpose 
of this paper to provide a ring-theoretic analogue of the O. Schreier “ Erwei- 
terungstheorie ” for groups,’ and to construct by extensions rings whose chains 
of left and right annihilators for the successive powers of the ring have'their 
first repetitions at arbitrary positions. 


2. Extensions and factor systems. - If N = {0,A,B,-- -} is a ring, 
the set O(N) of all operators ® on the additive group of N (@(4 + B) 
= ©4 -+ OB, A, Be MN), with equality © == T, addition © + T, multiplication 
Or defined by OA =TA, (O4+T)A—OA44T4, (OF)A=—O@(TA), (all 
A eN) respectively, is a ring (the endomorphism ring ? of the additive group 
of Jt). An element A acting as left and, as right multiplier on 3t defines 
operators A(A), P(A) in O(N) thus: AN = A(A)R. NA = P(A) element- 
wise.2 Denoting by A(t) the set of all A(A), Ae 3, and by P(N) all P(A), 
A e K, it is well known that, under the correspondences A > A(A), A -> P(A), 
one has Jt~ A(N), RW P(N). The subrings A(N), P(N) of O(N) are 
called the left and right regular representation rings of N.S The correspon- 
dences are one-one if and only if the left and right annihilators of N are zero. 

If N = {0,A,B,- - -}, = {0,0,7,- - +} are rings, and a ring € contains 
the ideal N, with (1) E/R = %, then € is called an N — H-extension. If € is 
such an extension, write € — oe +9) (Sco a complete representation 


* Abstract 47-1-4 Bulletin of the American Mathematical Sooiety ; received March 6, 
‘1941, 

** Sterling Fellow, Yale University, 1940-41. Sat 
, 1H. Zassonhaus, Lehrbuch der ane I (1937), pp. 89-98. O. Schreier, 

“Uber die Erweiterung von Gruppen,” Teil I. Honats. f. Math. uw. Phys., vol. 34, pp. 

165-180. Teil II. Hamb. Abh., vol. 4, pp. 321-346.- 

3 yvan der Waerden, Moderne Algebra I, 2nd ed. (1937), p- 146. 

s All operators are arbitrarily written on the left. 

*R-—~B8 denotes ring homomorphism. ESR means addition is preserved, and 
rs, 1-38’ implies m” > g8. : 

*C. J. Everett, “ Annihilator ideals and sees as iteration for abstract rings,” 
Duke Mathematical Journal, vol. 5 (1939), pp. 623-627. ) 
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system °sfor © mod Yt) and in (i) So Nv. Since J is an ideal in G, 
the So acting as left and right multipliers on N define operators Ac, Po in 
0Q(I) : SoN = Act, NSo = Pot elementwise; and by virtue of (1), So +S; 
= Sor + daz, SoS, = Sor + Mor, Aor, More St. The extension € with 
representation system So thus defines a set {Ac, Po, Aor, Mor} satisfying 
the following conditions: 


Acs a Azo. 

Ag,r +- Aor, p = Arp + Ao, rp. 

irot. 

AoP, = P,Ao; AoP (4) = P(4)Ao; PoA (4) = A(4)Po. 
A(A)Ac = A(PoA). | 

Ag + A; = Aos + A (Aor); AoA; =Ao, + A (Mo,7). 
Po + P, = Poy, + P(Ac.r); PoP, = Pro + P (M0). 
Ap 0S A EEEN, | 
Ae pM Moet Maa: 

Mees Rel = Morn E i Aas: 

Mor,p + Pillo = Map + Mr p+ Aap,rp- 


Abstracting from this, with St, § arbitrary rings, any set {Ac, Po, Ao,7; 
Mo}, Ac, Po in O(N), Aor, Mo, in M, satisfying 1-10 is called an Jt — F- 
factor set. Thus the extension © with Se defines a factor set {Ac, Po, Áo,r, 
Mo}. If To= So + Ao, Ace 9, is a second representation system for € mod 
' N then To defines a factor set {A’c, P'o, A’o,7r, M’c,r} related to the first by 


= 


O 0,22 > ot IH oo vw 


bask 
> 


Bis Agee Ae t AAA: 

E2. P'o= Po + P(Ao). 

H3. dran, 

N epee yp Ae EE A 

E es EN Meld E E y Nee 


Again abstracting, any two N — %-factor sets related by elements Ac of 
N through H1-E65 are called equivalent; notation: {Ac,: © -}—~ {Ao - °}. 
This is an equivalence relation, and by a well known principle * one may speak 
of equivalence classes of Jt — %-factor sets : 

The particular representation system of an extension may thus be ignored ; 
one says that every Nt — %-extension defines an equivalence class C of Jt — 3- 
factor sets. Hence the correspondence: 


° Representation system will always signify normality: the representative S, of the 
r residue class Jt being taken ag zero.’ 
Tyan der Waerden I, p. 12. 
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(ii) © -s C = ({Ao, Po, Ao,r, Mo,r}) ° 


If {Ag, Po, Aor, Ue rt} is any Yt — J- factor set, the set P of all formal 
pairs (o, A), o e, Ae MN, subject to the definitions 


e P1. (o, 4) = (7, B) means o = 7, A = B. 
P2. (c, A) + (7, B) = (o +7, A + B + Aor). 
P3. (o, A)(r, B) = (o7, AcB + P,A + AB + do,). 


is an Jt — -extension containing (0, Jt) = N, and, with representation system 
(c, 0), defines the factor set {Ac, Po, (0, Ao,r), (0, Mo,r)}, Ao(0, A) — (0, AcA), 
Po(0, A) = (0,PcA). Hence every class of Berets is defined in 
(ti) by some extenston. 

If Œ with So defines {Ac, Po, Ao r Mo} and $ is the ring defined by 
P1-3, then € = $ under. So a A e (c, 4). Thus, if in (4) C—C and 
€a — C, then Œi = G, | 


3. Direct sums and splitting dags: For any rings 9t, 3, there always 
exists the direct sum € extension %-+ 3t, defining the N — F-factor set 
{0,0,0,0}. An Jt — -extension is said to split over Jt in case there exists 
a representation system (Tai which forms a ring: Poel Tr Tom Lolaq 
=Tor. The N — F-factor set class defined by such an extension must contain 
a set of form {Ac, Po, 0,0}: If an extension € with representation system So 
defines {Ac, Po, Ao,r, Mor} then © splits over N if and only if there exists a 
set of Ac tn It satisfying E3, and E4, E5 with left member zero. 

Let Œ be an Jt—-extension with C/N = F, E — Z (So + Mt) in the 
previous sense. A ring @ is said to be a splitting ring for © mod Yt relative to 
Sc, in case © may be embedded (in the sense of isomorphism) in ©, © contains 
an ideal © which contains Jt, So is a representation sma for Œ mod &, and 
Œ splits over Ẹ. 


Such a splitting ring always een For let C= + ©, direct sum, 
elements (o, S++ A). Then let ©’ be the subring of elements (o, Sc + A) 
isomorphic under (o, Sc + A) © So + A with Œ. Under this correspondencé 
W = (0, N) =N, and (o, So) So. Clearly € > C >W. Let E be the 
subring of elements (0, 9+ A). Then © > Œ ideal > W. © splits over Ẹ. 
Finally (ø, Sc) is a complete representation system for € mod Ẹ, as required. - 

Exactly analogous remarks hold for groups.® If © > Ù as invariant sub- 


‘If R, 8 are rings, R + S designates ring-direct sum, with R, S ideals in the sum. 
°” Cf. H. Zassenhaus, loo. ctt.1, p. 98, Tyanaga, “ Zum Beweis des Hauptidealsatz,” 
Hamb. Abh., vol. 10 (1934), pp. 349-357. This proof requires 9? abelian, and constructs 
Qe’ abelian, essential for the class field application. The present construction ‘satisfies 
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group, WN = F, G — I (NSo), then € = Y X G (direct product), elements 
(o, AS,) has the properties: © > @’ where © is the subgroup of all elements 
(o, ASc), @ =G under (o, ASc) e Ao. GW > W=set (eN). CoG 
- == (e, ©) as invariant subgroup and G >W ;.€ splits over (e, ©). Finally, 


(o, Sc) is a complete representation system for € mod ©. r 


4. A restricted class group. Let N be a null ring (AB == 0, all A, B 
" in N); then A(N) —= (0) = P(N), F arbitrary. Consider the set {0} of all 
classes of N — F-factor sets, {Ac, Po, dor, Moz}. Here F~ {Ac}, §— {Po} 
under o —> Ac, o — Po, and {As}, {Po} are elementwise commutative rings. 
‘Note that {Ac, Po, Aor, Mor} ~ {A’o, P'o, Aor, Mor} implies A'o — Ao, 
P’g == Pg (H1-2) so that factor sets in the same class have the same operator 
systems. If, conversely, {Ac}, {Po} are any elementwise commutative sets in 
O(N) such that Y~ {Ac}, F {Po} under o — Ac, o> Po, then {Ac, Po, 
0, 0} is an 9— F-factor set. Now denote by {C’} the set of classes C’ 
whose factor sets {Ac, Po, Ac.r, Mor} contain a fixed pair {Ac}, {Po} of such 
operator rings. - The set {C”} is not void since the C’ containing {Ac, Po, 0, 0} 
belongs to it. Now define {Ac, Po, Ac, Mor} + {Ac, Po, Ao, Mor} 
= {Ac, Po, Ao, + A’c.r, Mo, + M'o} as the sum of two such factor sets. 
This is again an N —%-factor set, and it is trivial that the addition is well 
defined relative to the equivalence classes C’. Hence Cı + O’: is well defined 
as the class C’, containing any of the sums of factor sets in 07;,,C’s. 

The set {C’} is an abelian group, the unit class 0’ being that C’ which 
contains {Ac, Pc, 0, 0}. Thus, an abelian group is formed by the classes of 
N (null-ring) — -factor sets containing any fixed elementwise commutative — 
operator rings {Ac}, {Pa} with § ~ {Ac}, § {Po} under o —> Ac, o > Po.” 

The existence of a single 3t— %-extension which does not split over N 
will insure the existence of groups {C’} having more than one element. It may 
be remarked here that if Jt is a null ring (W? =- 0), and % has a right unit «, 
then any N — }-extension E having a representation system Sc, mod N, for 
which NSo == 0, o e %, must split over Jt. (Use the new system To = Sa + Ao, 
‘with Áo == Mo. The To may be verified to form a ring directly, or use may 
be made of (10) in E3-5 of § 2.) 


5. Closed rings. Holomorph. The parallelism between group and ring 
extension may be developed further. Let Jt be a ring, A = A(N), P= P(N) 


the Zassenhaus definition for splitting group and is general. See the footnote, Zassen- 
haus, p. 98. ' 

10 This is the analogue of the group case with J} an abelian invariant subgroup. 
Cf. Zassenhaus, loc. cit.t, p. 93. 
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the regular representation rings of Jt in O(N), and denote by P” the Q(N) 
commutator of P, i.e., the set of all T in Q(9) such that TP(A) = P(A)T, 
all Ae. Due to associativity in N, ASP’ and A is a left ideal in P’, since 
(i) TA(A) = A(TA), TeP’, Ae M.. Let Q be the left annihilator of N: 
Q — {A eN; AN— 0}. In what follows, the concepts “ group centrum” and 
“left annihilator,” “ automorphism group of a group” and “ring P’ of all 
P-operator endomorphisms of Jt,” and “inner automorphism of a group” and . 
“endomorphism of. Jt defined by a left multiplier” play strikingly simila 
rôles. | : 

A ring Jt is said to be closed in case Q =— (0), and A = P. 


THEOREM. If € contains the closed ring Jt as.tdeal, then E — N + My 
where Nto ts the left annthilator of N in E.X 


Mo = {Re E; BM = 0} is obviqusly a two-sided ideal. N^ N, — (0) since 
for Jt, Q — (0). Let Re€. Since R(N,+ N:) — BN, + RN., (RNi)Ns 
— R(N,N.), Re G, R defines as left multiplier on Jt an operator in P’, where 
P == P(N). Since A = P’ for Mt, there is an A e% such that RN = AN, all 
Nin. Hence R=A-+ WN’, N No. 

The theorem loses its strange appearance 7? if one notes the 


THEOREM. A ring N is closed if and only if it has a unit. For such a 
ring Jt = P.I ; 


One may prove first a lemma of some interest in itself : 
Lemma. A ring N has a left unit E, if and only if A = P.H | 


If Ey is a left unit for N, A(H1) — «e, unit operator of O(N), and by (ii) 
` above, TA (E1) =T = A (TE:), Tr eP’. Thus P= A. Conversely, if A = P’, 
then e is in P’, hence in A and for some A, A(A) ==e. Then A is a left unit 
for N. | 

The theorem now follows. For if % is closed, N = A = P’, and some 
A—einP’=A. Since N =A, A is a unit in Jt. (Or, from the lemma, 
closure of 3¢ implies a left unit E; all left units are of the form E + L, De®. 


11 Note that the proof is the exact analogue of that for groups: A, Speiser, Theorie 
. der Gruppen von endlicher Ordnung, 2nd ed. (1927), p. 127, Satz 110. 

1: Tt is proved for algebras, using a Pierce decomposition, by A. A. Albert, Structure 
of Algebras, A. M. S. Colloquium Publications (1939), p: 30, Theorem 23. 

13 This is the essential point in the van der Waerden II treatment of ring theory, 
in which a (semi-simple) ring with unit is regarded as isomorphic to the endomorphism 
ring of a group with operators P. 

14 For linear algebras, cf. C. C. MacDuffee, “ Modules and Ideals in a Frobenius 
Algebra,” Monats. f. Math. u. Phys., vol. 48 (1939), Theorem 3. 1. i 





4 


368 | O. J. EVERETT, JR. 


Since & s (0), E isa unique left unit. But a unique left unit is a unit.) 


Conversely, if N has a unit F, then from the lemma, A = P’, and obviously 


Q— (0), since QE = l — (0). 


It is natural to question the existence of over-rings © containing a’ given 
ring Jt as ideal, and such that every operator in P” (P == P (9%) ) is defined by 
a left multiplier in €. This is not true in general. For such an over-ring 


. one has NR(EN) = (ME) N, all N eN, elementwise, whence A(N)P = A(N), 


and A is & two-sided ideal in P’. However for the algebra ¢,? = ¢,, 6163 ==6,? 
— l), 6261 == ĉl, P consists of the scalar 2 X 2 matrices, P’ is the total a xX 2 
matrix algebra, A = (29), and AP’ is not in A. 

_ However, one may state the following 


THEOREM. Let St be a ring with Q= (0) and let A be a two-sided ideal 
in P. In particular, let A(A)-T—A(Ap) where Ap ts uniquely defined 


- in N, for every A N, Tek’. For every such T, A, define PpA—Ap. Prè | 
then in O(N), and {Ap =T, Pp, 0, 0} is an N— P-factor set. In the ` 


corresponding extension $. of pairs (T, A) every operator on N commutative 
with all the right multipliers of Yt is defined by a left multiplier of $, 
(T, 0) (0,4) = (0,TA). P ts called the left holomorph of N. 


6. - Rings of arbitrary type. Let Œ bearing. €* denotes the set of all 
products Rı: > Ra of length n, Rie €, & the left annihilator of &*: 
Qu = {Re Œ, RE — 0}, Ra the right annihilator of €". These annihilators 
are ideals, and for rings ‘with suitable chain -conditions,® one has two series, 
0< CRS CR Re + and O< R < Reo -< Rp = 
Mou == °°. Any ring € whose annihilator series repeat at these points is 


said to be of type (p, A), specifically, of right type p, left type X. 


A nilpotent ring of index a has type (a — 1, «— 1), and commutative 
algebras have type p = À. Rings with unit are of type (0,0). Examples of 


' rings with type p>) are less familiar. A ring with left unit has p= 0, 


and may have A = 1, e. g., the algebra e,* == @;, €162 == @2, 626, = 62° = 0. But 
rings © with left unit always have A<1, for €?=—€. It is the purpose of 
this section to indicate a construction for rings of any prescribed type (p,A). 


Lessa. If % 1s a@ ring with right annthilator Ry, £ 0, and F/R: +8 of 
right type p, then % is of right type p+ 1. 


The proof is trivial. 
In the following the ring © of rational integers + n will be used in oe 


ordinary réle as operator ring on a module, M—={0,A,B,---}, i.e, for 


15 © Annihilator ideals,” loc. cit.5, p. 626. 
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n>o0,nAd=A-+----+ A (n summands); 0A == 0; for n< 0, nåw= (—n) 
(~A): z ' i ES $ 
LEMMA. Let Yı = {0,0,7,- `- } be of type (p, 0) and let N, be a null 
ring (N, = 0), whose additive group admits a ring Q of operators Po in 
a(R), such that, for all A in R, - 


1. PoA + P,A = Po, A. 

Po(P,A) = Prod. 

Tic = 0, and Po, = 0 implies o = o. 
QA = 0 implies A =Q. 

nA = Qamplies n == o or Am0, neg. 


ye a 


a 


Then (0, Po, 0,0) is an It, — -factor set, and the extension ring % of pairs 
(c, A) ts of type (p+ 1,0). Moreover, the null ring N of pairs [m, B], 
me&, BeN, with addition [m, B] + [n, C] = [m + n, B+ C] admits the 
set Q/ of operators P(o, A), (o, A) in $, defined by P(o, A)[m, B] 
= [0, PoB + mA], and the dnalogues 1’-5 of 1-5 hold in 9. 


Since 2, is a null ring, A(N) = 0 = P (9) and conditions 1, 2 imply that 
o — Po is an inverse ring homomorphism and that properties 1-10 of § 2 hold 
for {0, Pc, 0,0}. Multiplication in § is given by (c, A) (r, B) = (or, P-A), and 
8 implies that (0, 9t,) is the right annihilator of 3. Then by the preceding 
‘Lemma, % is of right type p+1. If (o, A) (31, Ni) = (0,0), then (co, A) . 
= (0,0) using 4, the left type of $, being 0. The properties 1’, 2’, 5’ of the 
operators P(o, A) on N are readily verified. For 3’, note that (3, N) (0, A) 
= (0,0) implies oo, and P(o,A)[€,2,] = [0, CA] = [0,0] implies 
A = 1A = 0. Finally, P(%1,9t)[n, A] = Lo, 0] = [0, QA + n, ] implies 
QA = 0 and thus A = 0, n =o. ' 


LEMMA. Let Yı = {0,0, 7, >} be the ring of rational integers oo 0,0), | 
Jt, == {0,A,---} the null ring with the same additive group as Jı Define 
| Pod = oA = A ae - +--+ A to o summands (o > 0) as usual. Then condi- 
tions 1-5 of the preceding lemma are satisfied. | 


The proof is trivial. | 

The preceding two lemmas thus provide the basis and amea step for 
the construction of a ring of type (p, 0) for posers p. The left type is now 
considered, 

Of course the left hand analogues of the preceding lemmas hold and the 
existence of rings of type (0, à), A arbitrary, is already established. 


Lema. Let Yı = {0,0,7,°--} be of type (p, A), N à null ring (R? sa 0) 
whose additive group admits a. set Q of operators Ac tn O(N) such that, for 
all A in Nis ; | 
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i Mod + A,A = Ag,,A. 

ii, Ac({A,;4) = AorA. 

iii. of}, = 0 and AN, = 0 implies o == 0. ` 

iv. QA = 0 implies OPA == 0.18 

vy. PR, «0. n 


vi. nA = 0 tmphes n= 0 or A=0, ne. 


` Then {Ac, 0, 0,0} is an N, — _%, -factor set, and the ere ring F of pairs — 


(c, A) has type (p,A +1). Moreover, the-null ring N of pairs [m, B], m eQ, 


BeM,, with addition [m, B] aa [n, O] = [m + n, B -+ 0] admits the set Œ 


of operators A (e, A) in Q(N) defined by A(s, A)[n, B] = [0, AcB + nA, 


and the analogues i'-vi’ hold in R. : 


‘The first half of the een a wedddy Serine, Note ia ga 
= (J2, N). Hence F7 (o, A) = (0,0) implies ° (c, A) = (0,0) using 


iv, and the right type of ı. Since there exists in $ a e such that Yo = 0, 


Fto s0, (s, 0) plays a similar rôle in %. na 

_ Verification of i-iii’, vi’ is simple.’ For iv’ note that a[n, A] 
= [o, QA + nN] = [0,0] implies QA == 0, thus OPA =—0 and 
AN: —= 0. Then v, vi imply n = 0 and O”[n, A] = [0,0]. 

| Finally, from v, there exists a product 1: - -op and an element A such 
that Ao: Aoz’ ` ` Asp ' a Hence 9/°[@, N] contains A(eı' - * op, 0). 
[o, A], and is thus not zero. 

Suppose that it is ee to construct a ring of arbitrary type (pà). 

If either p = 0 or A= 0 the first three lemmas suffice. If not, first construct 
a ring of type (p,0). It is now clear that to apply the ied lemma, a 
basis must be furnished for the inductive construction from a ring of ‘type 


. (p, 0) to one of. type (p,A). This is done in the 


Lemma. Let == {0,0,7,° `} be a ring of type (p,0), with p= 1. 


Then define R, to be the null ring with the same additive group as § and ` 


define Ac: 1 = or, the left o multiple of + in the ring Yı. Then these operators l 
satisfy the condittons i-vi of the preceding lemma. 


The proof is trivial. 


THEOREM. If p, d are any nner rational integers, there exists a 
ring of type (p, Ayo 


E oF MICHIGAN. ` 


18 See the definition of exponent at the ieeiaine of this section. 
17.This settles a point raised by Professor Saunders Mac Lane in connection with 
the author’s paper “Annihilator Ideals” (loo. oit.5). 
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ON SYMMETRIZED KRONECKER POWERS AND THE STRUCTURE 
OF THE FREE LIE RING.* 


By R.M. TERALL. 


1. Introduction. This paper is divided into three chapters. In Chapter — 
I foundations are laid for a general theory of representations of “ power type” 
and their relationship with rings. Kronecker powers, symmetrized Kronecker 
powers, and the Lie Representation are introduced ag transformations induced 
in certain modules of the free non-commutative ring, the free commutative 
ring, and the free Lie ring, respectively, by a class of ring automorphisms. 

In Chapter II the starting point (§3) is a general discussion of a 
problem mentioned by Littlewood:1! the analysis into irreducible invariant 
matrices of an invariant matrix of an invariant matrix. This is followed 
(§4) by more specific considerations in the case of the symmetrized Kro- 
necker r-th power of a given invariant matrix. In §6 formulas are obtained 
for the anaylsis of the symmetrized Kronecker r-th power of the symmetrized 
Kronecker m-th power for r S 8, all m, and for m S 2, all r. The chapter is 
concluded (§ 6) with a table giving the analysis of the symmetrized Kro- 
necker r-th powers of the irreducible representations of the full linear group 
defined by partitions (A) of m for all r, m, (A) with rm = 10. 

Let L (= L,) denote the free Lie ring with n generators 11,° © *,Ta, and 
let L° be the module consisting of all forms of degree c in these generators. 
Under the automorphism +1” = Ar (i.e. 174 = Zar) L° is: mapped into- 
itself by a linear transformation whose matrix in some given “ coordinate 
system ” we denote by Lo(A). The mapping A — L,(A) is a representation 
of the full linear group which we call the c-th Ine Representation. Many 
properties of the ring L can be deduced from the analysis of these representa- 
tions. It is not our purpose in this paper to make such deductions but we 
mention one of the most important to show the trend of such arguments. 

It can be shown that every characteristic ideal I of L can be expressed as 
. the direct sum (in the module sense) of its submodules F° =I Le (^ denotes 
common part). Each I°¢.is an invariant subspace of L° reldtive to the trans- 
formations Le( A); and, conversely, given any invariant subspace I of L° one 
can construct at least one characteristic ideal I of L such that I° = J. 


* Received April 18, 1941. 
1[1] p. 206. If A >T(A) is a representation of the full linear group then 7(A) 
is called by Littlewood an invariant matrio. 
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In Chapter III (§7) a recursion formula is given from which the 
analyses of the Lie representations can be made. The proof of the formula is 
based on E. Witts extension ? of a Lie ring to a related associative ring. In 
(§8) this formula is simplified and applied to obtain the analyses into 
irreducible constituents of the c-th Lie representations for ¢ = 10. - 


CHAPTER I. 


2. General rings and representations of power type. Let Z, be the 
free distributive but totally non-associative K-ring (K any field of charac- 
teristic 0) with n generators 2,,*-°,2n. An ordered set of r elements 
Wi,’ © *, Wr in Za can be combined under multiplication (in the order given) 
in N, == (2r—2) !/r!(r— 1)! ways.’ Denote these products by fit (w1,° °°; 
wr),t+==1,:°-,N,. Since Z, is distributive any element in it can be written 
as a lmear K-combination of monomials, i. e. products of the generators. Since 
Z» is free the Nen” distinct monomials fẹ (f) = fi (Zis ° + +, 2);,) are linearly 
independent and constitute a basis for the K-module Z,” consisting of all 
forms of degree r in the generators of Zy. 

With the customary definitions of homomorphism and tdeal the usual 
homomorphism theorems hold good. An ideal J in Z, is said to be homogeneous 
if : 


A ENS Der ay. a 
Lf, iG 


Let A == || aix || be any non-singular n-rowed K-matrix. Then a>r 
== Sainz is an automorphism of Zy. In particular the K-modules Z,” are 
invariant under A. Denote by f; (j) the product fi (j) with z’; substituted — 
for z; Then the N,n’-rowed matrix A[r] = || af, || whose rows are the 
coefficients in the expressions for the f; (j) in terms of the f (j) completely 
describes the effect in Z,” of the application of A to Za. It is easy to verify 
that AB = C implies A[r]B[r] —C[r]. Hence if A is any set of n-rowed. 
matrices A, closed under multiplication, then A —> A[r] is a representation 
Afr] of A. In particular A[1] = A. 

Let J be any homogeneous ideal in Z, which is invariant under every A 
in A, and denote by R the residue class ring Zs — J. In the homomorphism 
between Z, and R let 2,>a,. Then the mapping £i > V4 = Xaipty i8 an 
automorphism of R (provided det A Æ 0). The homogencity of J implies that 
Z," is mapped into the K-module R” generated (under +) by all products of 


2 [7] Theorem I, p. 162. 
3 [6] p. 121. l 
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degree r in the zı Hence R” is invariant under A. Proceeding as above, let 
A(r) be the matrix which describes the transformation in R” induced by A, 
in terms of some set of basis elements for R”. Then the mapping A > A(r) 
constitutes a representation A(r) of A. The elements of A(r) are forms of 
degrge r in the elements of A. We call any representation A(r).a represen- 
tation of power type of A. 

If an ideal J is invariant under the full linear group, GL(n), it is, a 
fortiori, invariant under any closed system A. In the following chapters we 
shall consider three choices for the ideal J, all invariant under GL(n). 


1. The free associative ring X,. Let J contain all elements a(bc) — (ab)c 
as a,b,c, range through Z,. Considered as a K-module J has the basis 
A (7) — fë (7) for all choices of i,r, (j), and so is homogeneous. We set 

Z,—J =X, and denote by z; the image of z; in the homomorphism of Zn 
on Xn. The representation A4—»A(r) is in this case the ordinary Kronecker 
r-th power, and we shall denote A(r) by I,-(A). | 

It is of some interest to note that by a proper ordering of the basis 
elements in Z,” the matrix A[r] becomes 0,(A) X Ey, (X denoting Kro- 
necker product). For the elements f; (j), with + and r fixed, are by virtue of 
the distributive law transformed among themselves, in the K-module which 
they generate, in precisely the same manner as the monomials in X,". 


Il. The free assoctative and commutatiwe ring Yn. Add to the set of 
generators for J in I the set of all elements ab — ba; and denote the resulting 
residue class ring by Y.. Y. is the free commutative polynomial ring with n 
generators y; (the images of the 2;). In this case we denote A(r) by S,-(A). 
The representation 4 — S,(A) is the oyameireed Kronecker r-th power. The 
degree of 8r(A) is (ee 


MI; The free Ine ring, La. Let J be generated by the elements aa and 
a(bc) + c(ab) + b(ca) as a,b,c run through‘ Za. Then Z,— J is the free 
Lie ring L, with n generators s;,---,8n. In this case we denote A(r) by 
L,(A) =||aG)||. This is the r-th Lie representation mentioned above. We 
propose to study its properties, giving, in particular, its relation to the repre- 
sentations I,(4) and Sr(A). 


CHAPTER II. 


3. On the analysis of an invariant matrix of an invariant matrix. 
Let B — T (A) be an N rowed representation, T, of GL (nm) and let C = T*(B) 
be a representation; T*, of GL(N). Then A —> C = T*(T(A)) is a represen- 


č 
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tation ôf GL(n). In Littlewood’s language * C is an invariant matrix of an 
invariant matrix. In this section we discuss the analysis of C in case both T 
and T* are irreducible; i.e. we set B= A (à), C = B(p) = A (à)X(p) where 
(A) and (u) are partitions of m and r respectively and A(A) denotes the 
irreducible representation of GL (n) defined by (A).° ; _«@ 

Denote the eigenvalues ® of A by (2) == (41,° °°, %,) and set s; == tr. At 
—=2,'-+-+--+ Zat We shall use Murnaghan’s notation.” gm(s) = qm(S1,°** > 8m) 
= Pm (2Y =e Pn (%:,° * *,2n) for the complete symmetric functions of the 2s. 
Let £1, €2,° © - be the eigenvalues of B and set t; == tr Bt = fi4+ gt -Hete 
We set gm(s, 4) =— qm (8i; S2t)° °° Smt) == Pm (Z*) = pm (414, © ant). Now 
- applying the formulas for the traces of C and B we have ° 


a ty ae tas l 
"Ar 
and i 


. 5 a í ý 
8.2 t — Doe] ee IMN 
ees ; 2 at: - ` m! m 


Substituting 3.2 in 3.1 we obtain trO as an isobaric nen of 
weight rm in 81,° °°, Srm, Bay 


Xe S nye 
(3. 1) tro Saar (GF 


(3. 3) Ea tr È = Uam (s) 
Set s@) = a+ - ++ gM vn Hr oeo H Mvua = M. Then? 
(3. 4) | sP) = 3x {v} 


where {v} denotes tr A (v) and the sum extends over all partitions (v) of M. 

“ Now take M — rm in 3. 4, substitute in 3.3, and we obtain for tr @ an 
expression as a sum of irreducible characters, {v}, which of course determines 
uniquely the irreducible constituents of the representation Á — C. 

This method depends upon the availability of the character tables for the 
symmetric groups of degree m, r, and rm. From the product decomposition 
rule?® for the irreducible characters {v} and the formula *™ s, == {t} — {1 — 1, 1} 
+: -+ (~-1)'{1*} one can obtain the decomposition of trC from 3.3 


“[1] p. 208. 

8 E. g. Murnaghan’s Mi, (A), [3] p. 129. 

" These eigenvalues lie in some algebraic extension of K. However, the final results 
obtained are rational and therefore valid in K, 

™ [3] Chapter IV. 

e [3] p. 133. The x’s are irreducible characters of the amme groups of degree 
rand m, 

*[1] p. 86. 10 [5] p. 750. 11 [3] p. 108. 
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without reference to the characters of the symmetric group of degree rm.. Then 
applying the formula * tr A (à) — det || gaaj-+(s)|| and the similar formula for 
tr B(u) one can avoid altogether the use of characters of the symmetric group. 
So far as actual computation is concerned this method is little quicker than 
first computing all characters needed and then applying the first process. A 
modification of this method which is used below depends upon the fact that 
products of the functions gm(s) are somewhat easier to analyze than products . 
of the power sums s+. For gm(s) = pm(z) = {m}. To apply this fact we — 
must replace 3.3 by an expression for trC as an (isobaric) polynomial, 
Poy (pi, * +> Prm), (the arguments (z). being omitted from pa(z)). Using — 
the formula t; == det || qapx-; (s, i) || this problem can be solved as soon as we ` 
have an expression for gm(s,k) = Pm (2*) in terms of the ps. 

Denote by T(z) the ordinary (power sum) symmetric function 
IgM- oog, 


‘THEOREM I. pm(2*) == 2pm O Paoa (w) the sum extending over 
all partitions (A) = (° °, Ax) of mk such that mk Z M2: ZZO 
and wtih wy = exp (2miv/k). i 


We recall that 18 
B=m ‘ 
(3. 5) 1/det (E —7A) = as ae a a a : “+ pyr? +: . 8 


Replace A by A* and r by 7* in 3.6 and we get 


? 


(3. 6) a pa(#) r +: f =I] P 
Tr Ti (1 — ozp 7) 3 FT ip + po + pott + al: 
-lI y=1 


The theorem now follows upon equating coefficients of 7* in the first and 
last terms of 3. 6. 
In particular 


Sm = pi (27) = Ipu + PrwT'oo (0) 
the sum extending over all partitions (A) of m. We have also the formula: ™ 
8m = I (— 1) 94m (ao — 1) Ipit- + + prt /ag ler sam! 
where the sum elen over all partitions («&) : æ, + 2a: +: # MAn =m of 


m and ao = &, +: ` -+F am Equating coefficients of the power products of 
the p’s we Ga as a side result of our theorem : 


11 [3] p. 125. = 13 13] p. 108. 412] pT. 
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CarorLaRY I. Tw (e) = (—1)%"*m (a — 1) ar! > + amt where a, 
is the number of d’s equal to i (4 > 0) and a, is the number of non-zero X'S. 

We close this section with a theorem which will cut in half the labor of 
analyzing all representations A— C == A(A)(z) for given r and m. We 
denote by (A) and () the partitions of m and r associated *° with (A) and (a) 
respectively. If A—>T(A) is any matrix representation of GZ(n) whose 
elements are forms of degree M in the elements of A and whose trace is tr T'(A) 
== Q (51, 8," © *, Sar) we denote by A — 7'(A’) the representation, ** of GL(n) 
defined by tr T (4) = Q(s:,—82,° +, (—1)*-*sa), and call the two repre- 
_sentations associated. (Thus the irreducible representation defined by (A) is 
associated with the representation defined by (A).1”) 


TuxoreM II. Set C = A(d)(u) and D = A (Ä)(p). Then if m is even 
D—C and if m is odd D = A(A)(z). 
Proof. Set i, = tr Bi where B — A (à). Substitute 


(a) — (— | }Gatayt... (a) 
e. Xa) 


in 3.2, apply the fact that m — a, — as —: - - is even and we-obtain 
(a 
; XS (a) (se \% 
3 3 (#) ( 2 ) 
XAS (=")" (=) 
EE ee Ch, en O a ig: ope 
( ) 2 a le j e | 1 2 


Use the first form if + is odd and the second. if ¢ is even and we get 
Fy om (— 1)”, where fi == ti (s1, — sz ©). Now apply 3.1 to obtain 


Xt (È Afh 
aada VAr -r!l J (3) 


_ area Gy (ey. 
(s) Bile e Br! 2 
If m is odd this is equal to 


3 a 7 
(P) Bil- > > Bri \1 2 


where F == A(A)(z), and if m is even it is 


. (B) = f 
Saar?) G ae 


which completes the proof of the theorem. | 


| 
a 
bet 


18 £3] p. 120. ; 
14 Throughout this paper we consider equivalent representations as equal. 
27 [3] p. 120. 
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4, The symmetrized Kronecker r-th power of a reducible represen- 
tation. If A— B==T(4)_is any representation of GL(n) and O == S,(B) 
then +° tr O == g,(t) where t; — tr Bi, In case A — B is an irreducible repre- 
sentation we have the situation treated in 8 3 for the partition (a):r =r ofr. 
We aow derive a formula which enables us to reduce the analysis of the sym- 
metrized Kronecker r-th power of any. representation to the analysis of Kro- 
necker products and of symmetrized pa of irreducible representations. 
Suppose that B= B, + Ba++" - + where the By are any representations, 
reducible or irreducible, and not es distinct. Set tr Byt == ¿(v, 1) and 
denote (¢(», BY, 2),° © +,t(y,r)) by (¢(v)). Then obviously t, = ¢(1,¢) 
+-4(2,4) +: ++, which is fort = 1 the case r == 1 of the poloWang lemma. 


Lemma I. g(t) — 3q (t (1) ) ga (t(2)).-- -+ where the sum extends 
over all non-negative integral solutions of the equations tı + T: f+ =r.. 


(Note that the number of terms in the summation is the same ag the 
number of distinct monomials in the expansion of (yı + ya +`- *)’.) 


Proof by induction on r. qr(t) = qr(t(1) + (2) +: - -) is isobaric of 
weight r in the set of traces ¢(v). Hence to make an induction proof it is 
sufficient to show that differentiation of each side with respect to each (v, t) 
gives a true relation (i.e. true relative to our induction hypothesis). On the 
left hand side we get 19 
(4. 1) l pdgr(t) /8t(v, p) — qr-p(t) 


Denote the right hand side by Q,(¢). Then aince'a “g” with a negative ` 
subscript is zero we have . | 
CE 2) POOE EL t Bh) es OE) Paea (E08) Jee ey a) ) > om Qr-p(t) 
for the summation is over all non-negative integral solutions of the equation 
miot r+ + (rr — p) + =r — p. 

This establishes the lemma. To justify the statement preceding the 
lemma we require that each By be irreducible and observe that qm(t(v)) 
== tr Sry (Bv). Observe that a multiple of an irreducible representation is here 
treated like any reducible representation. For instance, S> (2B) = 282(B) 
+B B. Strictly speaking the above proof of the lemma holds good only if 
the constituents By are distinct. However, if several of them are equal one 
can first polarize and then proceed as before. — 


5. Symmetrized powers of symmetrized powers. | The general problem 
is the analysis of the representation A —> C == 8, (B) where B = Km(A). 


18 [3] p. 80. l : . ' 1°73] p. 107. į 
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this seetion we give formulas for this analysis for all m if r & 3 and for all 

rif m= 2. These formulas and their proofs bear a certain resemblance but ` 
the road to a formula for arbitrary r and m is not yet clear. If either m or r 
is 1 then C is irreducible and there is no problem. We consider first the case 


m=—=2,r arbitrary. — ° 
Tuxorz™ III. -Let B—S,(A) and C—5S;,(B). Then 
(5. 1) tr O = gr (t) == B{2A1, + +, BAe} 


where the sum is over all partitions (A) of r. 


Proof by induction on r, and by differentiation. Denote the ia hand 
side of 5.1 by Q-(s). We establish the theorem by showing that q-(¢) and 
Q,(s) satisfy the same differential equations. Since t; =— (s;?—s:)/2 we 
have . | | 
(5.2) pdr (t) /88p — Sgr- (t) T qr-v/2(t) 


where we understand that the second term on the right occurs only when p is 
even and the first only for p&r. We now Snow ee 5. 2 is satisfied by Q,-(s). 
We have 7° 


(5.8) p30 (8)/38 = D, Š (2M E E EEE 


where the ordering relation ** {---a,b-- }=—{ :--b—lapi--} 
is to be applied (several times if necessary) in case 2Ay— p < Àj 
It is not hard to show * that 


J=K41 : 
A al ae a aM (Ani = 0), 


` and METADE that 


(5. 4) Qal) = = "(Bday “BRE Bs o 


where again disordered partitions ate to be rearranged and the sum is this 
time over all partitions (à) of r — p. 

If a term in 5. 3 is disordered, the ordered term obtained aot it is either 
zero or of the form 


(5.5) {Uas © 1, Uj, Ujan” © 1, Ujak" © ta a) 
where Uj’ °°, Uy.z are odd, the other ws are even, and the sum of the ws 
is 2r — p. | 


= 


90 [3] p. 133. 21 [4] p. 214. 23: Cf. [3] p. 165 or [1] p. 89.. 
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We look at the problem in reverse and ask, for a given partition (u) of 
&r—p of the form in 5.5, how many times does {u} occur in 5.3 and 5.4 
_ (i.e. after the terms are ordered and taking account of signs)? 

First suppose k > 0. If {u} comes from a termin 5.3 we can apply the 
ordering formula in reverse to obtain an “ equivalent” partition with at most 
one odd term and at most one point of disordering; and it must be possible 
to remove. that disordering by adding p to some term. Subject to these 
restrictions we can reduce a partition of the form of 5.5 in at most two ways: 
we can move either Uji OF Uja to the left until t; 18 reached. These give, 
respectively, l 
(5.6) (—1)*{u} = f + iuj, Upea — k, tja F l't ee $1, tjat o} 
and : 

(5.7) 

(— 1)? {u} = (ie ' Uj, Ujk — k + 1, zest -+ f; t t a jik + 1, thjske1y | ye 
Since adding p to the term uj — k -+ 1 is to restore order we have 
Lemma IT. The right hand side of 5.6 occurs in 5.8 if and only +f 


(A) Uj = ian — k H pS ty +1 
and the right hand side of 5.7 occurs in 5.3 if and only if 
(B) í Wy Z ups — k +p -+i untl. 


A similar argument applied to 6. 4 gives 
(5. 8) (— 1)*{w} ii t "t Uji Ug — 1,’ © +, te — L, ty + k, Ujar a 


(5.9) . : l 
(— 1) {u} = {t u un — l, + Upe — 1, tjn F E — l, tens} 


with the corresponding conclusion 
Lemma III. The right hand side of 5.8 occurs in 5.4 if and only if 
(C) Uje — leu + k — p Z tan 
and the right hand side of 5.9 occurs in 5.4 if and only tf 
(D) ups — 1 Z tjn + k — p 1 ZS yan 


If we take into account the signs with which {u} occurs in 5.6,» --,5.9 
the following lemma shows that the difference of the right hand sides of 5. 3 
and 6.4, when its terms are ordered, contains no terms {u} with k > 0. 


LEMMA IV. i) Aand D cannot both hold; ii) B and C cannot both hold; 
ili) the truth of either A or D ts equivalent to the truth of either B or C. 
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Proof. Bs If A and D were both true then from tjn = uj. + 1 and 
tha +k—p—1> upan we obtain by addition — 1 2 + 1. E follows 
similarly. . 

We establish just one of the four jiii of iii) ; the others follow ian: 
Suppose then that A is true and both B and C are false. Since (u) ig an 
ordered partition with uy, odd and tj even we have w..—k + p-+ 1 
> ten —k+p+2 and go A true, B false requires ujm — k + p+ 1 >u 
and in‘the same fashion we show that A true, C false requires u; + k — p 
> uj — 1. This gives u; + 2 > ujps— k- p +1 >u which is impos 
for even numbers. (Note that p and & have like parity.) aa 

There remains the case k == 0, which requires. p even, and, of course, the 
terms {u} of this kind must be already-in order as they stand in 6.3 and 
5.4 (for application of the ordering process introduces odd terms). If 
tja — p Z y a any j between 2 and 1-4-1 (urn = 0) then the partition 
(-- +, uy + p,° a gives rise to a term {u} in 6.3 and the partition 
(© < +, Uja — p, +) gives rise to a term {u} in 5. 4. The partition 
(u, + p) on a term {u} in 5.3 not matched by any term from 5. 4. 
Hence {u} occurs once more in 5. 3.than in 5.4. But this is just compensated 
by adding Qr.p/a(s) to 5.4 and thus completes the proof of the formula 


(5. 10) PeO (8) /88 — SpQr-p(8) + Qr-v/a(8) . 


Theorem III now follows at once by our induction hypothesis. 
Applying ‘Theorem’ IT with m = 2 we have: 


Cororzary II. Let B—=A(1*) and O = 8,(B). Then 
tr C = X% {à;, Ai; Aa; Nay" An, Ac} 
where the sum is over all partitions (À) of r. | | 
Next consider the problem of this section for m arbitrary and r= 2. 
THEOREM IV. Let O = 8; (B) where B = Sa (A). Then 
| tt 0 = 3 {2m — 2v, 20} 


where the sum ts over all integers v such that w SE m. 


. Proof. By 3. 1 we have tr C == (i? T t2)/2 where t = P i). Now 


h? = {m}{m} = {2m} + {(2m—1,1}-+---+{m}. To calculate ts we 
apply Theorem I with k==2. Observe that for-(A) = (2m—j,7) we have 
T(r) (w) = 2(— 1)! for j < mand = (—1)™ for j =m. Hence tz = 2{2m} 
(8 {2m — 1} {1} + 2{em — 2} {2} —- + ++ (—1)™{m}{m}. Simplify this 
by the multiplication formula: {2m —j}{7} = {2m} + {2m—I1,1}+---: 
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+ {2m — j, į}. Then the coefficient of {2m — v, v} in the resulting expression 
for tz is 2(— 1)*-+ 2(—1)™* + ---+ (— 1)” =— (—1)* and so t: = {2m} 
— {2m—1,1} +--+ -+ (—1)"{m*} from which the theorem. follows at 
once. 

. By application of Theorem IT one can obtain a eis formula. ti the 
symmetrized square of B == A(1™); here, of course, the cases m even and m 
odd require separate attention. 

We conclude this section with the analysis of the representation A — C 
= A(m)(3). A fundamental tool in handling it is the following formula 
which gives the analysis into irreducible constituents of the Kronecker product 
of three symmetrized Kronecker power representations of the full linear group. 


Lemma V. Let M = tn -+ ug + us where Uy Z Ug = Us. Then 
{te} {ts} {Us} = Zk (uW) A) {A} 


the « sum extending over all partitions (a) of M into at most three parts, where 
k(u)(à) == max (0, 1 4+- min (ua, Às, Ur + Ua — Az) — Max (Às, ty F Us — À) ) 
This lemma follows by a direct computation using G. de B. Robinson’s 
rule ** for multiplying characters of GL(n). 
If ty == tz = Uy == m we shall abbreviate k(u)(A) to k(A) and opie that 
b(A) = min (1 + Ar — àr 1 + Ag — As) or equivalently 
kà) = = 1 -4 À — Ag tf Ag == mM, = | -4 àe — às tf Age. 
Set g(à)= 1, 0, or — 1 according as k(à) is ji to 1, 0, or 4 
mod 3. 


Lemma VI. ts = Qm(s,3) == Zg (À) {A}, the summation extending over 
all parititons (A) of 3m into at most three parts. . i 


(5.11) 


Proof by induction on m and the differentiation argument. We denote 
the summation on the right hand side by Qm(s) and show that the relations 


(5.12)' p8qm(s, 3) /88sp = qm-p (8,8) ; 8qm(8, 8) /3%p— 0 if p7 0 mod 3 
remain true with Qm(s) substituted for gm(s, 3). 

Starting with ` 
Pòm (8) /88p mm 5g (A) [ {Ar — Ps Aa, As} + {Àn Az, — P, Ash H {àn Ags As — p} ] 


we follow the procedure of Theorem III: i.e. reorder disordered partitions, 
and then calculate from the resulting expression the coefficient of {u} for all 
. partitions (u) of 3m — p into at most three parts. To establish the lemma 


33 [5] p. 750. 
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we have to show that if p is not divisible by 3 the coefficient of {u} is zero and 
that if p is divisible by 3 the coefficient of {u} is three times its coefficient, 
g(u), in the formula for Qnp/s(8). 
. To do this we turn the problem around and determine the partitions (a) 
of 3m for which {A} can be obtained, either directly or after restoring ogder, 
from {u} after adding p to each of its terms in turn. These {A} are 


, a) {ti + p, Uz, Us} 
(5.13) b) {u1 ue + p, us} or — {ta + p— 1, u, + 1, ue} 
C) {th, Us, Us + p} or — {u Us + p— 1, u: +1} 
or {us + p — 2, U -+ 1, u +1} 


We now observe that for any partition (A) of 83m, 1 + ài — àe =-1 + Àg 
— às mod 3 and so we may always use, say, 1 + àz— à; to determine g(A). 
‘Observe also that, computing formally, g(A1, Az, As) == — g (àa — 1, Ar + 1, às) 
= — g (à, às — 1, àz + 1) and so it is sufficient to consider only the first 
alternatives in b) and c) of 5. 13. 

Proceeding thus we get: from a) g(A) =1 + ua — us; from b) g(a) 
= ] p u2 — ts + p; and from c) g (A) = 1 + ta — Us — p. Now if p is 
divisible by 3 these g’s are all equal to each other and their sum is 3g (u); if p 
is not divisible by 3 the g’s are incongruent mod 3 and therefore have the 
‘gum zero. ‘This completes the proof of Lemma VI 


Lemma VII. Let ti = qm (8,t). Then 
tita = IR (AJ {A} 
where h(A) = 0 if k(à) is even and h(à) =— (—1)* tf (A) is odd. 
Using the value obtained above for t, the proof follows by direct compu- 


tation. We omit the details. 
Now from Lemmas V, VI, and VII we get: 


THEOREM V. Let C—=A(m)(3). Then 
tr O — qa (t) = f(A) {A} 


where the summation extends over all partitions (A) of 3m into not more than 
three parts, and 


f(A) = (A) + 8h(A) + 2g (A) )/6. 


The following verbal description of f(A) is perhaps easier to wile To 
k(à) = min(1 + M — àz 1 +A, — As) we add whichever one of — 2,0, + 2 
will give a result divisible by 3. If this result is even divide by 6 to get f(A). ` 
If this result ts odd add or subtract 3 according as à: ts even or odd and then 
divide by 6 to get f(A). 
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6. Analysis of certain symmetrized Kronecker powers. Set x,(A) 
- == tr Č where C = S, (B), B = A (à), and (A) isa partition of m. If M—=rm 
is prime the representation A — C is irreducible and there is no problem. The 
cases with m == 2 are completely covered by Theorem III and Corollary II. 
Wg list bélow expressions for yr(A) as a sum of irreducible characters {pn} for 
every other r, m, (A) such that M = 10. 


: M = 6, m=3 
xe (3) = {6} + {42} 
xa(21) — {42} + {321} + {2°} + {31°} 
xe (1°) = {2°} + {214} 
M = 8, m = 4 
xa (4) = {8} + {62} + {4°} 
X2(31) = {62} + {521} + {51°} + {£} + {481} + (428) ie Fy 
x2(2*) == {47} + {427} + {371?} + {24} 
ele) R ta ee pee ly sel pe (29 f Ha 
xa (14) = {24} + {214} + {1°} 
M = 9, m =3 


xs (3) = {9} + {72} + {63} + {527} + {471} | 
C21) — (63} + (531) + (62) + (5215) + (41) + (492) + (4312) 
+ 2{4271} + {421°} + ro + {39} + {3721} + {871} + {32°} 
+ {32717} 
xs (1°) = {3°} + {82717} + {31°} + {2715} 
M = 10, m =ð 


x2(5) = {10} + {82} + {64) 
xa (41) = {82} + {721} + {71°} + {64} + {631} + {622} + {541} 
+ {531°} + {472} 
xa (82) = {64} + {62°} + {541} + {532} + {531°} + {42} + (4321) 
HA 
ya (812) == {62°} + {614} + {531°} 4 {5221} + {521°} + {42} -+ {4321) 
+ {431} + {42°} + {4214} + {3°21} 
xe (21) — {422} + {4821} + {481°} + {42°} + {3°1} + {321°} -+ {32°1} 
+ {3221} + {2°} 
xa (21) = (aa + {4214} + {32217} + (32°) + {321°} + {321°} + (317) 
{25} + 2{2°14} 
xa (15) = {2°} + {2°14} + {21°}. 
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7. The Lie representation. Denote (as above) the partition of r into 
a, 1’8, ag 2’s,- + - by (a) and call ao —a,+a,-+--- the length of the 
partition. We now arrange all partitions (a) of r im an arbitrary array 
(a*),- + -, (a) subject only to the condition that (a) is to precede (8) if 


= ao a Bo. It is clear that any solution in non-negative integers of r == t 


-H + -+ ia defines a unique partition (a) of length a, and one that 
to each (a) there corresponds a unique partition r—= ù -+-- + i with 
= <U <4 Ss <. PE 

Let t41, © +, Up, be & basis for Lt, i == 1,2,- -. E. Witt ** has intro- 


duced parenthesis quantities (ta,' © *, Ur), k = 1,2,-- - with elements uy in 
L with the following properties: ' 


(MAU (yy E O A pe E O 
(7.2) (C cs Bayt, + +) = Fa (s+ yy + *) 
(7.3) Cowo JHC yyy?) 

He then proved that | 


a) Under the new multiplication defined by 7.3 the set of eer quan- 

| tities constitute a ring R simply isomorphic with the free non-commnu- 
tative ring X under the correspondence 2; —> (8). 

b) The K-module R” has as a basis the set of all ordered parenthesis quantities 
(ints oy Made) Where (i) a SaL +, (ii) fe S jea if te — ten, 


(iii) a +e + ++ in =r. 


‘Lf U is any parenthesis quantity which is made up solely of basis elements 
uzj we associate with it the ordered parenthesis element U* made up from the 
same elements tui; arranged go as to satisfy bi) and bii). E. g. if U == (the 1, tiss, 
Usa Us) then U* == (tis,2, Usny tar, Uo). Li U = (tijo Unia) We say 
_ that U belongs to the partition (a) defined byt; -+---ttn==r. By repeated 
applications of 7.1 and 7.2 we can show that U —U*—U** ig a linear 
combination of parenthesis quantities all of degree r and belonging to ae 
of length less than æ, == m. 

Returning now to the matrices [,{A), we arrange the wee elements of 
R” into p(r) sets, a set consisting of all ordered parenthesis quantities belonging 
to a given partition («), and arrange these according to the ordering of the par- 
titions to which they belong. The automorphism A: (si) —> (s’;) == Sau (sx) 
replaces the orderéd parenthesis quantity U by U’ = (w4y,,° °°, Wintn): 


2t [7] pp. 163-155. 
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Denote by II,(A)* the matrix whose rows are the coefficients in the expressions 
for the U’ in terms of the ordered parenthesis quantities U. Since R is iso- 
morphic to X the representation A > II,(A)* is equivalent tothe Kronecker ` 
r-th power- representation A-—>TI,(A) and so its irreducible constituents are* 


| known. aah 


* Set ia = tr Lı(4). Denote by Ala] the matrix 
‘Sa,(Li1(A)) X Sa,(L2(4)) X ` 


and set [ (a) | = Afa]. Our goal is a formula which expresses ene in 
terms of the characters [(@)] of GL(n). Such a formula can then be regarded 
as a recursion formula from which one can compute [1] as a function of the 
[(«)] (with a > 1) and tr O(A). | 

_ The arrangement of the basis elements of R” into p(r) sets induces a 
refinement of I, (4)* into p(r)? submatrices A[ (at) (a/)], i j= 1,---,p(r). 
The following theorem shows that I,(A)* has zeros below blocks along the 
main diagonal and thus enables us to compute traces using only these diagonal. 
blocks. 


Tuzonem VI. (i) A[(at) (@)]—0 of i>i | 
(ü) AL(@*)(at)] = Ala]. 


Proof. Let U == (tiju ' `, Utein) == U (Jus * +, fm) belong to the par- 
tition (a). Then substituting wij = ZaD i in U’ = (Vijas Winia) and 
applying 7. 2 we express U” in the torm 


(7.4) U’ = afo» - a U (Pi © spm). 


\ 


Observe that each U(pi,:--,pm) belongs to the partition (a). We have 
already established an expression U(i1,' © ‘, pm) == U*(1,° °°; pm) + U** 
(p1,° © *>pm) Where U** is a linear, combination of ordered parenthesis ele- 
ments belonging to partitions of length less than m — œo, and where U* is an 
ordered parenthesis element belonging to the ‘partition (a). This establishes 
part (i) of the theorem. | 
Before FDE (ii) in general we consider two special cases. dam 

that h <i <: --. Then each U(p1,- --,pm) is already an ordered paren- 
thesis element and A[ (at) (at)] = i a) (415° Sadas pis’ apa). || has 
aH") (jay +5 4am3 Pis’ © pm) = aft) « am) , which is one way of defining 
the Kronecker product L ald) X.. -X n 

The second special case is i = i =" ' =I. Then U*(p1,'* -, pm) 
== U (kı: **,km) where kı, ` + >, km are the integers p:,- * *,pm written in 


35 [3] p. 119 or [4] p. 213. 
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increasing (natural) order. Hence in this case alt" {ji + +, jms ku’ e +, Em) 
== Jal Timon where the sum extefids over all distinct rearrangements 
Pi’ © ‘5pm OL kit © t, km. But this ig fe the definition of SmD;(A). 
” The situation for an arbitrary partition («) is now readily handled by 
| combining these two special cases. We apply the arguments of the second ease 
wherever any a; > 1 and then apply the arguments of the first case to the 
, parts thus obtained to get the theorem as claimed. 

Since tr If-(A)* == tr M, (4) = {1} we obtain upon adding the traces 
of all the matrices A [a] the formula : 


THeoreM VII. {1} — 3[(a)] the summation being over all parittions 


G+ tag H: o o Hotar =r of r. 


8. Simplification of the recursion formula and the analyses of the 
Lie representations L, (4) with r< 10. For the purposes of this section it 
is convenient to use another notation for partitions. The partition labelled 
(a) in the preceding section will now be denoted by (A) — (A: > +, Àx) 
where Ay 2 Ag 2+ Z Ae Z 0, k — a and a; is the number of A’s equal to i 
We shall designate [(«)] by [A]. We shall use the following = of the 
functions [A]. 


(8.1) {1} = 3S[A] (summation over all partitions (A) of s.) 
(8.2) [1°] =trS.(L,(A)) = {8}. 
(8.3) Àv > Ava implies [A] = [An > +, Ao] [Ann > +, Axl. 


A non-increasing sequence of positive integers, Àu’ * ', Àv will be called. 
r-proper if 1 < às < r— (à+: +à). Let (A) be a partition of s. 
If s<r, (A) will be called r-proper if each of the sequences Ar ' * *, Ày for 
veol,--:-,kist-proper. If s= r, (A) will be called r-proper if k > 1 and 
the sequences A,,- - -,Ay for v= 1, >>, k— 1 are all r-proper. All other 
partitions are said to be r-tmproper. | 


i 


r-1 l 
THeoreM VIII. [r] =£ {p,1}fr(s) where fr(s) = 3A] the sum 
haan 
extending over all r-proper partitions (A) of s=r—p—l1. 


Proof. We solve for [r] in the equation obtained by equating the right 
hand side of 8.1 for s=-r to {1} times the right hand side of 8.1 for 
8 == r— ], The first step is a division of the partitions of + into classes. The 
first class C, consists of all r-proper partitions. The second class C, consists 
of all r-improper partitions having k > 0 and some Ay > r— (A, +++ ° ào). 
The third class C, contains all the remaining r-improper partitions of r save 
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r = r, which is thèsole element of the fourth class Cy. The partitions qf r — 1, 
all necessarily r-improper, are divided into two classes. C’, consists of all 
partitions of r— 1 which have some Ay > r— (A, +--+ ++ Av) and C’, con- 
tains all other partitions of r—1. 

o The partitions in C, and C’, can be put into one to one correspondence 
by ordering to each partition in C’, the partition in Cs obtained by appending 
a single 1. Denote by C3(p), C’s(p) the set of partitions in Cs, C’s which 
end in p + 1, p ones, respectively. 


Lemma VIII. Denote by G, (p), G’s(p) the sum of all [A] for which (A) 
les in C3(p), €’s(p), respectively. Then G’s(p) {1} — Gs(p) = {p, 1}f-(s) 
where s == r — p — 1, and p> 0. 


Proof. Let (A) = (àp © àrpias 1,°--,1) lie in C(p) and let (A) be 
(A) with the last 1 deleted. Then by 8.3 and 8. 2 [A] = [Ay,°°-,Anpil{p + 1} 
and [X] = [An s Aepa]{p). Therefore] {1} — [A] = [X] {p,1}; 
where, since (A) is not in Cz, Ax-»-1 > 1 implies that (A”) = (àt > <, Akpa) 
ig an r-proper partition of s = r— p— 1. Furthermore, it being clear that 
each r-proper partition (A”) of s will occur exactly once as a factor of {p, 1} 
in the difference G’s(p) {1} — Gs(p), this establishes our lemma. 


Lemma IX. Denote by G, G’s the sum of all [A] for which (A) hes in 
Ca, C’, respectwely. Then G’,{1} — Q: = 0. 


Proof. Let (a) belong to C, and suppose that v is the smallest integer 
for which pp > s = rf — (m +'' -+ po). Then let H(p) be the sum of 
all [A] for which (A) = (m; <, Mbo Àw) is in Ca Then since 
po > àon +: * Ava we have by 8.3 that [A] = [mp 0 -wel[Avu,* e e]. 
Hence, by 8.1, H(p) = [y1,° + +, po] {1}*. If H(p) denotes the sum of all 
[A] for which (X) = (#1,° ° t, po, Awt °°) is in C we have similarly 
A’ (p) = [pu 0 e] {1}. Now evidently G, can be written as a sum of 
certain H(p) and G’: is then the sum of the corresponding H’ (p). From this 
the lemma follows. 

Let G, be the sum of all [A] for (A) in C,. Evidently G, == f+(r). The 
theorem now follows from the equality 


(E: + F) {1} = [r] + 0 + Ga + Gs 


and the relations {0, 1} == 0, {— 1, 1} = — {0} =— 1. 
We now list the analyses of [r] for r= 10. 


[1] = {1}; [2] = {17}; [8] = {21}; [4] = {81} + {21°}; 
[5] = {41} + {82} + {317} + {271} + {21°} 
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[6] {51} + (42) + {413} + {3°} + 3{321} + {31°} + 2{21) + (219 


[7] = {61} + 2{52} + 2{517} + 2{48} + 5{421} + 3(41°} -+ 3{3*1} 
-+ 3{827} + 5{8213} + 2{31*} + 2{2°1} -+ 2{2218} + {215} 


[8] = {71} + 2{62} + 3{61°} + 4{53} + 8{521} + 4{5]°} + {4°} 
+ 9{481}+ 6{427} + 12{4217} + 4{414} 4 6(372} + 6(3713} 
+ 9{8271} -+ 8{321°} + 3{315} + {24} + 4{2°17} + 2{2214} + {219} 


[9] = {81} + 3{72} -+ 3{717} + 5(63} + 12{621} + 6{61°} + 5{64} 
+ 18{531} + 18{52°} + 21{5217} + 8{514} + 9{4°1} + 19{482} 
-H 24(4317} + 24{4271} + 21{421°} + 6{415} + 4{3*} + 19(3*21} 
“+ 13 {3719} + 9{32*} + 18{32717} + 12{3214} + 3{31°} +. 5{241} + i 
+ 8{271°} + {217} | 


[10] == {91} + 3{82} + 4(817} + 8{73} + 15(721} + 7{71°} + 8164} 
+ 81{631} + 20{627} + 34{621*} + 11{614} + 5{57} 4. 29(541} 
+ 45{582} + 53{5317} + 51{5221} + 43{521°} + 13{515} + 29149} 
+ BHEL) 4- 21(487} + Y3{4321} + 49(431} + 26{42"} +. (49213) 
+ 81{421*} + 8 {41°} + 18{3°1} + 25{392"} + 39{32212} + 21{3714} 
+ 25{32°1} + 26{82*1°} + 13{8215} + 2(81} + 2{25} + 8{2413} 
+ 5{214} + 3{271°} + {218}. | | 
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COMPOSITE POLYNOMIALS WITH COEFFICIENTS IN ‘AN 
ARBITRARY FIELD OF CHARACTERISTIC ZERO.* 


By Howard LEVI. 


A polynomial F(z) is said to bé composite if there exist polynomials 
P(y) and Q(z), each of whose degrees exceeds unity, and such that 


F(z) = P(Q(z)). 
Under these circumstances PQ is called a decomposition of. F. If no such pair 
exists Fis said to be prime. | 

Composite polynomials whose coefficients are complex numbers were inves- | 
tigated by J. F. Ritt.t His results completely describe the decompositions such 
polynomials may possess. H. T. Engstrom? discussed the case in which the 
coefficient domain of the polynomials is any field of characteristic zero. He 
proved that the first of Ritt’s two chief results is valid for polynomials whose 
coefficients are elements of .such a field. The present paper is devoted to 
showing that Ritt’s second result is likewise valid for the abstract case. 

Ritt’s main conclusions may be described as follows. He first proved that 
if a polynomial has two decompositions into prime polynomials (obviously it 
always has at least one); that is if P—P,P,:-:-P, and F = Q:Q2: °° Qs, 
then r== $, and the degrees of the polynomials P, are the same (as a set with 
no reference to order) as those of the Q;. Thus the situation bears a certain 
resemblance to Jordan-Holder-like phenomena met in algebra. However there 
is also a striking difference. Unlike the situation in such a typical instance as 
that of composition series in groups, where the constituent normal subgroups 
can be extremely variegated, in decompositions of polynomials there is prac- 
tically no latitude. Ritts second result is that if F == P,P; = Q,Q. where the 
P; and Q; are prime, then, if P+ and Qz are not merely linear transforms of each 
other, there are essentially only two possibilities for F. . They are: 


I. | F(x) = (2")"[g(2") ]* = [arg (2") ]*, 
where clearly | 
Pi(y) = y", P(e) == 2g (2z"), 


* Received May 29, 1941. 

1J. F. Ritt, “Prime and composite polynomials,” iiinvantions of the American 
Mathematical Society, vol. 23 (1922), pp. 51-66. 

7H. T. Engstrom, “ Polynomial Substitutions,” American Journal of Hathematios, 
vol. 63 (1941), pp. 249-255. 
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and | 
Q.(y) =y'9(y), . Q2(v) = 2". 
This includes as a special case p 
F(s) = (a7)* = (a")". 


II. Let T,(£) be defined by T,(cos A) = cos rA. 
Then 
F(a) — Tu(Pn(2)) = Pu(Pn(Z)). 


These exhaust the possibilities in the sense that any F of the type discussed 
above which is not included in I or II becomes included when each of x, Pz, 
Qa, F is replaced by a suitable linear integral transform of itself. It was - 
further pointed out how these two polynomial results give a complete descrip- 
tion of the general case. We shall return to this point later in the paper. 

The first regult listed above has been shown by Engstrom to hold for an 
arbitrary coefficient field of characteristic zero. In this paper it is shown that 
the second also holds for such fields. 


Statement of the Problem. 


1. Let K be any field of characteristic zero and let v be an indeterminate. 
A polynomial F(s) with coefficients in K will be called composite in K if F 
admits a decomposition PQ as above where P and Q are polynomials whose 
coefficients are’ elements of K. | 


2. It is readily seen that if F is composite in any extension K* of K 
over which v is an indeterminate, then F is composite in K. To establish this 
let F <= PQ where P and Q have coefficients in K*. Let Y* == aQ + b where 
a and b are elements of K* chosen so that the leading coefficient of Q* is unity 
and its constant term zero. Let F* — cF where c is an element of K chosen 
so that the leading coefficient of F* is unity. Clearly F* — P*Q* where P* 
is a polynomial. Then if 


n-i AR 
Q* mm p” +- > qg”: F* m PMA + ` bys™n-i, 
4=1 j=1 


we have ® | 

(1) by = Gy (h, +, G1) + may, i a a 
where G; is an isobaric polynomial in a,- - -,a;-1 of weight 7 whose coefficients 
are integers. Thus a;; 1==1,---,%—1 isin K, so that F* and therefore 


F is composite in K. 


a Cf, Engstrom, loo. cit. 
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From equations (1) we see likewise that if F — P,P, = Q-Q; afd if Pe 
and Y2 have the same degree, they must be linear functions of each other. 
This distinguishes the decomposition of polynomials from that of fractional 
rational functions. 


"3. We shall denote the field obtained by adjoining a,5,:--,f, to K by 
the expression K(a,b,---,f). Our problem may be treated from the point 
of view that F(z) == P(Q(x)) implies K(F) C K(Q) C K(x). Conversely, 
it is known that if K(F) C 3 C K (za), where X is a field, then 3 is generated 
‘by a polynomial with coefficients in K and F is composite in K.+ Thus every 
decomposition P,P,: - -P, of F determines a chain of fields 


—K(PiP2++ P) CE (Py: + + Pr) C++ C E(P) C K(z) 


all generated by polynomials, and conversely. Hach field K(P,-- -P,) is an 
algebraic extension of its predecessor K(P;1P;:--P,r). It may be obtained 
by adjoining to the latter a root of the equation for u, 


Pia (u) — PiP: À -P, =O, 


The coefficients of this equation are in K(Pi.P;- - :P,) and it is- irreducible 
in this field. The degree of this equation and of the extension is obviously - 
that of Pi. 


4. Let F have two decompositions into prime polynomials. Each deter- 
mines a chain of fields, as described above: We have 


EPC RC CHC: CK) 
and , 
K(P)C Y, C- CY, C. - -C K(2) 


where in each chain each field is maximally incident in its successor. If 
3; = 3’, for each i the chains are indentical and the two decompositions are 
essentially the same.* If this is not the case let i be the smallest integer for 
which 3454 37;. Understanding that % == 2’) —=K(F) we have 34; — 3/44 
== 3,9 3’;. Both 3; and 3%, are algebraic extensions of 4-1. Let their respective ` 
degrees over 3i., be m and n. Engstrom has shown that these integers must 


‘Lueroth’s theorem asserts the existence of a single generator for 2 which is, in. 
general, a rational fractional function of æ. pom loo. cit.) has shown that here a 
polynomial generator exists, 

5 Because it is of the first degree in the generator of the field. Cf. Van der Waerden, 
Moderne Algebra, vol. I, p. 207. 

t One can secure new decompositions from any one by simply subjecting the argu- 
ments.of the constituent polynomials to linear transformations. This process leaves the 
associated chain of fields unaltered. l ; 


~ 
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be relatfvely prime” Let 3 C (x) be the-smallest field which contains Z; 
and 3’;. ‘The degree of X over X; is readily seen to be mn. In fact its degree 
over 3,-, must be a multiple of both m and n and consequently of mn. On 
the other hand X may be obtained by adjoining the generator of 37, to X, 
which may be accomplished by solving an equation of degree n with coefficignts 
In Xi C Sy. Thus the degree of X over J- does not exceed mn and so must 
be exactly mn. 
It follows quickly that there is ho field between 3’, and X, or between 
x, and 3. The choice of the integer + insures that there is no field between 
2, and Xi- or between 3, and 34... Then by Engstrom’s result, in the chain 
Zin C3’; C-+-+-C® one of the fields has to be of degree m over its pre- 
decessor, since this is true of the chain 3;.,C%,C---C x3. Clearly the 
existence of a field between X and 3’; would require the degree of & over Xi 
to exceed mn. Similarly there is no field between Z and 34. | 


5. We are led to the folowing two polynomial problem. Gtven 


F(z) =P(p(t)) = Q (q (2)) 


where F, P, p. Q, q are polynomials with coeficients in K, P and q are prime 
and of degree n, p and Q are prime and of degree m. F is composite and of 
degree mn. The integers m and n are relatively prime and each exceeds unity. 
It is requured to determine the possibilities for F, P, p, Q, q. 

From now on the only use we make of the fact that m and n are relatively 
prime is that they are then unequal. We suppose m > n. 

The field situation may be represented as follows. 


E(P) =K (p) *K(Q) Cec) C E(P) = KC), 


where the incidence is maximal in each case. We may suppose that K contains 
the n-th roots of unity and the roots of F (u) == 0 without disturbing these 
relations. We may further suppose that the leading coefficient of each of the 
five polynomials is unity, and that the constant term of each ig zero. 


Relations governing the Factorization of F’(x). 


6. It will be useful to list the irreducible equations satisfied by the 
generators of the various fields. We begin with z which satisfies F(u) — F(x) 
= 0, p(u) — p(x) = 0, q(u) — q(T) = 0, irreducible respectively in K(F), 
K(p), K(q). The irreducible equation with coefficients in K(F) satisfied 
by p is P(u) — F(z) = 0. Since F == Qq, the coefficients of P(u) — F(s) 


1 Engstrom, loo, ott. 
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— 0 are contained in K(q). We need the irreducibility of this equation in 

K(q). This follows from the fact that the adjunction of a root of this equation 
to K(q) yields the same field as that obtained by adjoining a’ root of 
q(u) —q(z) = 0 to K(q), namely K(z), and this last equation, which we 
know to be irreducible in K(q), has the same degree as P(u) — F(x) = 0. 
Similarly, q satisfies Q (u) — F (z) = 0, which is irreducible in K (p) as well 
asin K (F). 


7. Let c be any element of K. Because the leading coefficient of F is 
unity, the norm ê of «—c relative to K(F) is (— 1)" (F(z) atl 
We write 

Nejr(z—c) = F(z) — F (6), 


using the notation Nelr(w) to designate either the norm of w relative to 
K(F) or its negative, it being understood that w is an element of K(sz). 
(This seeming ambiguity should lead to no confusion, since, in every case in 
which we employ the notation, multiplication of najpr (w) by a known power 
of (—1) converts it into the true norm. Which sign is used is irrelevant to 
our argument). Similarly, with obvious interpretation for- the symbols 

TNe|p(w), ete., 


Mein(2—e) — pl) —p(e),  ae(2—) — 92) —4(0), 
Nolr(p—c¢) = P(p)— P(e) = F(x) — P(c), 
Najr(g—¢) = O(q) —Q(c) = F(x) — Q(c). 
In addition, making use of the irreducibility of P(u) — F(x) =0 in K(q) 
we have 
Nejq(p—c) = Ngjp(p —c) = F(z) — P(c), 
and similarly 
. Najo(q—¢) = Rar(g — c) = F (2) — Q (c). 
Finally we observe that if w is in K(p), Nojp(w) == w™ and if w is in K(q), | 
Najq(w) a w", f . $ . 
8. F(z) is in K(z) and in that field splits up into the product of 
mn — 1 linear factors. We have F(z) = P'(p)p' (£) =Q (q)g (z). Thus 
Nasip (F (zY) may be computed in two ways. We have 


Nois(F(t)) = Neie(P’(p) (P'(p)) Nejo(P'(2)) == P'(p)"Naio(p’(2) (p'(2)) 


and 


N a\o(F’(z)) = Ney (@ (9) (A) Nero ¢(2)) — Nair (Q'(q)) Neio(Y (z)). 


- ® As defined in Van der Waerden, loo. cit., p. 135. Note that the norm of a product 
is the product of the norms, and that a polynomial divides its norm. . 
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The equation 


D PDPN elp (2)) = Narla) (A) Nela (e)) 


and the analogous one obtained by evaluating Ts;,(F’(x)) are fundamental 
` in our work. A study of the factorization of the different members of these 
equations will yield a solution of the two polyndmial problem. While ît is 
perhaps not immediately obvious, this procedure is closely related to Ritts 
work. The evalution of the various norms is similar in effect to the excursions 
around the critical points of the inverse functions which figured so prominently 
in his paper, ` | 


9. We single out any factor p—a of P’(p) and examine the way it 
figures in (2). Its multiplicity in the left member is wm + r, where w is the 
multiplicity of p—a in P’(p) and where r is the number of linear (in s) 
factors of p' (z) which divide p—a. To find its multiplicity in the right 
member, observe that Tojp(q’(x)) contributes t, where ¢ is the number of 
linedr (in x) factors of g'(x) which divide p—a. Let p—a divide F— A. 
Its multiplicity in F -—— A must be w-+-1. If there are s linear (in q) factors 
of Q’(q) which divide F — A, then the multiplicity of p — a in Ngr(Q’(q)) 
is s(w +1). Collecting our results, we have 


(3) mw -+r—=s(w+i1) +8. 
Since m > s (the degree of -Q’ in q is m — 1) it follows that 
(4) | m < 28+ t. 


We are going to use this inequality to show that all the factors p — a of P” (p). 
divide at most two distinct polynomials F— A and F— A’. Suppose this 
were not the case, and let p— a, p—a’, p—a’” be factors of P’(p) which 
divide F — A, F — A’, F — A” respectively, where A, A’, A” are three distinct 
elements of K. We have m S 28’ + Y and m = 28” +- t” where the inequalities 
and the primed symbols are obtained as above. By adding the inequalities 
we obtain 
8m SA(st yt”) HHEH. 


Now s + s -+ 3” does not exceed the degree of Q’(q) in q, namely m er 1 and 
t+ v+ t” does not exceed the degree of g'(x) in z, namely n—1 < m—1. 
This inequality implies the absurd result that 3m < 3(m—1). 


Derivation of Case I. 


10. Let us first treat the case in which all the factors of P’(p) are 
contained in a single F— A. We must have 
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Mas Å = : (p — q) ®t. x (p — ar) "t! a 


where the w; are ie integers with Xw; = n— 1, 3(wi+1).—n. 
Clearly r == 1, w == n— 1 whence 


(5)  F—A=(p—a)*. 


i 


In order for P(p) to be prime the integer n must be prime. We now show 
how this result determinés g(x) as a linear transform of z”, It will then be ' 
easy to show that F comes under I. 


11. The field K(x) may be obtained from K (q) by solving the irreducible 
(in K(q)) equation P(w) — F(x) =—0. Thus, in view of (5), K(x) is a 
cyclic extension of K(g). We show that the n roots of the equation 
q(u) —q(z) = 0 must be linear integral functions of z They must be 
rational functions of z since K (x) is a normal extension of K(q); they must 
be linear fractional functions of v because they also generate K (2) ; and finally 
they must be entire functions of æ because otherwise they could not satisfy 
g(u) —q(z) =0. Let the n— 1 roots of this equation other than z be 


ey = dia + ey, / dh, ye K, toe 2 yn. 
The “ Lagrange Resolvent ” ° | 
| R am z -+ 3 wt lz, 


qui 


(w is a primitive n-th root of unity) therefore is of the form Ds + Æ where 
D and F are elements of K. Since R does not belong to K(q) we know that 
D is not zero. It is a characteristic property of Æ that A*«K(q) and our 
Ha about the degree of R and of q(x) permits us to write 


Re==gq(t) +h, g,heK. 


By subjecting the generators of the fields to appropriate linear ee fe 
formations, we may suppose that (old notation retained) ; 


F(z) = (p(z))*, g(a) =a’, 

' where p(z) and F(z).have unity as leading coefficients and where the constant 
term of p(x) is zero. We then confront the problem of determining Q (y) and 
' p(z) in such a fashion-that F(c) == (p(z) )* =m Q(z"). Suppose that - 


p(z) = 2" +3 anik, 


F(z) — gmn ae 3 bgmn, 
; 4=1 Si 


° Van der Waerden, loc. oit., p. 177. 
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Equations (1) show that a, must be zero for i3£0(n). Then 
p(z) = 2"g(z") 


where r is an integer less than n and g is a polynomial with coefficients in K. 
‘Since p(x) is prime r must be different from zero. Clearly 


(y) = yg (4)” F(s) = (arg (a") )". 


Cd 


Derivation of Case II. 


12. We turn now to the case in which P’(p) has non-constant factors in 
common with F — A and F— A’, where A and A’ are distinct elements of K. 
We have 

Npp(P’(p)) = 0e(F — A) (F — A’) 


with v + v = n — 1 and wv’ s40. The symbol c denotes some element of K. 
The discussion is divided into two parts. We consider the equation 


(6) Tae(F’(t)) =U (Raal (2)) = (PF — A) (F — A) Naig(/(z)) 


and assume first that F — A and F — A’ have factors q —b and q — b’ respec- 
tively which are prime to Q’(q). We proceed to show that this leads to the 
case of the trigonometric polynomials described under II. Equation (6) reveals 
that our assumption about g—b and g — b’ implies that (q — bye (q — b)” 
divides Nsiq(q'(x)). Because the degree of Najg(q’(v)) in q is n—1 
= v -4+ v’, there is precisely one such q — b and one such g— 0’. Let us see 
what is involved in the fact that F— A has only one factor g— b prime to 
Q’ (q). From 


F — Á = (q — b) [ (q — b,) 4 - as (q — b,) rt], 


with each w, > 0, we have 3(w; +1) —=m— 1, whence 3w, => €m — 1) /2. 
That is, the h.c.f. of Q’(q) and F— A has a degree in q not less than 
(m—1)/2. Similarly, the h. c. f. of Q’(q) and #— A’ is of degree not less 
than (m—1)/2 in q. Since the total degree of Q’(g) in q is m — 1, each 
of these degrees must be exactly (m—1)/2. This implies that all the w 
(and the w: which figure in F — A’) must be unity. Therefore 


m?(# — A) (#— A’) = (¢q—b) (¢— v) (q). 
The linear transformations 


Fem $(A’—A)F* + $(A/ + A) 
q= 4 (b —b)q* + 4(0/ +B) 
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are permissible, since b 34 b’, A s4 A’. Under these transformations the above 
equation goes over into 3 


Moo m3(1— F**) = (1 — g)Q*(q*)*. 


This is a differential equation satisfied by the trigonometric polynomial: 
Teatqg*). What is more, we shall show that there can be at most two poly- 
nomials of degree m which satisfy this differential equation, and that such 
polynomials are negatives of each other. Since F* == Q*(q*) satisfies the 
equation, this will prove that Q* is either Tim or — T m. 


. 13. Let H(q*) be any polynomial in g* of degree m which satisfies (7). 
Let a; be the coefficient of the (m—+)-th power of g* in H, t ranging from 
zero to m. When H and its derivative are substituted into (7) the resulting 
equation asserts the identity of two polynomials of degree 2m. Let i be a 
non-negative integer not greater then m. The coefficient of the 2m— i-th 
power of g* in the left member is — 2ma,a, plus a homogeneous polynomial 
of degree two in the letters ax, k < +, with integral coefficients. The coefficient 
of the same power of g* in the right member is — 2m(m—1)a),a, plus a 
similar polynomial. By equating these coefficients it is possible to solve for 
the ratios a;/a), t=~1,- + -,m as rational numbers, there being precisely one — 
solution. This determines H up to a multiplicative constant. Reference to — 
(7) shows that this congri: is either i or — 1. This suffices to verify our 
assertion.?° ' 


14. We now ee that F— A and F— A’ each have factors which do 
not divide P’(p). If F— A had no such factor we should have 


Tosi eo (p— a)" . . (p— ay) 


with each v; >0. The h. c.f..of F— A and F'(p) isa jamoni in p of 
degree %v,. The extreme case in which each v; is unity is excluded, since then 
F — A would be the square of a polynomial in p and P(p) would be composite. 
Therefore Xv, > $n and consequently the h. c. f. of P (p) and F — A’ would 

have a degree in p less than n— 1—4n—4n—1. It follows that F— A’ 
hag at least three linear (in p) factors which do not divide P’(p). Our dis- 
cussion of Q (q) permits us to write 


(8) Maye (E (a e a E em A) mone — AYAN a(g (2) 


1° The artificial character of this argument might be avoided'as follows. The 
coefficients of the solution of the differential equation are rational numbers. It is thus 
possible to use the standard theory of differential equations to solve the equation, and 
such a procedure would also lead to the above resulta. 
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from which we see that if F— A has a linear (in p) factor which does not 
divide P’(p) its $(m—1)-th power must divide Thaip(p’(v)). Since the 
4(m—1)-th powers of three distinct linear factors cannot all be absorbed 
by Naip(p’(z)) we have our result that F— A and F— A’ contain factors 
prime to P’(p). The reasoning used earlier shows that P(p) is equivalent to 
the trigonometric polynomial Tą (p). In addition, we see from (8) that 


Nojp(p'(z)) = df (p — a) (p — g) ] vr 


where p—a and p— a are the factors of F — A and F — A’ which are prime 
to P’(p), ¢ being some constant. One readily concludes that p(x) is equi- 
valent to the polynomial 7',(z). Similarly q(x) is equivalent to T,,(z). 


Exclusion of other possibilities. / 


15. We now turn to the remaining case 
ngr (P (p)) =o(F—A)(F—A)", ot =ni, 


where both v and v are different from zero, A is distinct from A’ and F — A 
has no factor g— b prime to Q’(q). We show that this case cannot arise; 
that these assumptions lead to a contradiction. This will complete our analysis 
of the factorization of F(x) and prove that the two decompositions treated 
above are the only ones possible for F. 


16. We need the fact that if p—a and g— b both divide F — E, where 
E is any element of K, then p—a and q — b have at least one common factor 
z—e. To prove this, suppose F — E — (q —6)*F*, where F* is a polynomial 
in q prime to g—b. The statement that p— a divides / — E and is prime 
to g — b implies that G = F*/(p— a) isa polynomial in s. Teig(G) is then 
a polynomial in q. Evaluating Nej¢(@) we obtain (F*)*/(F — E) which is 
obviously not a polynomial in q. 

On this basis we can derive a relation between the degree in p of the 
h. c. f. of F — A and P’(p), and the degree in z of the h. c. f. of F—A and 
g(s). Let 


g | © a 
(9) | P—A=U (p— ar) —= TT (g — bi)”. 


We show that for each ¢ with uj >1 there is an s — c, which divides both 
p— a and q'(x). The multiplicity in F—A of each factor —c; which 
divides p — a, is a multiple of u. If s— c, divides g — by its multiplicity in 
F — A is 6ıxva where ey is its multiplicity in q — w. If p— a, were prime 
to g'(x) each ey would be unity and each v would be divisible by u,;. Thus 
F— A would be the u;-th power of a polynomial in g and consequently Q . 
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would be composite. This proves our statement. Similar remarks hold for 
Q’(q) and p’(2). 2 


17. Since F — A contains no factor prime to Q’ (q), the total multiplicity 
of the factors (in q) of Q’(q) which divide F— A exceeds m/2. Let this 
muttiplicity be (m/2) + j (where j > 0 need not be integral). Then 


(10) Najp(F’(z)) = P’(p)"Neie(p'(2)) | 
= H(F) (F — A) (F — A slg (2)) 


where H(F) is a polynomial prime to (F— A) (F— A’). Then, if p—a 
divides F—A but not P’(p), (p—a)™+ divides Nelp(p’(r)). Since 
Nap (p (£) ) is of degree m — 1 in p there is at most one such factor. 


18. It is convenient to eliminate, first, the possibility k = m/4. From 
(10) we see that.if h factors p—a’ of F— A’ are prime to P’(p) then hk 
such factors must divide Tejp(p’(r)). We now make an estimate of the 
degree in of the h. c. f. of p' (z) and F— A’, and the requirement that Ak 
shall not exceed this degree will lead to a contradiction. Returning to (9) 
we see that %(v;—- 1) == m-—l, and since the total degree of Q (q) in q is 
m — 1, we see that m -— l -+ k 5 m — 1, orl=k-+1. There are, then, at 
least k + 1 distinct factors q — bı of Q'(¢) which divide F — A; there are 
consequently at least k -+ 1 distinct factors z— c, of p’(t) which divide 
F— A. Thus the degree in v of the h.c. f. of g(r) and F— A’ does not 
exceed m — k — 2. | 

The result hk = m—hk-—2 implies k(h +1) <m. Recalling that 
k = m/4 we see that h= 2. Then there are at most two factors p—a’ of 
F — A’ which do not divide P’(p). Under these circumstances F — A must 
have a factor p—a prime to P’(p), since the contents of 14 show that if 
F— A had no such factor F — A’ would have at least three. 


19. This furnishes a sharper estimate for the degree in z of the h. c. f. 
of p’(z) and F— A’. It cannot exceed m — 1 — [(m/2) + 7] < m/2. Since ` 
we now know that hk < m/2 the requirement k = m/4 implies that A is either 
zero or unity. It cannot be that h is unity, for then P(p) would be the 
trigonometric polynomial Tw, and a repetition of our earlier argument would 
show that Q(q) is Tm, a possibility excluded by our assumptions about the 
factorization of F—— A. It is also impossible that h be zero, for this would 
require F — A to have at least three factors p— a prime to P’(p); whereas, 
in fact, it has at most one. 


20. The case k < m/4 remains. To settle this case we observe first that 
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since Fe— A and P’(p) have at least one factor in common it follows that — 


F— A and q(x) have at least one factor s—c in common. Consequently 
the degree in x of the h. c. f. of F— A’ and g (z) does not exceed n—2. It 
will also be useful for ns to note that we may assume that n exceeds two. 
For, if n were two, both q and P would be equivalent to the square of a poly- 


nomial, and we should be led back to case J. This is in conflict with the — 


assumptions made in 15. 


21. Let f be the largest integer for which f(n —2) = m (unity is always 


available). Let d denote the number of distinct factors p—a’, of F—A’ - 


which divide P’(p). Each one appears in Wejp(F’(z)), as follows: 
(Pee) PO pa) (pes) OE pa). 


_ This last equation and the assumption k < m/4 show that when w; 0, t; £ Q. 
Certainly some t, = m/fd. From 


(11) muy S (w, + 1)k -+t S (w, + 1)k + m/fad 
we conclude that : 

k = m(wi— (1/fd))/(ws + 1) 

and k < m/4 only if w, = f =— d =— 1. Thus P’(p) has at most one factor 


p—a’ in common with F — A’, and its multiplicity in P’(p) must be unity. 
In addition, the result f == 1 implies 2(n-—2) >m. 


= 22. We now show that k = 1. The fact that F — A’ has only one factor 
p—da’ in common with P’(p) and that the multiplicity of p—a’ in P’(p) 
is unity implies that F — A’ has n — 2 factors prime to P’(p). Equation (10) 
reveals that k(n—2) factors must divide Thajp(p’(z)). Since the degree 
of this expression is m — 1 our result about f shows that k is unity. 
We return tó equation (11). If we replace w; and k by unity, and t, by 
n— 2 the inequality is, if anything, strengthened. We conclude that 


mS 2 (n—2) =n. 


This cohtradiction to our initial assumption about the relative size of m and 
n completes the proof. 
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ON GROUPS WHOSE ORDER CONTAINS A PRIME NUMBER TO 
THE FIRST POWER L* . 


By RICHARD BRAUER. 


To the memory of I. Schur. 


Introduction. Since the foundation of the theory of group characters 
by Frobenius in 1896, the characters of many special groups & of finite order 
have been determined. In, these examples regularities appear which, it seems, 
are not explained by the general theory. Their occurrence depends on certain 
assumptions concerning ©; it would be extremely difficult to determine the 
exact nature of these assumptions and their consequences from the known 
examples. 

In order to derive new properties of group characters we can use the 
theory of the modular representations of a group as a possible approach, par- 
ticularly when we are interested in questions of a somewhat more arithmetical 
nature. The relationship between the ordinary and the modular theory can 
be described in the following manner: Let K be an algebraic number field. 
The group © defines an associative algebra, the group ring T, and the investi- . 
gation of the structure of T is the main subject of the ordinary theory of 
group characters. If we consider only elements of T which are eas com- 
binations of group elements with integral coefficients we obtain an “ integral 
domain” J in T which is, in general, not a maximal domain. We may study 
the group ring from an arithmetical point of view; in particular, we are 
interested in the prime ideal divisors of a fixed rational prime p. The study 
of this question leads to the modular theory of group characters. There is a 
close connection between the algebraic and. arithmetical structure of T which 
implies that the theories of ordinary and modular group characters are 
D R Thus the “modular” theory provides a new approach to the 

“ordinary ” theory of group characters.* 

' In the cage in which we are interested the prime is a discriminant divisor, 
i.e., p divides the order g of the group Œ. We shall assume in this paper 
_ that g contains p to the first power only, i. e., 


(*) g= BY; (7, p) = 1. 


* Received April 4, 1841; Presented to the American Mathematical Society April 7, 
1939. I 
1 For this point of view, cf. R. Brauer, Protan of the Nabhónal Academy of 


_, Sciences, vol. 25 (1989), p. opa, 
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To be sure, thig assumption is of a very restrictive nature. It may, however, 
be. mentioned. that Dickson’s list? of 78 simple groups of an order smaller 
than 10° contains only one group for which there is no prime p such that (*) 
” holds. 

The simplification imposed by the assumption (*) is threefold, In the 
first place, the arithmetical structure is far simpler than in the general Sae, 
and the modular theory as developed in a number of previous papers ë gives 
complete results. Furthermore, the group-theoretical situation is greatly sim- 
plified compared with the general case because of the simple structure of the 
p-Sylow-subgroup of @. Finally, we have simplifications of a somewhat more 
analytical nature; in certain inequalities, as they occur in the theory of group 
characters, the terms are small so that it is easy to handle them. 

Let K be the number of classes of conjugate elements in ©. The char- 
acters of @ can be arranged in the form of a matrix Z of degree K. Each 
row corresponds to a fixed character, each column to a fixed class of conjugate 
elements. We arrange the columns so that the classes with p-regular elements * 
‘come before the other classes, and we arrange the rows so that the characters 
of a degree prime to p come before the characters of a degree divisible by p. 
Thus if < 


$ 


(#9) 7 {4 Z,\ } degrees prime to p, 
Len i Z, } degrees divisible by p, 
p-regular p-singular ; 
classes classes 


then we have first‘of all that Z, = 0. Our main result states that the matrix 
Za is determined by the structure of the normalizer M? of P, the p-Sylow- 
subgroup of ©, only some + signs remaining undetermined. In particular, 
if we replace Œ by Mt, the matrix Z, remains essentially the same, only the 
signs of some of its rows ,have to be changed. In the case of the group M, 
the second row in (**) is missing. This implies that the number of char- 
acters of @ whose degree is prime to p is equal to the number of classes of 
conjugate elements of Pt. 

We obtain these results in a somewhat more explicit form (cf. Theorems 
1, 2, 8, 4, and 5). We show that the values of the characters of @ for 
p-singular elements can be written down (apart from + signs which remain 
undetermined), provided that the characters of a certain subgroup % are 
known. This %8 is a subgroup of the normalizer Dt of the p-Sylow-subgroup ; 


_ FL. E. Dickson, Linear groups, Leipzig (1901), pp. 309-310. 
s Cf. the papers mentioned in the bibliography. 
- + C$. the list of notations at the end of the Introduction. 
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the order of 38 is prime to p, and hence the construction of its characġers can 
certainly be considered as a more elementary problem than the corresponding 
problem for Œ. As a matter of fact, in most of the applications of the theory 
developed here the group %& is of a very simple structure, and its characters 
can be written down at once. Very often, Y is a cyclic group. 

* From a knowledge of the matrices Z, and Z, in (**), some information 
concerning Z, and Z, can be obtained. First, the orthogonality relations for 
group characters can be applied. Secondly, we may obtain the values (mod p) 
of the characters for those classes whose elements commute with elements of 
order p. In particular, this gives a set of new conditions for the degrees of 
the characters which in many cases is sufficient for the computation of the 
degrees. Finally, from our knowledge of Z, and Z, we obtain conditions 
for the multiplication of the characters which also can be used to gain new 
information concerning Z, and Zs. 

In many cases it is possible to derive the complete table of characters in 
this manner; the following examples may show the significance of the method. — 
Heretofore it has not been known whether more than one simple group exists 
for the orders g = 5616 and g == 6048. Assuming that © is a simple group 
of one of these orders, we may find by elementary methods the structure of Mt, 
where p == 13 in the first case and p= in the second case. It turns out 
that the results obtained ‘are sufficient to construct the complete table of group 
characters in either case. From this table we can derive the modular group 
characters of © for the prime p= 3 (here the theorem as given above does 
not hold since 3 divides the order of the group to a higher power than the 
first). The values of the modular characters show that a simple group & of 
order 5616 must have an absolutely irreducible representation of degree 8 in 
the Galois field GF(3). Hence it is a subgroup of LF(3,3), and since & 
and LF(3,3) have the same order, we find © = LF (3, 3). Similarly, it can 
be shown that a simple group of order 6048 is. isomorphic with HO(3, 9) 
since it must have a unitary representation of degree 3 in GF'(9).° This 
shows € that the list of known simple groups is actually complete up to the 
order 6232. Some applications.of our results of a more general nature have 
been given without proof elsewhere." 


3 It is not possible to give the details of the computation in this paper. 

6 F. N. Cole, Bulletin of the American Mathematical Society, vol. 30 (1924), p. 489. 
Actually, it follows from a theorem of Frobenius Stteungsber. Preuss. Akad. (1895), 
p. 1041) that no simple group of order 6232 can exist, since 6232 =2.2.2.19. 41 is a 
product of five primes. It would be very easy to ‘Teplace 6232 by a larger number using 
the methods of this paper. 

TR. Brauer, Proceedings of the National Academy of Sciences, vol. 25 (1939), 
p. 290. 
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Nojation. © is a group of order g == pg’, where p is a prime and g’ is 
not divisible by p. Let ĉi, £2,---,¢x be the absolutely irreducible characters 
of © and ¢:, 2° ©, $x, the irreducible modular characters. Then K is the 
number of classes of ©, and ko is the number of classes consisting of p-regular 
elements. Here an element @ of Œ is termed p-regular, if its order is prime 
to p, otherwise G is p-singular. The characters ¿u of Œ are distributed into 
“ blocks” ® Ba (A==1,2,---), and we may speak of the modular characters 
belonging to the block By. The degree of u will be denoted by Zp. Each 
character {, determines a family of p-conjugate characters,” 'we denote the 
number of members of this family by rz. | _ 3 


1. The p-singular elements of ©. We first formulate some elementary 
facts concerning the type of groups we propose to consider in this paper. 


Lemma 1. Let Œ be a group of order 


(1) | g= pg’; ((p, 9’) 1), 


where p is a prime, and let P be an element of order p. The normalizer 
N = M(P) is a direct product of the Sylow subgroup P = {P}, and a group 
B of order v which ts prime to p, 4. 6., 


(2). N= BX SP. 


This follows at once from a theorem of Burnside or a more general 
theorem of Frobenius.*° Using Sylow’s theorem, we obtain easily 


Lema 2. If two elements of R are conjugate in Œ, then they are 
conjugate in the normalizer Vt =N (P) of the Sylow-subgroup $. 


There is no difficulty in discussing the structure of Nt. We have 


s Cf. [1], § 9. 

° Cf. [2], § 4. 

10 W, Burnside, Proceedings of the London Mathematical Society, vol. 33 (1901), 
pp. 163, 257; G. Frobenius, Sttzungsber. Preuss. Akad. (1901), pp. 1216, 1324. We may 
also prove the statement in our case in the following fashion. Assume first that 9} 
has an irreducible representation of degree f prime to p which does not represent P 
by the unit matrix. Then the elements of 9} fori which the determinant is a g’-th root 
of unity, form a normal subgroup K, and P does not lie in N, whence we easily obtain 
(2). If Lemma 1 is not true, then every irreducible representation % of M, whose — 
degree f is prime to p, actually is a representation of R /{P}. But adding the squares 
of the degrees of all irreducible representations, we obtain the order of the group, and 
it would follow that the orders of N and of B/P} are congruent (mod p?), which is 
not the ease. 
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LEMNA 3. The group M/N is cyclic, its order q 18 Q divisor oP p — 1, 
say p 


(3) pla gt. 

If M in M corresponds to a generating element of M/N, then 
> , 

(4) | MPH = Py’ 


where y is a primitive root (mod p). The order 2 M is prime to p. 
The elements 


(5) Py == I, P,P, . Pa = PY, ++, Pye Pr“ 


form a complete system of representatives of the elasses of conjugate elements 
in © in which the order is a power of p. They can be taken as the elements 

rers salamin class C of © contains an denai P*V with «£0 
(mod p), V in B. We readily obtain 


Lemata 4. Let Vi, V2,---, Vi be a màsimal system of elements of B 
such. that no two of them are conjugate in M. Every p-singular class of ® 
contains an element Pey, with a £0 (mod p), and A is uniquely determined 
by the class. All the classes for which à has the same value belong to one 
family Fy; we have | families of p-singular classes. | 


Let +, be the least positive integer for which M-™V)M™7 and Vj) are con- 
jugate in B. Then the class of Vy in M — {¥%, P, M} splits into my sub-classes 
of elements which are conjugate in B. The number ry must be a divisor of g, 
since Af? lies in N and, therefore, M4V M3 and V) are conjugate in &. 

Suppose that PV, and PEV, are conjugate in G, say G Pey G — PEV. 
Then GPG =— PP, GV aG — Va. Hence G lies in one of the cosets RNM”. 
Since MPY M’ and Vy are conjugate in B, the exponent p must be a multiple 
of m. Furthermore, (4) implies that a7” = p (mod p). Conversely, if this 
congruence holds for a multiple p of m, then P*V) and P?V) are conjugate 
in &. It follows that the elements PV, «== 1,2, °°, p—1, belong to 
h = tr, different classes in ©. 


‘Lemma 5. Suppose that the class of Vy in © breaks up into m sub- 
classes of elements which are conjugate in B, and set ty == tr. The famiy 
F, consists of t, classes of conjugate elements (with regard to ©). 


It follows from (3) and n |g that ¢ divides p —1, Two elements P*V) 


11 Cf. [2], § 7. 
-12 i f 
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and PEPY, are conjugate in ©, if and only if P* and P are conjugate in the 
normalizer 3t(V)) of Vx. Hence we have t classes of elements of 3t(V,) which 
contain elements of order p. Each of these classes contains n(V))/n(V)P) 
elements, where n(G@) denotes the order of the normalizer of an element G 
in ©. Hence ¥t(V,) contains thn(V,)/n(V)P) elements of order p. Together 
with the unit element, they form a complete set of solutions of the equation 
A? = 1. Using a theorem of Frobenius, ? we now obtain 


Lemma 6, Let n(G@) be the order of the normalizer of the element G 
in ©. The number ty is characterized completely by the two conditions 


n( Va) 
n(V)P) 

2, The blocks of characters: A block B is either of type** 1 or of 
type 0, according as the degrees of the characters in B are divisible by p or 
ure prime to p. In the first case, B is of the highest type. Therefore, B con- 
sists of one character ĉu only. Further, a is modular irreducible, it lies in 
the field of the g’-th roots of unity, and it vanishes for all p-singular elements 
of ©. The corresponding generalized decomposition numbers d‘yy vanish for 
4 > 0 and all v.35 

In the notation of Lemma 4, there exist } classes of conjugate elements 
in Œ such that the elements of the class are p-regular and that the number 
of elements in the class is prime to p.. This implies, that exactly 7 of the 
blocks of Œ are of the lowest type, i. e., of type 0. 





(6) p—1e=0 (mod f), i+h == 0 (mod p). 


THEOREM 1. The group © possesses l blocks B,, Ba: > +, Bi of lowest 
type where I is defined in Lemma 4, All the other blocks Bin, Brus, -` are of 
highest type; they consist of one character u, which is p-conjugate only to 
itself, which is modular irreducible, and which vanishes for all p-singular 
elements. 


If we set g == pig’ with (g’,p) =1, then a—-1. Hence the blocks 
B,, Ba, © +, Br are of degree a— 1. Consequently, the results of [8] will hold 
for them. We shall apply these later. - 


3. The matrix of the generalized decomposition numbers. In order. 
to discuss the decomposition numbers dt» with t > 0, we have to form the 


12 Frobenius, Siteungsber. Preuss. Akad. (1895), p. 981. 
13 [1], § 17. 

14 Of, [1], Part II. 

18 (2), Theorem 10. 

3° 13, Theorem 2. 
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normalizer Jt(P,) of the element P; (cf. (5)). This normalizer is identical 
with the normalizer 9% of P, and (2) now shows that the irreducible modular 
characters $,*, ¢2*,- © - of N(P,) are identical with the ordinary irreducible 
characters 6,,62,-- + of B. The corresponding Cartan invariants of N (P), 
then, are given by 


(7) Coe = doo 7 (for +> 0). 


This implies that the indecomposable character p+ of N(P,) associated with 
dp* is connected with ¢p* by the equation 
| Dpt = pop’. 


Then the formulae [2], (1) and (2) defining the decomposition numbers 
dtu» become 


(8) ` fn(PiV) = $, d'ub ( V) (V in B,t> 0). 
(9) dy = (1/0) E G(PiV)6.(V4) for i>0 
Fig 
According to (7) and [2], Theorem 4, we have 
K = 
(10 a) > Fwd up == 0, if ==] or if v SE p. 
f= 
K i 
(10 b) ` BS d'uva’ uv =- 1, 
=I 


If in (10b) the index » ranges only over the values corresponding to a fixed 
block B,, then the sum on the left-hand side is a rational integer which is 
divisible by p (cf. [2], Theorem 7). It follows that for every possible com- 
bination (1,v) with +> 0 there exists exactly one block B, of lowest kind 
such that dtu == 0 for all x not belonging to Ba. We denote this block B) by 
B(t,v). If two d-columns d‘yy and déup are algebraically conjugate, then 
obviously B (i; v) —B(j, p). The same block By corresponds to all the members 
of a family of algebraically conjugate d-columns. 

Every block B) of lowest type appears, conversely, in the form B(t, v) 
for at least one combination (t, v) with tœ 0. If this were not so, we would 
have dz, == 0 for the values » belonging to B, and for all t œ> 0 and all v. 
Then (8) shows that the characters ¢p of By vanish for all p-singular elements, 
and this would imply *° that £p belongs to a block of highest type and not to 
a block By of type 0. 


17 Cf. [1], § 29—Of course, bpe | 0 for p x60 and Sop ==], 

18 We make use of the fact that v is the p-th part of ‘the order of 9t(P,) and that 
Do, is the indecomposable character Pt. 

19 Cf. [1], Theorem 10. . 
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According to [2], Theorem 11, the number of families of algebraically 
conjugate d-columns is equal to the number of families of classes of conjugate 
elements. Each d-column with t = 0 forms its own family, and so does each 
p-regular class. Further, we have as many d-columng with i == 0 ag we have 
p-regulur classes. It follows that the number of families of d-columnsewith 
t > 0 is equal to the number of families of p-singular classes. This latter 
number is } (cf. Lemma 4). Hence we have as many families of algebraically 
conjugate d-columns with + > 0 as we have blocks B,, B,,- - -, Bı of lowest 
type. The mapping dtv — B(4, v) necessarily defines a (1—1)-correspondence . 
between families of d-columns with 1 > 0 and blocks of the lowest type. We 
shall say that the d-column d'av belongs to the block By, if B(t,v) = By. 

. Arrange now the characters {,, f.,:- -,& of Œ so that the characters of 
B, come first, then those of B;,---, then those of Bi, and then those of the 
blocks Bri, Bise,: © © of highest type. 

On the other hand, we choose a suitable arrangement of the columns of 
the matrix Di formed by the decomposition numbers (cf. [2], (3)). We start 
with the d-columns with 1 = 0, taking them in such an order that the matrix 
D — D’ breaks up in the form [1], (28) (1.¢., arranging the modular char- 
acters $1, d2,' © * of Gso that the characters of B, come first, then those of Ba, 
etc.). After the ¢g-columns with t = 0 we take the columns belonging to Bı, 
then those of B,,::-, finally those of By. From our results above it follows 
that D has the following form 


On 20 

(11) D = 
0 0---D0 |0 0---Q, 
0 0---0 Imj0 0---0 


Here, m is the number of characters ĉu of a degree z = 0 (mod p) and Im 
denotes the unit matrix of degree m. The part of D to the left of the vertical 
line contains the ordinary decomposition numbers duv = d°py, i. e., the matrix 
D = D°. The columns of each fixed Q) are algebraically conjugate. Since D 
is non-degenerate, it follows that these columns are linearly independent. 


4. The number of characters in the blocks of lowest kind. Denote 
the number of columns of Q) by Y; the corresponding columns of D form a 
family of d-columns (A= 1,2,---+,1). Besides these J families of d-columns, 
we have ko further families of d-columns dt,» with t= 0 where ko is the 
number of classes of p-regular elements in @. Hach of these families consists 
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of one column. Hence the number of members in the different families of 
d-columns are ) 


(12) loty ge Ts Lyer 
respectively. 


"We now apply [2], Theorem 12.2° We have J -+ ko families of p-conjugate 
characters, and if the number of members of these families are 


(13) Tis T23% ° * s Thiky 


respectively, then the sets of numbers (12) and (13) coincide. Further, the 
classes of conjugate elements are also distributed into families. According to 
Lemma 4, we have l families containing p-singular classes, and the aA-th 
family contains ¢, classes (Lemma 5). Each p-regular class forms a family 
by itself; there are ko such families. Hence the number of members of the 
different families is 


(14) fd oie, Nee ee 


k 


respectively. Again, [2], Theorem 12, shows that the system (14) coincides 
with each of the systems (12) and (13). In particular, after changing the 
order of the l elements Vi, V2,- - -, Vı if necessary, we may assume that 


(15) h = tr, Gekes 


Let e be a primitive g-th root of unity, and choose a rational integer y 
such that y is a primitive root (mod p) and y = 1 (mod g’). The substitution 


(16) T: pa 


transforms Q) (cf. (11)) into a matrix Q)?. There are two ways of obtaining 
QT from Qx: (1) the substitution 7 permutes the d-columns and this induces 
a permutation of the columns of Qa. The coefficients of Q, belong to the field 
of the p-th root of unity and the ¢, columns of Qa are algebraically conjugate. 
It follows easily that Q,? can be obtained from Qy by a cyclic permutation of 
the columns.2* The substitution 7 permutes the characters £4, f2,° “+; actually, 
T induces a cyclic permutation of the characters of each family. This shows 
that Q,? can be obtained from Q by a certain permutation of the rows. The 
assumptions of [2], Lemma 2, are satisfied since the columns of Qy are 
linearly independent as observed above. It follows that the block B, must 








20 For the case p = 2, ef. footnote ™ of [2]. 
21 According to [2], §1, the generalized decomposition numbers lie in the fleld of 


the p-th roots of unity, since we have a = 1. 
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contain at least one character £p aay that the number rp of members of ihe 
family of fp is divisible by é,. But the systems (14) and (15) both consist 
of the same numbers, We readily see that the block B) contains a family con- 
sisting of exactly ty characters; all the other families belonging to B) consist 
of one character (A==1,2,:°-,?). If By contains w, families of characters 
and if ro,rg,° ` +, Tx, respectively, are the numbers of members of these wy 
families, then one of the numbers, say fa, is equal to ¢, whereas the other 
w, — 1 numbers are equal to 1, i. e., rg ==; ` - ==, = 1. On the other hand, 
we have #2 l | . 
tate’ + *te(1/ta + 1/r8 +: ++ 1 /re) = p. 

This now gives | | 

' ty (1/ta + (w —1)) =p, 
(17) w — 1 = (p—1)/%. 


If a character fy is p-conjugate only to itself, i e., — then p lies in the 
field of the g -th roots of unity. Hence 


THEOREM 2. Let t, tz,- > ,t,ı have the same significance as in Lemmas 
5 and 6. If these l numbers are taken im a suitable order, then the block By 
, of lowest kind consists (a) of one famiy of ty p-conjugate characters, the 
“ exceptional family” of By and (b) (p—1)/ta further characters &u which 
belong to the field of the g- -th roots of unity, t. e., each such fy ts p coniugata 
only to itself (A==1,2,:°-,8). 


On account of [3], § 7, Goie Late 6, and [8], Theorem 5, we also 
have 


‘Turorem 3. The block By contains (p—1)/t, modular characters 
(A= 1,2,---+,1). The structure of By ts characterized by a tree Ty, with 
1 + (p—1)/ty vertices and with (p—1)/t, edges. Hach of these edges Ev 
corresponds to a modular character dv of By; each of the vertsces Vu corre- 
sponds to @ family of p-conjugate characters. A modular character œv of By 
appears as a modular constituent of an ordinary character lu of By, tf the 
edge Ey contains the vertex i NEEE to fn; the multiplicity of dv in Cy 
then is 1. 

We may describe the tree T, in the customary manner ™ by a matrix 
with 1 + (p—1)/4, rows and (p—1)/t, columns. Each row corresponds 
to a vertex, and each column corresponds to an edge. The coefficient in the 
i-th row and the j-th column is 1, if the j-th edge contains the 1-th vertex. 


2: Cf. [3], Corollary 5 in § 7. 
a Cf. O. Veblen, eee situs, second ed., p. 12. 
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In the ‘other case, the coefficient is 0. Let Dy be this matrix. Suppose that 
the numbering of the vertices is such that the last vertex corresponds to the 
family with ¢, members. Thém the matrix Dy in (11) is obtained from Dy ` 
by adding ¢%-—-1 further rows all of which are equal to the last row of Dy 
Singe 0) == DD), we can find the ordinary decomposition numbers and the 
Cartan invariants corresponding to the block B,, if we know the tree Ty, the 
number ¢, and the vertex corresponding to the family with t, members. 


‘5. The coefficients of the matrix Q). Consider a fixed block By 
(A= 1,2,- --,1). The corresponding matrix Qy in (11) has t, columns, 
(cf. (15)), which are algebraically conjugate. The substitution (16) induces 
a cyclic permutation of these columns; we may atrange the columns so that 
the first column is carried into the second, the second into the third etc., 
finally the last column into the first. l 

As we have seen, the block B, contains (p—1)/t, characters ĉa which 
belong to the field of the g’-th roots of unity. It follows from (9) that the 
corresponding numbers d‘yy lie in the same field. On the other hand, the 
_ generalized decomposition numbers lie in the field of the p-th roots of unity." 
Consequently, the numbers d'p» with the fixed first suffix u are- rational 
integers, therefore dtp» is algebraically conjugate only with itself. The formula 
(11) now shows that the row of Qa, which corresponds to ĉu contains ¢ equal 
coeficients. . 

Set h == (p—1)/t, and arrange the characters p of B, so that the 
h characters lying in the field of the g’-th roots.of unity are taken first and 
are followed by the ¢, characters of the exceptional family of By. If the order 
of these last t, characters is chosen suitably, the matrix Qa will have the form 


Oy R S 
Gs Gg °° ° Gy 
l ay an Ak 

(18) Qa == a x e. e 2 gat) 
g’ aerea 

gla) s S alta- 


Here a, da,’ ` *, da are rational integers, while a is an integer of the field of 
the p-th roots of unity which has exactly 4 conjugates a, g’, <, a with 
regard to the field P of rational numbers. | 


2: Cf. [2], $ 1. 
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The relations (10a) and (10b) can be used to determine the coefficients 
of Qa. Becanse of the form (11) of D, we obtain from (10a) for j7==0 the 
matrix equation 


(19) (th, G2," ` `a an, Q, g, aa) Dy = 0, 

Secondly, (10a) applied to two suitable columns of D passing through’ Qy 

yields i 
h 

(20) 2 ay? + tr (a9) — 0 | eta res ae pF 


where T denotes the trace of a number œ of the field PCa) with regard 
to P. Finally, the equation (10b) gives 


i ‘hk 
(21) D> a? + tr (ae) = p. _ 
y=1 
The last t, rows of D, are equal (cf. § 4). Hence (19) can be written in 


the form | 
(22) | (aa, Ga, ° " "5 h tr (a) ) Dy = 0, 


where Dy, as in § 4, is the matrix describing the tree Ty. We set am = tr (a). 
From (22), it follows that if the edge Fo of Ty is bounded by the vertices Vx 
and Vy, then 

Bx + dy = 0. 


On comparing these equations for all h edges of Ta, we see that 
(23) a= EO, Om = tr (a) 


for t, 3 = 1,2,--°,2+1. In (23), the + sign is to be used, when the ver- 
tices V; and V} are connected by an even number of edges, in the other case 
the — sign is to be taken. 

We now add the equations (20) for+—1,2,:--,t—1 and (21). Thus 
we obtain ; 


A fy-1 
bh Sat + te (GS al) = p, 
P=1 


or 


(24) Dat +t (a) tr (a) = p. 


But tr (a) == tr (@), and by (23), (24) takes the form 


ht tr (a)? + tr (a)? = p. 
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This shows that the E A tr (a) must have the value + 1, 
(25) | tr (@) 1. 

Let eo be a primitive p-th root of unity and set 
(26) ey = eg” (y—=0,1,2,° °°, p—2), 


- where y is a primitive root (mod p). The integer a belongs to the field P(«) 
and can therefore be written in the form 


a = baeo + bie E> + + + Dp 2€p-2, 


where the by are rational integers which are uniquely determined by «. Since 
a has exactly t conjugates with regard to P, the substitution Ta (cf. (16) ) 
of period h =—= (p—1)/t, must ee a invariant. Hence, by = brate If np 
denotes the “ Gauss period” = ` 


(27) np = ep + epeta F ll T eant (e =0,1,: ` ==, 
then | | | | 


(28) or bono + bm + °° + biy- 74-1. 
As is easily seen, we have . 


tr (yp) =— 1, | 
otr (noo) =— h for p&o; tr (nop) = p— h. 


On substituting the value of « from (28) in (25) and (21) and using (23) 
and (25), we find | 


S 
(29) ` Sh=—+1, 

E 
(30) _ — Eontr Sn 


Because of (29), the first two terms on the left hand side of (30) cancel ; 
it follows that 30,2 = 1, and, since the b; are rational integers, only one of 
them can be different from 0: The value of this particular bp then is +1, © 
and we have a = = np. After permuting the rows of Q), if necessary, we may 
assume that p = 0, i. e., 

(31) Gomme E ho | 


With each character tu of Ba we associate a sign 8, == + 1; if {yp appears 
in the i-th row of Qa and ih, set ŝu = au. If i has one of the values 
A+1,---,h-+t, set 8p = an. The + sign in (31) then is s — By, if Cu 
eet to the family with ży members, i. €., 


tal?) æ = — duno. 
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The formulae (23), (31*) determine the coefficients of Qh; only one + -sign 
remains undetermined, if the tree T, is known. If T, is not known, all the 
signs ô, remain undetermined. 


6. Relations between the characters of @ and of B. It remains to 
determine which d-columns are algebraically conjugate to a given d-column 
d*uv, (t > 0, vfixed).** In order to obtain these conjugate columns, we have 
to apply the powers of the substitution T defined in (16). The effect on (9) | 
is that P, is replaced by its powers 4 1. This shows that for one of these 
conjugate columns the upper index is 1. There is no restriction in assuming 
that in the given column we have t = 1, and that the first column of each Q) 
_ belongs to the upper index t= 1. We denote the given d-column by a; its p-th 
coefficient is 
(32) (a)y— d'w — (1/r) E (P)O (V+); 

| V in B | 


where v has a fixed value. Let a‘? be the column obtained from a by applying 
T°, The effect of the substitution T consists in the replacing of P by PY in 
(82), and the p-th coefficient of a‘? is, therefore, given by - 


(33) (a), = (1/v) 2 ta (PV) (VY). 


Let a be the column of D, (cf. (11)), which contains the first column of Q). 
Since Q) has f rows, va form a complete penne of mere cand conjugate 
columns, we have 


(34) aly —a; aq for 0<p<h. 
Divide the number p by t, (cf. Lemma 3). If 

(35) p= + ((—1) 157381, 
then, by (4) and (5), we have 

(86) PP == MPY ME = MP, M". 


The character ču has the same value for elements which are conjugate in ©. 
The equation (33) can, therefore, be written in the form 


(a) n= (1/0) D (MP VM) 0 (V=). 
By (86), this becomes 
(a ) p — (1/v) E ta (M PYM: MVM) (V=) 
= (1/0) D ba (P MVM) (0). 


4 


38 For the following argument, cf. [2], Theorem 2. 
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The element M~V M" Tanges over Gif V ranges over R. If we ee V by 
MVM", we obtain ` 


(a) p — (1/0) 2, ta (P V) Oo (MV). 
Vin’ - l 


Thg expression #v(M-*"VM*) represents an irreducible character of @ if V 
ranges over @ and x has a fixed value. If we denote this character by Oc(V), 
then we finally find, on account of (8), that 


(37) (aP )p = Bao. 


For p = 1), we have p = h = nt (cf. Lemma 5), and hence, k = n, ] = 1. 
On comparing (32) and (87) for p = 7, and using (34), we obtain d'uy = d'po 
for every » belonging to the block Ba. This implies v =v, and because of 
the definition of ĝe and of k == m), this gives 


(88) b(M VM) =0,(V). 


On the other hand, if 6,(M-*VM") —6,(V) for all V in Ú and a fixed x, 
then o = y. Choose now p == «t with this value of x, (cf. (85)). From (37) 
and (32) it follows that (aP )p = dp, i. e., a) == a. For p< ty, i.e., for 
x < t/t = n, this contradicts (34). Hence 7 


(89) 6,(M*VM*) = 6,(V) for «—m1,2,°--,m—1. 


It follows from Lemmas 1 and 3 that the characteristic subgroup % of N 
is a normal subgroup of M. For any irreducible character 6(V) of V and 
any fixed element G of M, the expression 6(G“V@) also represents an irre- 
iducible character of B, if V ranges over B. Two such characters 0(V) and 
6(G"VG) are termed associated characters of $ with regard to M. All the 
irreducible characters of & appear distributed into classes of associated char- 
acters. In order to obtain all the characters associated with 6(V), it is suff- 
cient to take G as a power of the element M (cf. Lemma 3). The relations 
(38) and (39) show that there exist exactly 7 distinct characters of B which 
are associated with ø. We may assume that the notation has been so chosen 
that 
(40). 0y (M=V M") = bv (V), (x = 0,1,3, > +, m — 1). 


Then (87) ‘takes the form 
(41) (a )p— Vane if pat-+(j—1), 1S)St. 


In other words, the row of Q, which corresponds to the characters ĝu of Qu 
is given by 7 
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(42) i duv, W poeng dt uv, d'uva Aav * G d'u ver, E 
l A'u verhis A'm yn- t a dfu very-t- 


For every ¿p of Ba, all dtu» with ¢ > 0 not appearing in (42) vanish as follows 
from the form (11) of D. Hence (8) reads 


EL = Shy racOrae(V), 
i (43) K=O 


= 
ta (Piy) = X diyn (MV M"), (¢>0, Vin). 


The row (42) of Qa has been determined in § 5. If ta lies in the fields 
of the g’-th roots of unity, then all the coefficients (42) have the same. 
Value ða == + 1 so that (42) has the form 
(44) | Ôu, Op, 7S is Sy.’ j 
- If ¿a is'a suitable one of the ta p-conjugate characters of By, then (42) is 
identical with 
(45) — Šo — eua * +, — piya 

(ef. (81*)). 


The index v is determined by the fact that the first column of Q) in (11) 
is the d-colunin d'av, and Qha also contains the d-columns d'yvi1,°°+, Euver 
belonging to characters 6p of B which are associated with 6. In this manner, 
B, determines a class C) of associated characters of B. To another block By 
‘with 1A’ 1, there must correspond a class Cx Æ Cy. Every class of 
associated characters of B necessarily appears in the form Ca. We now change 
the notation and denote the character 6y of B belonging to the first column of 
Qx by &, A= 1,2,---,1. No two of the characters 6,,2,---,4: of B then 
are associated, but every irreducible character of ¥ is associated with one of 
these / characters. 

Collecting the results: we substitute in (43) the values of d*,y obtained 
by comparing (42) with (44), (45) respectively and express yp by means of 
a primitive p-th root of unity using (26) and (27). We now obtain 


THEOREM 4. To each of the blocks By of the lowest kind there corre- 
sponds an irreducible character 6) of B. No two characters 6,, 62,:- +, 61 of B 
are associated with regard to Dt, but every irreducible character of $ is asso- 
ciated with one of the characters 6,. There are exactly ty = t/t characters 
associated with On; they are l 


0 (MV M") (x= 0,1,2,- +, m — 1) 


9, A 
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where V ranges over V; we have | f 
(46) (MVM) = (V), Vinag 
If ĉu 1s a character belonging to By which is p-conjugate only to itself, then 


(a) tu (Pe) — 8, È OMT), a 


for p x0 (mod p) and V in B. Here Sum + Lor p= 1. If ep ts a char- l 
acter of the exceptional family: of By, we have 


(4%) Gu(PPV) =a Serra (MVM), (q= (p—1)/2), 


where pÆ 0 (mod p) and V ts in B. Here «is a suitable primitive p-th root of 
untly, y is a primtiwve root (mod p) and òu = +- 1 or ôy = — 1. ` 


lf the characters 6-of B are known, the formulae (47a) and (47b) 
together with Theorem 1 show that the values of the characters ¢ of © for all 
p-singular elements can be obtained, only the signs $p = + 1 remain unde- 
termined. If the tree Ty corresponding to B, is known, then we e obtain from 
(23) and the remark at the end of $5 


THEOREM 5. If Ep and fv are two characters of a block By of the lowest 
kind, then u = 8 if and only if the corresponding vertices of the tree Ty 
can be joined by an even number of edges. 


Concerning the values of the characters for p-regular elements we state 


THEOREM 6. Let By be a block of lowest type. For any p-regular elements 
G of ©, we have | 


(48) 2 Sulu (G) = 0, 


where fu ranges over a complete system of characters representing the different 
families of By (i. e., Eu ranges over the (p—1)/ty characters of By which lie 
in the field of the g’-th roots of unity paan one of the h p-conjugate characters). 
In particular, ; 
(49) Batu = 0, 

= A 


where Zp is the degree of Èu and p ranges over the same values as in (48). 


i Proof. From the definition: of the p at the end of § 5 and from (22) 
it follows that | 
(50) > Sudpy — 0 
Fe 
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for y =d, 2, © -, ko where the duv == d'uy are the ordinary decomposition 
_ numbers of Œ and » ranges over the same values as in (48). On multiplying 
(50) by the »th irreducible modular character gy(G@) of @G and adding 
over yv, we obtain (48). The equation (49) is derived from (48) by setting 
G =i. 


. e 
7T. Corollaries. Apart from the signs êu, the right hand sides in (47a) 
- and (47b). are completely determined, if (a) the characters of B are known 
and (b) it is known in what manner these characters are associated in the 
group {8, M}. This group {%, W} has an order v(p—1)/¢ which is prime 
to p, and we may consider the computation of its characters as a simpler 
problem than the determination of the characters of @. In. the applications 
of the theory developed here, the characters of {8, M} can usually be found 
without difficulty and then the answers to (a) and (b) are actually known. | 

In particular, the right hand sides in (47a) and (47b) are determined 
completely by the structure of M, apart from the signs ŝa. Except for these 
signs, the right hand side of these equations are the same for any two groups 
© and ©, for ‘which M == 9({P}) has the same structure. In particular, 
we may take for ©, the group Mt itself. Since the characters of © of highest 
kind vanish for all p-singular elemente, and since Jt==N({P}) has no 
characters of highest kind, we obtain 


THEOREM 7%. Arrange the matriz Z of the group characters of © in such 
‘a manner that the characters of a degree prime to p occupy the upper rows 
and the other characters the lower rows, further arrange the columns of Z so 
that the classes of the p-regular elements are to the left of the p-singular 
elements. If Z thus is broken up in the form 


Z= E ) } degrees prime to p, 


Zs Z,/ } degrees divisible by p, 
“Y : 

p-regular p-singular 

classes classes 


then Z,== 0. If the matrix of group characters Z* of the group M = NPY} 
is arranged in a corresponding manner, then the lower part is missing, 1. e., 


Z* == (Z*,, Z*:), 
and Z, can be carried into Z *,, of certain of its rows are multiplied by — 1. 
This implies 
ieron 8. The number of irreducible characters of © of a degree 


3° Cf. [1], § 29. 
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` 


'23&0( mod p) ts equal io the number of classes of conjugate elements in the ` 
group M == R({P}). 


The characteristic roots oi the matrix (PV) representing PV in a given 
representation Ẹọ of © can be obtained by multiplying the roots of %(P) with 
those of §(V), taken in a suitable arrangement. Hence, for the traces of the 
matrices, we have 


tr (§(PV)) sir (G(V)) | © (mod'(1—e)), 
if e is a primitive p-th root of unity.. In particular, _ | 
te (PY) = ġa( V) l (mod (1 —e)). 


Combining this with (47a), we find I" 
-1 
ta (V) du Z (MV) (mod (1—e)), 


if ¢„ is p-conjugate only to itself. Since both sides here lie in the field of the. 
g-th root of unity, this congruence must hold (mod p). Similarly, we have 
in the case of (47b) | | 

. 1 ` 

ares 7) 6, (MV M") (mod p). 


4 


On the right hand side, every term a (M*VM") («=—0,1,---,m--1) . | 


appears (p-—1)/t, times because of (46). Hence. 
THEOREM 9. For an element V of B, we have (ra = t/t) 
. -1 i 
(51a) tu(V) = ba X (MV M") (mod p); 
if tu is a character of By (A —= 1,2,- -,1) which is p-conjugate only to itself. 
If fu belongs to the exceptional family of By then 
. i E -1 

(51b) ta (V) = (8u/ta) > 6, (MV M") (mod p). 
Finally, if tu is a character of a degree zp divisible by p, we have | 
. (51c) t.(V)=0 i (mod p). 


AS a corollary, v we obtain 


THEOREM 10. Let fy be the degree of the character 6, of B. The degree 
zu of a character fu of the block By g = 1, 2,- +, 1) satisfies the congruence 
(mod p) 
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(52a) e Zu = òpbafa/t or. (52b) z= Sufr/t | (mod p), | 
. according as we have the case of (51a) or (51b). 


These congruences, together with (49) and the fact that Zu divides g are 
in many cases sufficient to determine the degrees. If the degrees-z, and the 
degrees f, are known, then the sign 8 can be obtained from (52a), or ; 
at least for an odd p. 


8. The block of the 1-character. We consider now the 1-character of ©. 
We may assume that the notation is so chosen that it is the character €, (G), 
i. e., £,(G@) = 1 for every G in Œ, and that it belongs to the block B,. The 
oo (47a) then gives | 


f 


-1 
1 = es A (M~V M") 
a= 
for every Vin %, and since this is a linear relation between the characters 
of B, we must have 7, == 1, and 6,(V) ==1. Hence 


‘THEOREM - ii af the block B, contains the 1-character fA of ©, then (A 
` is the 1-character of B. Further t, =t. The degrees Zy of the characters of 
B, satisfy the congruences - 


“ $ 


(53) Zu == ĝu == + 1 (mod p) or Z= 8y/t = + 1/t (mod p) 


"according as we have the case of (Sia) or (51b). If tnta’ - tsten 
(q = (p—1)/t), represent the diferent families of Bı, then 


(54) 1 =- S24 + ar ca +- Òga Zq == 0. 
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ON GROUPS WHOSE ORDER CONTAINS A PRIME NUMBER 
TO THE. FIRST POWER II.* 


= By RICHARD BRAURE. 


Introduction. This paper is a continuation of a previous paper with the 
same title. Its aim is the proof of the following theorem: Let 8 be a finite 
group of linear transformations in n variables. Assume that the order g of 8 
contains a prime factor p to the first power only, and that $ has no normal 
subgroup of order p. Then we have pS 2n + 1. The equality sign can hold 
only when 8, considered as a collineation group, is isomorphic with LF (2, p). 
If the group & of order g = pg’, with (g’, p) = 1, has a normal subgroup $ 
of order p, then 8 contains a normal subgroup Jt, such that Yt is the direct 
product of P and a normal subgroup X of 8, while the factor group 8/%t is 
eyche.? For a primitive group 8 of this type, we can take 8 = Jt, i.e. 
3 =— P X B; if 8 is primitive and unimodular, then the degree n must be 
divisible by p. 

It has been proved by H. F. Blichfeldt* that the order g of a primitive 
unimodular linear group 8 in n variables is not divisible by a prime number p 
which is greater than (2n + 1)(n— 1). Our theorem improves this result 
for primes p which divide g to the first power only. Since LF'(2,p) has an 
irreducible representation by collineations in (p—1)/2 homogeneous vari- ` 
ables,° the inequality p & 2n + 1 cannot be improved further. 

The proof of the theorem is obtained by combining a rough estimate for 
the degrees of the characters (§ 3) with a formula for the product of certain 
characters (§ 4); both these formulae are derived from the results of [4]. 
The case p = 2n +- 1 requires a somewhat complicated discussion. For the 
notation employed cf. [4]. | 


* Received June 26, 1941. 

1 Cf. the paper [4] of the bibliography. 

*Cf. [4], § 1. 

' This means that all the matrices of R have determinant 1. 

t H. F. Blichfeldt, Finite Oollineation Groups, University of Chicago Press, Chicago, 
1917, p. 89, Theorem 5. 

‘For p=—1 (mod 4), this representation has been discovered by F. Klein, 
Mathematische Annalen, vol. 15 (1879), p. 275; for p = 1 (mod 4) by I. Schur, Journ. 
f. d. reine u. angew. Math., vol. 132 (1907), p. 135. 
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1,« Remarks on characters. Let Œ be a group of finite order. As is 
well known, the linear combinations 


E = hi + dala + + H ails (a, rational integers) 


of the (ordinary) irreducible characters {,,%.,: °°, of © form a ring T. 
If Za denotes the subset of elements é for which all a, = 0, then Ts is closed 
under addition and multiplication; the elements of Xo are the (reducible and 
irreducible) characters of ©. Every element -é of Xo can be obtained by 
addition from the irreducible characters és, s,: © `, Ču; and this additive repre- 
sentation of £ is unique. Every element of © is a difference of two elements 
of Xo. It may be remarked that we have a certain resemblance to the familiar 
- type of arithmetic; however, the roles of addition and multiplication are 
interchanged. We shall say that an element ¢ of © contains an element é of 
wv, if £— & belong to Xp. We then write: é é. On using the orthogonality 
relations for characters, we easily obtain the following: . 


Lemma 1. Let fc, Oy, fn be irreducible characters of ©. If &kbx 2 hey, 


where hi > 0 ts a rational integer, then Ẹka D hbr, ĉr peep the conjugate 
complex character of bx. 


' Indeed, both relations are equivalent to the fact that aay aes h 
times the 1-character ft, = 1. 


2. Summary of the results of [4]. Let © o a group of ada 
g = pf, (p,9') =1, 


where p is a prime number. Let P be an element of order p. Its normalizer 
N = N(P) is of the form ' 4 | 
N = BX {P}; i 


the normalizer M of the p-Sylow-subgroup P = {P} contains both N and B 
as normal subgroups. The factor group M/R i is cyclic. If M in M corresponds 
to a generating element, then 

(1) MPM = PY‘, 


where y is a primitive root (mod p), and (p — 1)/t = q is the order of M/R. 

Let £, == 1, 2, f3,- - « be the (ordinary) irreducible characters of ©, and 
denote by Zp == Dale.) | the degree of u and by ry the number of p-conjugate 
characters. These characters appear distributed into blocks Bi, Ba,- of 
characters. A block By, is either of the type 1 (highest type) or of -type 0. 
In the first case, B, consists of exactly one character fy; we have ga = 0 
(mod p) and ru = 1. In the second case, all the characters of B, have degrees 


} 
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which are relatively prime to p. Let B,, By,-.- -, B; be the blocks of type 0. 

To each of these 2 blocks, there corresponds a certain multiple t, >.0 of t. 

The block B, then consists of da == (p —1)/#y characters Eu for which rz = 1, 

and one “ exceptional” family of t, p-conjugate characters.® Set t/t = nm. 

To each block B, of type 0 there corresponds a class of irreducible characters 
_ of B, say : 


A(T), 0 (V) = 0,(MAVM),- >, AD (V) = A (MO VU), 
‘which are associated in Yt; we have 3 
a (MAVAN) =A (V). 
Each irreducible character of V appears exactly once in the form , 
h (A= 1,2: l; = 01,23 ama 1). 


For.each $u belonging to a block B, of type 0 a sign ĝu = + 1 is defined such 
that the value of €, for p-singular elements G = Piy (iz£0 (mod p), V in 8). 
can be obtained in the following forms: i 


Cask I: Tu =e 1, ôu == 1, Zu 5£0 (mod p) 
-ł ' 

(2,1) (PY) =X A® (V); 

Case II. ra= 1, 8p = — 1; zu5£0 (mod p) 

-1 

(2, TT) (PT) = — Zay); 

Case HI. Ty == by > L ôu = 1; Zu SE 0 (mod p) 

= l 
(2,0) «i (P#V) = — SQV) Ser, 
; K=O © eo 


| 


| where e is a suitable primitive p-th root of unity, and o ranges over all the 
values with ce=x(modn),0So0<q; 


Case IV. ry = h > 1, ĝu = — 1; zu 5£0 (mod p) 
a | 
(IV) °° & (PV) = $a (V) Ser, 
‘ x=0 F 
where e, o have the same significance as in Case III. i 


"If t, =], then B, consists of 1+ (p—1)t, =p characters Sy and for all of 
them we have r, = 1, An arbitrary one of these characters can be selected as the only 
member of the exceptional family. i 


424 RICHARD BRAUER. 


Finally, for characters ĉu belonging to a block of type 1, we have 
CASE V. Zp == 0 (mod p); Tu = 1 
(2, V) fu(P*V) = 0. 


. è 9 
For each irreducible character, we have one of these five cases. 


We chooge-B, as the block which contains the 1-character f, == 1. a 4 
. is the 1-character of B, ae == 1, and 7, =f. 


3. The characters of Jt induced by dhe ckaraciei of ©. Every char- 
acter ĉa (G) defines a character of N obtained by restricting G to elements of 
N. The formulae (2) in § 1 are not quite sufficient to express this “ induced ” 
character by means of the irreducible characters of Jt, because we had to assume 
+52 0 (mod p) in (2). - However, the formulae yield at least some information 
concerning this question. 

Let « be a primitive p-th root of unity and denote by (e) the character 
of P = {P} belonging to the representation P/—>«/. Every irreducible char- 
acter of Jt == V X {P} is of the form 


(3) a (V) (P, 


(à= 1,2,- bh; x= 0,1, r — 1; y= 0,1,- ,p— 1). If we restrict 
ourselves to elements VPI of Nt, then every ĉa is a linear combination of the 
characters (3), the coefficients being rational integers a(p, A, x, y), i. e. 


. (4) bu VPS) = F alm ds, v) A (V) (€)" | 


\ 


i 


According to the choice of ĉa, we have one of the cases I, II, IIL, IV, V, $2. 
In the corresponding equation (2), set t= 1 and replace e by (e). On sub- 
tracting the expression thus obtained from (4) we find a linear combination 
of the characters 8a (V) (e)? which vanishes for every element VP! with — 
7520 (mod p). As is oy seen, the p characters 9,‘ (V) (e)? with fixed x 
and A and v-=0,1,2,°-°,p—1 must appear with the same coefficient in 
such a linear combination. Since the coefficients a(p, A,x, ») in (4) are not 
negative, we obtain easily the following theorem: 


Theorem 1. When we restrict ourselves to elements G of Mt, the irre- 
ductble characters £.(G) of G belonging to the block By can be expressed by 
the irreducible characters of Jt in the following form. 


7-1 
Case I. - fu DA + I; 
i ` ` K=O 


or we 
wt 
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Case II. y= BA 5 (9+8; 


Case III. uns BS (o) +8, 


whege p ranges over the values 0 Sp < p for which the qy-th power of p is not 
congruent (mod p) to the qy-th power of y**, (qa = (p —1)/ta); 


-i $ 
Case IV." yu -5 Q) 2 (9)” -+- 5, 
where p ranges over the values 0 Æ p < p for which the qy-th power of p is 
congruent (mod p) to the qy-th kd y, z 
Cass V. te = 8. 


Here, (e) denotes a character of the cyclic group {P} which is not the 1- 
character. The expression S is a linear combination of the characters 
A" (V)(e)” of X with non-negative integral rational coefficients such that 
AM (V) (e)” and 0. (V)-1 == 6. always have the same. 6. coefficient. 


AS & corollary, we have 


COROLLARY 1. If N has the ae ée fy, then the degrez Zu Of Ča kas the 
following forms: l 


Case I. Zp = fata/t + ps; 
< Cie Ti > matte 
. Case HI. | za = ht (p —(p — 1) /ta) + ps; 
Case IV. tu (p—I)fp/t+ pss 
Case V. Zu = p8. | 


where s = 0 is a rational integer, and s = 1 tn Case V. 

If the degree zu is smaller than p, the expression § in Theorem 1 must . 
vanish. In Case I, this implies that {:(P) == zp, and therefore P is repre- 
sented by the unit matrix. In Case II, we must have zu = (p—1), h =1, 
Íy == $. Then every element V of. B is represented by a scalar multiple of the 
unit matrix: V—> 6 (V): I. In Case ID, we must have fi = 1, h —#, 
Z = p— (p— 1)/t = (p+1)/2, since i 22. Again, every element of B | 
is represented by a scalar multiple 6,(V) of the unit matrix. In Case IV, 
we must have zy = (p—1)f,\/t; Case V is not possible. Hence 


“TTf the character {e} is chosen in a fixed manner, then this formula holds for a 
character chosen suitably from the exceptional family of B,. 


~ 
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COROLLARY 2. If the degree zu of the irreducible representation Bu of © 
is smaller than p, then we have one of the following cases: | 


Case I. gu=fih/t. The element P is represented by the unit matriz I; 


Cass II. zu == p— 1, fi = 1, ta =t. The elements of B are represented © 
by scalar multiples of I; 


Case IIL za == p—(p—1)/t2 (p +1)/2, h= h—tZer The 
elements of B are represented by scalar multiples of I; 


CasE IVY. Žu == (p — 1) fat. 
The expression S in Theorem 1 vanishes in all these cases. 


4. A formula for the multiplication of certain characters. Let œ be 
an irreducible character of © such that w possesses a p-conjugate character o’ - 
with w’ s£w. Then w will belong to one of the J blocks By of type 0. We must 
have t, = 2, and e must be a member of the exceptional family of B}. Clearly, 
we have 

o(@) =w (G) (for p-regular elements G of Œ). 

Consider a character ču belonging to the same block B, as the character 

f,==1. Since 6,—1, $ — Ł, the formulae (2) of $2, applied to fu, yield 


Cases I, II. Cul G) = 8p ) o 
Cases III, IV. 3£o(G) = ôy (for p-singular elements of ©), 


where the sum is extended over all the characters e which are ee to is l 
Accordingly, we have 
Cases I,II.  (o(@) — w (@)) (fu(@) — êu) = 0; 
Cases II, IV. (w(@) —o’(G@)) (3fco(G) — 8) = 0, 
for every Gin ©. 
In Case I, we have ĝu = 1, 
; wtp T a —_— w Cn 4- w. 
This implies wfy 2 o. ea eaenty) ow i (cf. Lemma 1). Similarly, in 
Case II, we have §; du == — I, 
pees La 
Hence wtp ) wo’, w 2 Ĉu: 
In Case HI, we have 


“ts + 0” = 0" Ste + 0. 
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For a least one fc belonging to the oe family of B,, a contains w, 
and hence wa > ĉo. | 

Similarly, in Case IV, the noa ö contains at least one member of 
the exceptional family of B, This now gives the following result: 


> THEOREM 2. Let w be an irreducible character of @ which possesses a 
p-conjugate character o sw. Then we have one of the following two cases: 


Cass. w Dy +3a,. o's DB; 
Case B. ow — Za, vö y+ xB. 


Here a ranges over the characters Eu of B,, for which 8u — 1 and which do not 
belong to the exceptional family; B ranges over those fy in Bi, for which 
Su = — 1, and which do not belong to the exceptional family. Finally, x ts a 
character fu, chosen suitably from the exceptional family of Bı; we have CASE 
a if u = 1 for this fu, and Case B if ô, = — 1. 


5. Representations of a degree.n < (p— 1) /2. Preliminary remarks, 
We'now state 


. THEOREM 3. Let © be a group of order g = pq’, with (p, g) = 1, which 
has no normal subgroup of the prime order p. The degree n oF any (1 —1)- 
representation 8 of © is not smaller than (p—1)/2. 


Proof. (a) We first show that it is sufficient to prove the theorem in the 
case where the representation is irreducible. Let us assume that the theorem 
is correct for irreducible 8. Suppose now that 3 is a (1 — 1)-representation 
of © of a degree n <(p—1)/2, which is reducible; let 91, $2- © <, Sr be the 
irreducible constituents of @, and set 


| 8 
ct 


Ur 
Each of the {p forms a (1 —1)-representation of a certain factor group Up 
.of Œ. Since the degree of %p is certainly smaller than (p—1)/2, Theorem 3 
holds for $p, if the order of Up is divisible by p.. Consequently, Up contains a 
normal subgroup of order p. If Yp is a matrix of p representing a generating 
element of this subgroup, then | 


ge a mane @ ier 
are the only matrices of order p appearing in fp. The groups. Sp which 


1 
, 
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represertt factor groups Ulp of an order prime to p do not contain matrices of 
order p; set here Yp==1. Any element of © of order p then is represented 
in 8 by a matrix 
Yh 
Yt: 


Y,} r 


where the Ap are integral rational numbers. Any two matrices X of this type 
commute. It follows that all the elements of order p in © together with the 
l-element form a subgroup which is necessarily normal. The order of this 
subgroup must be a power of p, and since g x0 (mod p?), the order must be p. 
Hence & contains a normal subgroup of order p, as was to be shown. 


(b) Suppose that 8 is an irreducible (1—1) representation of the | 
` group ® of order g = pg’, (g, p) == 1. We have to show that if the degree n 
of 8 is smaller than (p—1)/2, then © contains a normal subgroup of order p. 
We may assume that Theorem 3 is true for groups of smaller order than g. 
If © contains a normal subgroup § C © whose order is divisible by p, 
then 8 induces a (1 —1)-representation of §. Theorem 3 applied to § shows 
that © has a normal subgroup $ of order p. Since $ is necessarily a charac- 
teristic subgroup of §, it is a normal subgroup of ©, and the theorem is proven 
for this case. In particular, the theorem is true for ©, if for the commutator 
subgroup G’ of Œ, the index (®©: GW’) is larger than 1, but different from p; 
under these conditions G clearly contains normal subgroups §© C © whose 
order is divisible by p. 
= (c) Assume next that (G: G’) =p. Then © cannot contain an element 
of order p. It follows from (1) that PY' == P, since PY == PAM-PM is a 
commutator element. As y was a primitive root (mod p), we find that 
{== p— 1 and hence 4, == p— 1 for A=—1,2,---,i. The block By, which 
contains the character w of the representation 8, consists of the p— 1 char- 
acters which are p-conjugate to w and one further character u; for the latter 
we have ra = 1. Further,® l 


(5) w( G4) = fn(G) | (for p-regular elements (). 


In particular, taking G==1, we see that éa has the same degree n as 8. 
Now, Corollary 2 of § 3 can be applied. Since the character does not belong 
to the exceptional family of By, we must have Case I, if n <(p—1)/2. The 


e Cf. [4], Theorem 6. 
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representation p corresponding to ¢, represents P by the unit matrix. On 
the other hand, § is a (1 — 1) representation, and hence o (G) s£ n for G1. 
For p-regular elements G, (5) yields {,(G)s4n. The elements of ©, which 
in Hp are represented by the unit matrix, form a normal subgroup 3. It now 
follows that 3 consists of all the conjugates of Pt, (t==0,1,2,: --,p—1). 
Then X must have the order p, and Theorem 3 is true for the group © in 
this case. l 

Consequently, Theorem 3 will be proved completely when the folowing 
lemma is proved : 


Leama 2. Let © be a group of order g = pg’, with (p, g) —1, which 
is identical with its commutator-subgroup. The degree of any irreducible 
(1—1)-representation of © is not smaller than (p—1)/2. 


6. Continuation. Proof of Lemma 2. Let & be a group of order 
g = pg with (p,g) =1. HE © = &, then © has no linear character except 
£, == 1; we shall use only the fact that the block B, contains no linear character 
except {,. Suppose that © has an irreducible (1— 1) representation $ of 
degree n <(p—1)/2.° Theorem 1 and. the corollaries can be applied to 
Bu 8. For the character. of 8, Case IV must hold. We certainly have 
t > 1, and hence h > 1, 


(6) AZZ? 


If w belongs to the block By, the value of w for elements of Jt is 
-i ; 
(7) a S 0) E (e). (4 in J), 
E a=9 p 


where p ranges over the q) values between 0 and p, whose q,-th power is con- 
gruent (mod p) to the q,-th power of y**, (qa = (p—1)/ta, n = ġa/t). 

Let o be the p-conjugate character obtained by replacing « by «%. For 
elements of Jt, we have 


(8) of = SAO S | (G in M). 
K=0 p 


No term (e€)’Y appearing in (8) can also appear in (7), since for the exponents 
p we have pt==1, (yp)?==y%541 (mod p), because q = (p—1)/t < p— 1. 
Using the formulae (7) and (8), we find 


(9) : sat En >) ROING > (e) ry-o 
ad p g 


° We include the equality sign in order to avoid a repetition further on. 
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for elements G belonging to N. Expressing #6, by the irreducible char- 
acters of B, the product õe’ can be written as a linear combination of the 
irreducible characters of Jt. Since pys{o (mod p), every term is of the form 
OaD - (c)”, with v£ 0 (mod p). 

On the other hand, du’ contains 38 in Case @ and X + 38 in Case 8 (for 
arbitrary elements G of @). Again, we restrict ourselves to elements G 
. belonging to 9 and express all the characters by the irreducible characters of Yt. 
It follows that every £ can contain only terms 6,‘!) - (e)” with y540 (mod p); 
. in Case this will also hold for y. Consequently, if Theorem 1 is applied to £ 
(and also to x in Case 8), it follows that the expression S vanishes. Since £ 
and x belong to B,, and tı == £, we then have 


poi o 

(10) B — 0 Dhe)’ | - l ° 

os =e 
(10,8) x = I, De), es (in Case B), 
where p ranges in (10, @) over the values between 0 and p, for which pte=1 
(mod p), (q == (9 —1)/t). The character 6, is the 1-character of %; hence 
B has degree p — 1, and x degree (p—1)/t = g in Case %8. 

The character 6,“6,™ in’ (9) does not contain 6, if «54x; if i =x, ied 
product 9,6 contains 6, exactly once. It now follows from (9) that w 


contains exactly maga? terms 6,- (€)”. Let u be the number of characters A 
On comparing (10) and (9), we find 


a) C488 a. u(p—1) É np? = (p—1)2/th; 
Case B. u(p—1) + (p— 1) Sng’ = (p—1)7/th. 

= The total number of characters @ and £ together is g = (p— 1)/t, (cf. $2), 
` and we have, therefore, q— u characters a, One of them, the character 
a==f,—= 1, is linear. As assumed above, all the others have a degree larger 
than 1. Corollary 1 then shows that Dg(«) = p+ 1, where Dg(®) denotes 
the degree of a character ®. We now treat the cases @ and @ separately, 

using the same method in each case. i 


Cassu Q. We have 
Dg(x) + 2 Dg(a) = È Dg (8), 


and 1 Dol) = p—(p—1)/t—p—4, according to aoa 1, since we 
have Case III for x. Consequently 


(12,04) p—qt1+(q—u—1) (p+) <3Dq(f) = u(p—1), 


1° Cf, [4], Theorem 6, (49). 
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and hence gp S 2up, q S 2u. However, (11) implies u = Soe 1) /tt, = g/t. 
Combining these two inequalities and using (6), we obtain 


(13, @) n=? t—2, u= (p—1)/4. 
In particular, p= 1 (mod 4). Further, in (12) the equality sign must hold, 
i. @. we have : | | 
G44) Dg) = (p+1)/2,  Dg(a)—p+1 tor aż. 
The number of characters « of degree p -+ 1 is | 
g—u—1= (p—1)/2— (p—1)/4—1 = (p—5) /4. 
From (7), we obtain 7 Ea 
(15) Dg(w) =firngn =f (p —1)/t = f(p—1)/2. 


This shows that Dg(w) =n < (p—1)/2 is impossible. If n = (p—1)/2, 
then f= Dg (0) =1. 


Case B: Here 
2, Dg (a) = Dg (x) + & Dg(8), 
(12,8) 14 U= S Paty + 2 Dg(B) 
= (p—1)/t + u(p—1) =q +u(p—1). 
Hence qp— p S 2up, (q —1)/2 Su, whereas (11) gives u S g/t, —1/t. 
Combining the two inequalities, we have qt, — th S 2q — 2m, i. e, g(t, — 2) 
Sh—2n Sh—2. Now t= 2 by (6) and g—Dg(x) = 2, since f; —1 
is the only linear character of B,. Thus 2(t,—2) St,—2. Again, we find 
ta = 2, which implies ¢ == 2. The two inequalities for u now have the form 
(g—1)/2 Su S q/2 — 1/2. Corresponding to (13, @) we have here. 
(18, B) = 2, t=, ù = (p— 8) /4. 


Since u is an integer, this gives a= (mod 4). In (12, B) the equality 
sign holds. oneequently, 
(14, B) | Dg(a) =p+1 for a#t 
The pe of characters, a of degree p + 1 is here 
q—u—1— (p—1)/2— (p—8)/4—1— (p—3)/4. 


The equation (15) holds as in Case @. Again, it follows that Dg(w) = n 
< (p—1)/2 is impossible. If n= (p—1)/2, then’ f,—1. This finishes 
the proof of Lemma 2 and of Theorem 3. 
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At the same time, we obtain 


| Lema 3. Let © be a group of order q = pg with (p, g) 1 and 
assume ™ that ¢ is the only linear character in the block B, Suppose that 
© has an irreducible (1—1)-representation B of degree n= (p—1)/2. 
Case A: If p==1 (mod 4), then the first block B, of characters consists, of 
č&ı = 1, (p—5)/4 characters « of degree p+ 1, two conjugate characters 
"x X of degree (p+ 1)/2, and (p—1)/4 characters B of degree p— 1. 
Case B: If p= 83, (mod 4), then B, consists of tı = 1, (p —8)/4 characters 
a of degree p+ 1, two conjugate characters x, x of degree (p —1)/2, and 
(p—3)/4 characters B of degree p— 1. In either case, we have i == 2, and 
h == 2, if the chas acter of 8 belongs to the block Bx. 


7. The case n — (p—1)/2. Preliminary remarks. We now state 


THEorEM'4, Let © be a group of order g — py with (p, g) =1, 
which has no normal subgroup of order p. I f © has a (1—1)-representation 
8 of degree n= (p— 1)/2, then the factor group of © modulo the center € 
of © is tsomorphic with LF (2,p). In other words: R, considered as a col- 
lineation group, represents LF (2,p) isomorphically. 


Proof. (a) If 8 is reducible, the argument in § 5 (a) can be applied. 
It follows from Theorem. 3 that this case is impossible. We may, therefore, 
assume that 8 ia irreducible. 

(b) We next deal with the case where the block B, of characters 
contains a linear character besides {,—=1. We first assume that this linear 
character is one of the characters a Theorem 1 and Corollary 2 show that 
a(G) —1 for all psingular elements of ®. If § is the normal subgroup . 
consisting of all elements of © with «(@) = 1, then 9 contains P and all © 
other elements of order p; further, it contains PV for any V in %, and hence 
it contains V, i.e., | 


(16) $=) XB =N. 


The representation 8 of © induces a representation 8* of degree (p— 1)/2 
of Q. If 8* is reducible, the remark in (a) shows that © contains a normal 
_ subgroup $ of order’ p. According to Sylow’s theorem, this subgroup is char- 
acteristic, and hence it is a normal subgroup of &, in contradiction to the 
assumption. 

Suppose now that g” is anne We may assume that Theorem 4 is 
true for all groups whose order is smaller than g. Then the theorem holds 
for §. The factor group §/€, modulo the center ©, of § is isomorphic with 


11 Cf, the remark at the beginning of g 6, 
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LF (2, p). Since in LF(2,p) every element of order Pp is congruent to its 
y’-th power (where y again is a primitive root mod p), we may find an 
nae H in § and a center element Cy such that 


H PH = PVC. 


But then P'O, is an element of order p, and since it commutes with P, it must 
be a power of P. Consequently, Co also is a power of P. However, the center . 
Co of cannot contain a subgroup of order p, because any normal subgroup 
of § of order p is a normal subgroup of &. This shows that Cy cannot have 
order p; we have, then, C,==1, and P and P% are conjugate in §. The 
elements P and P” are not conjugate in ©, since this would mean t—t1, 
and Theorem 1 and the corollaries show that then © cannot have a (1 —1)- 
representation of degree < p— 1. The elements of order p form two classes 
of §, which also are two classes of conjugate elements in &. For any G in ©, 
the element GPG must be conjugate to P in Q. Then G is congruent to an 
clement of § modulo N(P) =N. Because of (16), G belongs to %, and 
© —§. Then the character æ is the 1-character £,. A limear character ~ (, 
of B, cannot be one of the characters a. 

(c) According to Corollary 2 ($3), a linear character of B,, which is not 
one of the characters «, must belong to the exceptional family of B, and we 
must have t= p—1. Now the argument in § 5 (c) can be used. It shows 
that © would have a normal subgroup of order p, which contradicts the 
assumption. 

Hence ¢, is the only linear character of B,. We see that © satisfies the 
assumptions of Lemma 3. The degrees of the characters of B, will therefore 
have the values given in Lemma 3. The proof of Theorem 4 is based on a 
further investigation of these characters of B;. In § 8, we shall show that all 
the characters « are real. In § 9, the degrees of the modular characters of B, 
are obtained. One of these degrees is equal to 3. In § 11, the corresponding 
modular representation is used for the proof of the isomorphism of ©/ and 
LE (2, p). . 

(d) We add a few simple remarks. Let w be the character of the repre- 
sentation 8 of degree n= (p—1)/2. In the notation of § 4, we must have 
Case IV and (2) takes the form 


w == 6, X, (e)? (for elements of N), 
p 
where p ranges over the n = (p— 1)/2 quadratic residues (mod p), and 


where 6, is a linear character of B. In particular, for elements V of B we 
have o(V) —6(V)n, which shows that V is represented by #(V)J in 8. 
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Since 8 ts a ( io 1)-representation, all the elements V belong to the center 
© of ©. Conversely, any element of © belongs to N. No element of © can 
have order p. Hence @S Y, i.e., 


(17) | €=. 


d 
The representations 8 X 8 and 8’ X 3’ will represent every V'in & by the 
‘unit matrix, when 8 is the conjugate complex representation, and 3’ the 
representation with the pconjugate character w’. Then Theorem 2 shows 
that every representation of the first block B, represents the elements of %8 by 
the unit matrix. Actually, the relations of Theorem 2 are equalities in our case. 


(18) Case Q: wio—y+ 3a, wa — FP, 

Cask B: o= Ia, vö y+ I$, 
since both sides have the same degree on account of Lemma 3 (cf. (12) which 
turned out to be an equality in our case). If, therefore, an element G of Œ 
is represented by the unit matrix in all representations of B,, then (18) shows 
that 8(G) X 8(G) =I. This implies that B(G) can have only one charac- 
teristic root c, i. e., 8(G) — cl, and Œ belongs to the centér B of ©. 

On the other hand, every irreducible representation of @/% defines an 
irreducible representation of Œ. If & is the corresponding character, we have 
t.(P/V) = &(P) == z (mod 1—e) for V in 8B. We see easily’? that ¢, 
belongs to B,, provided that its degree z is prime to p. 


kd 


8. The characters of the group {P, M, 8}/%.: According to Lemma 8,, 
we have == 2 and (1) thus has the form 


MPM = P”. 


For n = (p—1)/2, the n-th power of.M belongs to B. The elements M, P 
(mod 8) generate a group $ — {P, M, B}/B of order np. Let ébe a primi- 
tive n-th root of unity. Then 

M — ¢&, P—=>1 


defines a linear representation of %. If (£) is its character, every linear 
character of 2 is of the form (£)’, (v = 0, 1,: - +, n— 1). Besides, % has 
two conjugate characters** X, and X’ of degree n. These characters vanish - 
for the elements M* (x = 1,2,---,n—1), i.e., 


1 We may apply the condition [1], (27) to % and $, l 

18 This can either be seen directly or as a special case of the results of [4]. For the _ 
group JB, we have ? == 1, t= 2, Since we have n = (p—1)/2 linear characters, the 
two p-conjugate characters X, X must have degree n as n -+ 2n* = np is the order of R; 
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X (1) =X (1) =n, X(M*) = X (M*) = 0 ise x 520 (moé n). 
After interchanging X and X’, if necessary, we may assume that 
- X== (ce)? (for the elements of {P}), 


where p ranges over the n quadratic residues (mod p). In the representation - 
corresponding to X, the element P is represented by a matrix with the char- 
acteristic roots e°, while M is represented by a matrix whose roots are the ` 
n-th roots of unity. The determinant of the former matrix is 1 and that of 
the latter is (— 1)". 

From Theorem 2, applied to the group W, it follows that XX contains 
all the characters. (¢)”. Clearly, XX D 2()” is impossible, since it would 
imply that X(€)” mag (cf. Lemma a and the left side has a smaller 
degree than the right side. 

The representations of Œ of the first block B, represent the elements of 
V by the unit matrix (cf. § 7). Consequently, these representations of @ 
induce representations of W. Restricting ourselves to elements of {P, M, 8}, 
the characters a, £, x, x’ can be expressed as linear combinations of X, X’, (€)”; 
the coefficients are rational integers = 0. On comparing the characteristic 
roots, we see easily that for elements of {P, M, 8} | 


(19) Pe X45 aX 4X 4 (H+ (OY for azto. 


where a,v are two of the numbers 0, 1,2,- - ni. The character x con- 
tains one of the characters X, X’. It is equal to this character in Case 8 
where Dg{x) == Dg(X) — n, while in Case @ one of the linear characters. 
(€)* must be added, since Dg(x) =n +1 = Dg(X) +41. 

The representations of @ belonging to B, are all unimodular. Indeed, 
the determinants of the matrices of such a representation form a linear char- 
acter A of Œ, and A(V) =~ 1 for-V in 8. Then A itself belongs to B, (cf. °), 
and hence A = ¢, == 1. On comparing the determinants of the matrices repre- 
senting M, we see that u == — vy in (19) while x = n/2 in Case Q, i. e., 


(20) a == X + X + (E) + (EF; 
-(21, Z) x= X + (€)*? or x= X + (€)*/* in Case Q; 
(21,8) pete eG in Case B, 


no character of type II occurs. For p- regular elements G@, the value X(@) is the sum 
of the n linear characters, which gives X (Mk) = 0 for kk 0 (mod), while the value 
of X(P) is obtained! directly from [4], Theorems 4 and 11. 

14 That is to say, all the elements of Ga are represented by matrices whose deter- 
minant is 1. a 
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for elements of {P, M, 8}. On forming yx for the elements of the same sub- 
group, we obtain the same linear characters (£)” as are contained in XY 15 
in Case @, while a further character (£)° == 1 appears in Case @. Using a 
remark above, we find 


(22, @) R= MEE E (OH (Case 0), ae" 
` (22, B) =A (Case 8), 


where the characters, not written down on the right side, are not linear. 

On the other hand, Theorem 2 applied to the character y of © shows 
that xx contains all characters a, and also one of the characters x, x in Case Cl. 
In Case Cl, one of the a is £,—1-== (£)°. According to Lemma 3 (§ 6), we 
have (p—5)/4— (n/2) —1 further characters a of degree p+1. The 
formula (22) now shows that no two of these æ can contain the same (&)4. 
Furthermore, yy, which (as a character of @) contains x or x’, contains only 
one such constituent. In Case B, we have (p— 3)/4 = (n—1)/2 charac- 
ters a of degree p +1. Again, (22,8) shows that no two of them contain 
the same (€)’. 

Consider « again as a character of ©. The conjugate complex character 
g also belongs to the first block.1® According to (20), the same linear charac- 
ters (é)* appear in « and @, if considered as characters of %. As we have 
seen, different a never contain the same (€)#. Hence a =x. The character 
xx is real. Since it contains exactly one of the characters x, x, this constituent 
is real. The p-conjugate characters x, x are either both real or both not real. 
Hence we have 


Lemma 4, Under the assumptions of Theorem 4, the degrees of the 
characters of B, have the values given in Lemma 3. All the characters a are 
real. In Case Q, the characters x, x also are real. = 


9. The degrees of the modular characters of B,. We separate the two 
cases @ and @. The methods applied will be essentially the same in both cases. 


Case @: The subset B*, of characters u of B, with 6, == 1 consists of 
ĉi == 1, x, x and (p—5)/4 characters ao of degree p+1 (omm 1,2, >, 
(p —5)/4). The block B, contains (p—1)/2 modular characters *7 œ, and 
each of them appears as a modular constituent in exactly one of the characters 
E, x, @- On the other hand, each ¢ appears as a modular constituent of 


16 YË and X’X’ contain the same linear characters (£)”. 
16 This can be seen easily from § 7(d) and also by means of +7. 
17 Cf, [4], Theorem 3. 
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_ exactly one of the (p—1)/4 characters 8 of degree p— 1. This shews that 
Dq(¢) Sp—i1. Furthermore, it follows that we have at most (p—1)/4 
modular characters œ in B, with Dg(¢) > (p—1)/2. In the modular sense, 
each of the (p—5)/4 characters a» must be reducible. The constituents of 
the «o account for at least (p— 5)/2 modular characters of B,, the consti- 
tuefits of x and the character ¿, for at least two further modular characters. 


Since (p— 5)/2 + 2 == (p— 1) /2 is the full number of modular charactersof . 


Bı, it follows that every æo has exactly two modular constituents, while y is 
modular-irreducible. One of the constituents of ac has at least the degree 
(p + 1)/2, and x also has the degree (p-+1)/2. This gives (p —1)/4 
characters ¢ of a degree > (p—1)/2. As a remark above shows, the other 
(p—1)/4 modular characters of B, necessarily have a degree SS (p —1) /2. 
In particular, every a splits into two modular constituents of different degrees. 
Since « is real (Lemma 4), and the modular constituents cannot be conjugate 
complex, both constituents are real. The character x also is real (Lemma 4). 
Hence all the modular characters of B, are real. 

Now Theorem 14 of [8] can be applied, which shows that the tree corre- 
sponding to the block B, is an open polygon. The two end points correspond 
to the modular-irreducible characters 1 and y. If the notation is chosen 
suitably, the polygon has the following form (A = (p—1)/4): 


(23, @) SS es eee | ee E r. 
1 . . 3 . . 


The sides of this polygon correspond to the modular characters of B, The 
sum of the degrees of the characters corresponding to adjoining sides is either 
p— 1 or p -+ 1, according as the common vertex is associated with an ae or 
with a Bo. The side 1 8, corresponds to the modular character 1, and we find 
successively, that the degrees of the modular characters of B, are given by 


(24,@) 1,p—2,3,p—4,---,(p+5)/2, (p—3)/2, (p +1) /2. 


Case B: Here, the decomposition of ¿&, = 1 and the (p— 3)/4 char- 
acters &o (o == 1,2,- +, (p—3)/4) of degree p+ 1 into modular consti- 
tuents gives all the modular constituents ¢ of B,. Each of these constituents 
also appears either in y or in one of the (p —3)/4 characters Bo of degree 
p— 1 (o= 1,2,- >, (p—3)/4). This implies Dg(¢) Spl and shows 
also that at most (p—3)/4 of the ¢ may have a degree >'(p—1)/2. 
Since B, contains (p—1)/2 modular characters ¢, it follows as in Case @ 
that each ao splits into two modular-irreducible constituents, one of which 
has a degree = (p + 1)/2, while the other must have a degree = (p —1)/2. 


14 
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Again, at follows that all the modular characters of B, are real. Therefore, 
the tree corresponding to the block B, is an open polygon. 

According to Theorem 2, the character yx of © contains all the char- 
acters a. Since Dg(x) = (p—1)/2, no other character of © can appear 
(cf. (18,8). Hence | i 


XX = b + Bao. 


This shows that yy contains the modular 1-character once only. R 
x is modular-irreducible.** This shows that fı = 1 and x correspond again to 
the end points of the polygon. Here we have for p > 3 (h = (p — 3)/4) 


(23, 8) SS SS T a 
1 5 Ma ea; eS 


Bi hy Bo Bs Gh x 
The degrees of the modular characters of B, are given by 
(24, B) 1,p—2,3,p—4,---,(p+38)/2, (p—1)/2. 


The case p= — 3 is without interest, as the assumptions of Theorem 4 cannot 
‘be satisfied. We have therefore the result, 


LEMMA 5. If © satisfies the assumptions of Pheer 4, then the first 
block B, contains exactly one modular character of degree 3. 


10. The modular representation of degree 3. Let % be the irreducible 
modular representation of © of degree 3, whose character œ belongs to the 
first block B, (cf. Lemma 5). We can easily show that % can be written with 
coefficients in the Galois field GF (p) with p elements. Indeed, if this were 
not so, the traces of the matrices %((), representing G, could not lie in GF (p) 
| for every G in Œ. Then we could find a representation %* which is alge- 
braically conjugate to % without being similar. It would belong to B, and 
have the degree 3 which contradicts Lemma 5. 

Since # was seen to be real, it follows further that % is similar to its 
contragredient representation %*. If 

3* — MSM, 
_ where M is a non-singular matrix with coefficients in GF(p), we conclude 


easily that MM’ commutes with every matrix of 3%. Hence MM’" = cl 
with c5<0 in GF (p), M = cit’, M’ = cM, and consequently c?—1. On the 


18 The product of two contragredient modular characters contains the 1-character, 
as in the ordinary theory. Hence if yx contains {, exactly once in the modular sense, 
then x is modular-irreducible. However, if x is modular-irreducible, xX may contain ý, 
(modular) more than once. 

19 Cf. footnote 12 of [3]. 
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other hand, on forming the determinants of M and M’, we find è = Í. This 
gives c = 1, i. e., M’ =~ M. Consequently, has a non-degenerate quadratic 
invariant. We may, therefore, assume that the matrices of F are orthogonal 
matrices of GF (p). 

elhe group of all orthogonal. matrices of degree 3 with coefficients in 
GF(p) has a normal subgroup 0,(8,) in Dickson’s notation,” consisting 
of the unimodular orthogonal matrices. The factor group is cyclic of order 
p— 1. The elements of ©, which are represented in Ẹ by matrices belonging 
to 01(3, p), form a normal subgroup X. This group $ contains 8; the factor 
group G/S is cyclic. If X C G, we may construct a linear character ™ fu of 
® such that ĉu £ , but {p(V) = 1 for V in B. Then % would belong to B, 
(87 (d)), while £, was the only linear character in B,. Hence all the matrices 
of % belong to 0,(3,'p). 

The group 0,(8,p) has a normal subgroup FO(3,p) of index 2; 
we conclude in the same.manner that the matrices of § belong to FO (3, p) 
ax LF (2, p). 

Let B* be the normal subgroup of & consisting of the elements G which 
% represents by the unit matrix J. Obviously, 8 C B*, and @/¥* is isomorphic 
with a subgroup of LF (2, p). 

The modular representation % appears as a. constituent of at least one 
ordinary irreducible representation © of ©/¥*. Then Dg(ZX) is prime to p, 
since otherwise X would be modular-irreducible,*? i. e., Dg (©) = Dg(%) == 3 
and hence p== 3, while we could assume that p > 3. ~ 


Every representation © of @/B* yields a representation Ù of @ con- 
sisting of the same matrices as © and representing all the elements of V* by | 
the unit matrix. It follows from a remark in §7 (d) that € belongs to the 
block B,, since the elements of $ are represented by I, and since Dg(X) 
s=0 (mod p). If we let p be the character of x, we certainly have ĉu >£% 
The formulae (2) in § 2 show that (P) 5£ a which implies that P cannot 
belong to B*. The order v* of the normal subgroup B* of Œ is not divisible 
by p. Consequently, the order g/v* of @/¥* is divisible by p. Hence the 
modular representation 7} appears as a modular constituent of two ordinary 
irreducible representations %1, Te which are not p-conjugate.** Each of these 
two representations %4 can be taken for © above. The characters of the 


2 L, E. Dickson, Linear Groups, Leipzig (1901), Chapter VII. : 

* The modular character corresponding to 5, can be taken as the determinant of 
UG). 

s! Of, [1], Theorem l. 

23 Cf. [2], Theorem 9. 
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“corresponding representations Xi, Èa of © are a, Ba for p> (cf. (23), 
(24) @, 8). For p= 7, the characters are a, and y; for p= 5, they are B1 
and x. It follows that the order of @/¥* must be divisible by (p—1) (p+1)/2 
for p > 7, since the group has irreducible representations of degree p— 1 
= and p+. The conclusion is also, correct for p =—=7, where we have irreducsble 
representations of degrees 8 and 3, and for p — 5, where we-have irreducible 
representations of degrees 4 and 3. Since @/2* is isomorphic with a subgroup 
of LF (2, p), and since its order is divisible by p and by (p — 1) (p + 1) /2, 
it follows now that 
(25) ` G/B = LF (2, p). 


The group LF(2,p) has two classes of conjugate elements which contain 
‘elements of order p. Hence * LF (2, p) has (p—-1)/2-+2 irreducible repre- 
sentations of degrees which are not divisible by p. This is the full number 
of ordinary representations of Œ belonging to B,. Consequently, every repre- 
sentation of B, represents the elements of B* by the unit matrix. According 
to § 7 (d), we then have B* C B, and hence 

(26) B= Br. 


The equations (17); (25), and (26) contain the asl of Theorem 4. 
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INDEFINITELY DIFFERENTIABLE FUNCTIONS IN SEVERAL 
3 REAL VARIABLES.* 


Inwin E. PERLIN. 


1. Introduction. Let us consider a real single-valued function F(s) of 
‘a single real variable z, defined on the interval as2=b. We assume further 
that F(x) is indefinitely differentiable on that interval. Let M, ==]. u. b 
| F®(¢)| on aSa7Xb2 In 1912 Hardy and Littlewood? initiated the 
problem of finding the relationship existing between the positive numbers Mx. 
Landau,’ Hadamard,‘ Neder,’ and Carleman ° contributed to this problem. 
Recently Ore,’ Kolmogoroff,? Gorny,” Perlin, and Cartan 11 published papers 
on this problem. Kolmogoroff solved completely for the infinite interval 
— © <2£< œ the problem initiated by Hardy and. Littlewood. He pete 


* Received May 23, 1941; Presented to the American Mathematical Society, Decem- 
ber 30, 1940. 
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that a necessary and sufficient condition that the triple of positive numbers 
Mo, Mr, and My (0 < k < n) be the least upper bounds of | F(x) |, | F® (s)|, 
and | F (x)|, respectively, of an indefinitely differentiable function F(z) 
is that 


Mg” = Onk” M,** Mp”, e 
. where 
_ Tes 1g (—1) 
Crk = T A ? Tr =- à CEEI , (n even), 
2 . 
Ta > : (n odd). 


m joo (27 + 1)" 
For a finite interval Gorny +? proved that 
My < 46e7*(n/k)*® M Em Mpk”, M’, = max (Mn, Mon! &"), 


where 6 is the length of the interval. 


In this paper we consider real single-valued indefinitely differentiable 
functions F'(2,,2%2,: * *, n) of several real variables (£1, 2%2,° * `, Tn) defined 
on 0S Tp & ap; p—l,2,--°,n. Let 


: Qritrat... tra EG; Ta "G; Tn) 
Mr, Paty = L. U b. TTIE- > Lp 
on 0S tS a3 p=], 2, - ++ ”. We shall establish sufficient conditions that 
there exist an indefinitely differentiable function F (z1, £o, > *, 2a) of the n 
real variables (2, %2,* + +,@n) defined on 0S a Say; p= 1,2,- :, n, such 
that the positive numbers M,,,r,...,r, be the least upper bounds of 


Gritt... trn F(t, ng ar Ey ia)? 
NAET N a éz,,7" 


on 0S Tp Sd; p1,2,-- +, for 1,72," + +, Tm = 0,1,° °° o. 
2. Polynomials in several real variables. In a previous paper ** we 


showed that if {M+} is a given sequence of positive numbers such that the 
sequence {Mz,a*} is monotonically decreasing, then there exists a real single- 


74 A. Gorny, loc. oit., p. 326. 
+I, E. Perlin, too, ett., p. 273. 
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valued indefinitely ditereutiable nnion F(x) of the single real variable T 
defined on 0 = æ <a such that 


Ms = 1. u. b. | Fœ (2)| 


on) <2<a. We wish to state here a condition equivalent to the preceeding. 
Let | 


Ir; n ma 5 (=a ee al. 


Then the condition that the sequence {Mz;a*} be monotonically decreasing is 
obviously equivalent to the condition that Sr; > 0, r= 0, 1,- -,n; n= 0,1, 
<œ. It is this latter condition that we are able to generalize to secure 
sufficient conditions for the existence of a real single valued indefinitely differ- 
entiable function of several real variables with ui least upper bounds 
for the various partial derivatives. 


Let Meyre....rn3 Tp 0, 1,° °°, mp; p= 1,2,- > +, be a set of positive 
constants. Let 


Gal 


Spree. tnd zy, Me, 2.2, Ty 
My, a mna-ra Mir j 
tre i? He. HET - * -+ 
S S S (1) deiTe at aot- o- at, 
i=0 f=0 k=0 ti l 


We can establish the following theorem. | 


THEOREM 1. If Breure.. orai muma... a > 0, Tp = 0, lsz ” `, Mp; pP = 1,2, 
' n, then there exists a polynomial P(T., 2, ` `,£n) of degree mp m 
Tp Pp = 1,2,-- -,n such that 
Grrtrst. etn P (T, Lo, ° . Ba) 


M,, Te, -R T L. u. b. URENA. * # « IEn” 


0 = t = ay; Tp = 0, 1,- ` a Mp; p= 1,2, "oy The 


Let us consider the polynomial 
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wy 


a i 


un. 


a i Ma Ta Ta pT = 


učo yip "e astata r d CS s o e—a CS DLS z) os ot o 
l a( uea: -4teste (T —) $ £ $ KS Bacon 


un TO- - + nL Ota T 
("D E ‘bn y) T une 4insin D 


‘ATIBTIUIS puy 


7 | (“n =a ua) eo #8 e | (=n aag z4) (n — t4) pang Fn=34 TRTA un To ©. 8 tn To ta To 


nny Teni Tig- wma Baa Tags Ba 2 BT cy < as S (Se... FTE) FT ural 
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‘OYINA 
s00 o'o = 
Ty Mae T py ( Gc eet Fs - >| (#8 — *9)] %8 | (8 — *9) | 8 OS kad) o="} o=} o4 


ug: - 458418 (T — ' $ l x $ $ l $7 
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uiae A el Eee ES. ee Ne. 
Cuan. + iag!D tay” A Suti Z... Ve RZ a 
jiii an = ' qefa (T —) T Š. ts KS S $ $ 
= Iy- pbs o=-¥ o=f o=% PMs @ aT teh o=34 onlu 
œ on Ty —— LLa n wee ——— a a eo C T . = > = 
pene (= her i Ti il moO) Ss Su T $$ 
oe , l Nat E e JEL] Tt. o=". ons o=ts 
“D. e enD uD aoa a O > . a = tin’. . . fp Tn 3 
“4 4 s ut Tyg Tin! Hg Ty Kd S $ ( )d 
‘MON 
: z j Yd. . .] 54] o=¥4 o=*4 ozu 
. u z T = c iga ¢ 
u C. een TuT aug TTia tt TuT KS i KS K4 (“z r.e OD t) d 
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Since P (21, T3, ' "  , Dn) > 0 OS = ay; p= 1,2,° “yt, and 


aba Haak’ A (T1, Tas ` Zn) - 
Ox," frt > r A 


OS t, S lp; tp = 0, 1, - smy pala h, it follows that 


| t Gritts+.- tre P (T, Tae Sy Ln) 
Miura... r= 1.0. b. nnie. -bea 


OS Tp Elp; Tp = 0, 1, + >, mo; = 1,2, A, 


3. Indefinitely differentiable functions with prescribed least upper 
bounds. In this section we stall establish sufficient conditions that there exist 
indefinitely differentiable function of several variables with prescribed least 
upper bounds. Let Mesre....rm)%—m0,1,°°° 0; “pew l,2,:° +, be an 
infinite set of positive constants. Let 


Irure.. Ta) a ee 


7 ee S 1) fos oe Maradan eTa t aio o ag 
4-0 J=0 tigle k! 
Tp = 0,1,° © `°, mp; Mp=0,1,::-©; p= 1,2, n. We prove the 
following theorem. 


THEOREM 2, If Sry re... ofa Mome.. o Mma > Os Tp = 0, 1,: " "5 Mp; My = 0, 
l, ++, 05 poem, 2,--+-,n, then there extsts an indefinitely differentiable 
function F(z, %2,- ` `, €n) such that 


GritTat...trn P g C 
| ne eae Sao 


frn Ga, - ` - Gla 





0 SS Tp S Ops fp = 0,1,: + œ; p= 1,2, 
By Theorem 1 there E a sequence R Ta, `’ Zn) } of poly- 
nomials in the variables (T1, Zas * *.:,%,) of degree m in each variable such that 


Meurer = l. u., b 





GTrTgt -trn Pan (T, EE Be En) a 
0247 Ox," gen ti Ox," ' 


OS Tp Slp; to—™0,1,---,m; p=-1,2,---,n. Since the sequences 


| (Enza teal | | [Zalu te o mh] RAS g Eao 
O24 á O22 i F ? Itn ` 


are uniformly bounded'on 0=a%<a,; p= 1,2, n, “the a 
{Pm(@,%2,° © *,%n)} is equi-continuous on 0 < tp S ap; p=1,2,--°:,n. 
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Hence, there exists a subsequence {Pan (41, 22,° © +, tu)} which converges. 
‘uniformly to a function F’'(21, %,° * +,a@).1* Since the sequences 


Gertat. tun Po (21, La, °° - 3 Zn) 

H Oa, #2 fr, s.o’ Iry” l 

are each uniformly bounded on 0 a Sa); Up= 0,1,- Mm; m—d@,1, 

00; p= 1,2,» -, n, we can select a sequence of subsequences ` 
{Pm (a1, Za, + +, En) }; | e 

such that (Pn, (£1, T2, ‘++, 24) } isa subsequence of {Pm, FP (21, 2, °°, Zn) }, 
{Pans P (Ta, T23 **, 2n) } converges uniformly to F'(2,,2%2,:--°,@m), and the 
sequences of the various partial derivatives of order S j — 1 of {Pa, (x, 


T2, ` ` `, Zw) } converge uniformly to the corresponding partial derivatives of 
F (21, 22,° * *, 2n). By selecting the diagonal sequence 


{Pan P (E1, Tist © +, On) }5 l J] =m 1,2, -0 


we obtain a sequence of polynomials converging uniformly to F(a, £a, ° * , 2a) 
and such that the sequences of the partial derivatives of all orders of this 
sequence converge uniformly to the corresponding partial derivatives of 
F(T, 223, © °, 2a). It follows then that 


Tat tte F(z, Paces as Ln) 
6x4" da," eyar Ta ILa” , 


0 S Tp S l; p= 0,1, > "00; p= 1,2, ta fh 


Mrora... r om L. u, b. 
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A PROBLEM IN HEAT CONDUCTION AND AN EXPANSION 
THEOREM.* 


By R. E. GASKELL. 


1. Introduction. Consider a uniform, isotropic, right-cylindrical bar 
with plane faces, whose lateral surface is thermally insulated. Suppose that’ 
this bar has an initial- distribution of temperature depending only on the 
longitudinal coordinate, z. Let the ends of the bar be placed in contact with 
fixed quantities of well-stirred liquids which are in contact with external media 
which are maintained at constant temperatures. The problem is: given the 
initial temperatures of the bar and of the liquids, with the physical constants 
involved, to find the temperatures of points in the bar or of the liquid at any 
subsequent time. | 

Some cases of this problem have been treated by Langer [6]; Lowan [7], 
March and Weaver [8], Peddie [9], Peek [10], and Schumann [11]. In this 
paper the theory of the Laplace transformation will be used not only to obtain 
the solution of the problem, but also to establish that solution rigorously and 
to examine its uniqueness. 

Let the faces of the cylindrical bar be at z = — 1, z == 1; and suppose 
the unit of time so chosen that the diffusivity is unity. The boundary value 
problem for the temperature function, U (z, t), is the following: 


(ii) Uw (x, t) = Urla, t) (t>0,—1<2#<1) 
(1.2) DA I a) 0 et Oy GS-0) 
Ga S600) Gi). “FS 0) 
(1. 4) U (s, +0) = f(z) . Sie) 
(1. 5) lim U(—1+ 0,t) = 

(1.6) Lim i (i=20, 4) we: 


In this statement of the problem, Cı = Mig./KA, and K, =m k,B,/KA; where, 
for the liquid on the left, M, is the mass, qi the specific heat, 9, the initial 
temperature, B, the area of liquid exposed to the external medium on the left, 
and k, is the external conductivity constant (k, = 0); and where K is the 


* Received February 19, 1941; Revised July 24, 1941; Presented to the American 
Mathematical Society, April 12, 1940. 
1 Numbers in brackets refer to the bibliography at the end of the paper. 
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conductiyity of the bar and A its cross-sectional area. The constants C2, K: 
and Sz are defined analogously for the right end of the bar.’ 

Both C, and O; are either positive or zero. If both are zero, the problem 
can be solved by the classical method of using the orthogonal functions gen- 
erated by a Sturm-Liouville system ([5], Chapters 10, 11). Hence, in the 
rest of the discnssion, let us assume that C, > 0 or Ca > 0. . 


2. Application of the Laplace transformation. The Laplace. trans- 
formation, applied to (1. 1)-(1.6), leads to the system 


se (2, 8) —su(z, 8) + f(x) = 0, 
ts(— 1,8) = Kyu(—1, 8) + C,su(— 1,8) — Oi, 
— ty (1,8) = Kyu(1,s) + Cosu(1, s) — 0282; 


u(z,s) being the Laplace transform of U (g, t) ; i. e., i 


u(z,s) = f “etU (x, t) dt. 
0 
The solution of this system is found to be 


D ugs) =p eO f gla EES) f ((Oae/ Val 
| + 0Sa (1 + 2, 8)}/G(s) + »(2,8), 


where 
gi(z,8) = (Cys + K,) sinh sVs -+ Vs cosh sVs . (i= 1, 2) 


hi(z, s) = (Cis + Kı) cosh sVs + Vssinhrys ` (i= 1,2) 


ræs) = | f sim e Vate |v; 
G(s) = M (1, 8)ga (1,8) + g1 (1, s)ha (1,8). 


The inverse Laplace transformation cannot readily be applied to the 
solution (2. 1), so an alternative expression will be found. Let us assume that 
f(z) is piecewise continuous when — 1 a1, and that F(z) is bounded 
and integrable. For convenience, take z == a as the only point of discontinuity 
of f(x), and let Je == f(s + 0) — f (£ — 0), so that Js = 0 when z £a. After 
integration by parts, we arrive at another expression for bea 8) which lends 
itself more readily to inversion, — 


21f the temperatures of the external media are not zero, addition of the proper 
linear- function of œ to U(a,t) will give a function, V(ow,t), which will satisfy con- 
ditions (1.1)-(1.6). 
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(2.2) .u(a,s) —f(2)/e—[1/sG(s)] {I (2,8) +I (s,s) 
+ [ha (— z, s)sinh Vs- ga(—z, s)cosh V8 ][Ci81s—f(—1) (Cis + E)] 
+ [fa (2, 8)sinh Vt gle, s) cosh V8 [029:8 — =f) (Cas + Es) 1), 


where 
m 


I(2,8)—=4 } S ‘g.(z,s)hi(—& 8) — hlz s)galE s) IPE 
A S Oha Hees) + gall + 2—&s)la(1,5) IP (E) 


l — f Taa, s)hg(1—2+6s) + ga(1— z + é 8)hi(1,8)] F (dd } A 
f(t) = 4 (2+ 0) + f(e —0)], | 


and 


J (2,8) = Wola (1, 8) g2(1— | e—a], 8) + g(1,8)hs(1— | z—a |,s)] 
— alh (1, 8) ga (1 — z — a, 8) — gi (1, 8)ha (1 — z — a, 8) ] + $JoG (8). 


In the definition of J (x, s), the upper sign is to be used when z < a, the lower 
sign when s Z a. 


3. The solution in integral form. We shall first make several observa- 
tions concerning the order properties tof [u(z,s)— f(s)/8s]. Writing 
s = re, we see, for example, that when — f S 0 S b < v, 

[cosh «V's cosh yV 8]/G (8) = O (s2 exp{(| z| + | y] —2) V8}). 


Because the integrands occurring in I(x, s) contain such functions, it is easy 
to see how order properties can be developed for them. In particular, for 


—~1si=e=1, 
[gi(1, s)ha(1—2+ 6&8) 4+ .92(1—2-+ é, s)hi(1, 1/0% 8) 
— O (exp {— (z — é) Vr cos 0/2}) when 0S («—é) £1; 
=? {z —é— 2) Vr cos 0/2}) when 1S (2—€) S2. 
Using this result, we can find the order of the last of the integrals occurring in 


| _I(#,8); and eventually this process shows that [(z,s)/[sG(s) |] = O(s-*/7) 
when — b S06, — 1 Srl. 


For any fixed value of x such that — 1 < z < 1, it can be seen that 


3 If there exist positive constants, M and R, such that, for every a for which 
|s| 2 R, i skF (s)| Æ M, then F(s) is of order (8-*), written F(s) = O(8-*). 


t 
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J (z,s)A[sG(s)] == O(s*). Since all other terms of the right member of 
(2.2) ate of order (s*/*), 


u(x, 8) — f(x) /3 = O (8/4) (—l<2<1,—AS65%). 
With this information we can make use of a known theorem ([3], p. 612, 
Theorem 10), and write the inverse of [w(z,s) —f(z)/s] in integral férm. 
If we denote L>{u(x, s)} by U(x, t), then * 
(3. 1) U (x,t) = f(x) + Lir{u(, s) —f(2)/s}. 
4, A general expansion theorem. In Article 5 we shall develop an 
expansion of Li1{u(x,s) — f(«)/s} in series by using the following expansion 


theorem: * 
8 Due to Prof. R. Y. Churchill. 


THEOREM A. Let f(s) be analytic in each finite region of the complex 
plane except for simple real poles, s; (j = 0,1,2, > -) so distributed that a 
real constant P exists such that P > s > 81 >t- D> 8a D>’. Also, for 
some fixed integer no and positive constants M, ro A, let f(s) satisfy the 
condttions : | 

(a) for each b, < x a constant M,(6,) exists for which | s*f(s)| < M, 
when —0,S60S56, and |s| Zro (k>1); 

(b) | sf(s)| < M when s is on any of the parabolas 
(4. 1) = Hy cge? 0/2 (n =m Ty, To -+ 1, nA pr 


where the real constants H,, are determined so that Sny < — Hn < 8y. 


Then the inverse transform of f(s) is gwen by 
00 
(4. 2) F(t) == Z Ayet (t= 0), 
J=0 


where A; is the residue of f(s) at s;; and F(0) = F(+ 0) = 0. 


Proof. Under the preliminary conditions and conditions (a) it has been 
shown ([3], p. 612, Theorem 10) that the inversion integral along the line 
R(s) = P converges for t = 0 to the inverse transform of f(s), that F(t) is 
continuous for each t= 0, and that F'(0)==0. Furthermore, under the 
additional conditions (b),.it is known ([4], p: 745, Theorem 1) that for 
each ¢ > 0, 


‘Lf ¢ (8) } is an integral form of the inverse of the Laplace transformation ; 


: q+400 
Ly t{o(e)) = (2i) f° tng (z)de 
i d-t 
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F(t) = Li{f(s)} = > Ajet, 


So the theorem, will be proved if it is shown that this series converges to the 
inversion integral at t == 0. 
” Since the poles at s; are the only singularities of the function f(s), 


(4.3) [S feast f Hed |/= 3 Ay, 


where An is the arc of a parabola (4.1) to the left of the line R(s) = P, and 
P+ iQn, P—iQ, are the points of intersection of the same parabola with the 
line R(s) =P. We can take n, large enough so that |98| > 7/4 on the 
arcs An, and so 


6, rT , 
Inl—| f oals f |e*| | as|+ fH] s*| | as| 
a! Àn w/4 Oy 
-$; ~w/t 
+ f Mlela] SOH ls] [as], 
On Ax, | ds | —=1| ese 6/2 | dO; hence, 
6, Ti 
PAET f MHk dO +2 f M ese 6/2 dd. 
rj4 6, ` 


It follows that for any e > 0, (m — 01) and 1/# can be chosen so small that 
| In| S e Returning to (4.3), we have 


PH 7 
(4. 4) lim | f F Ja | /axim lim $ A). 
N-FOO oan noo J=0 
Since the infinite integral here is [L> {f (s) } lr- the theorem is proved. 

5. A series expansion for the solution, U (x,t). The inversion integral 
solution (8.1) can be expressed in series form by using Theorem A. To show 
that this is possible, the roots of oe) = must be investigated. In this 
equation, written 1 in the form 


(5.1) B g 
Vs(Cis + Cas + Kı + Ka)cosh 2 Vs + [(Cis + K1) (Cos + Ka) + s]sinh 2 Vs = 0, 


substitute Vs = «a + 8i. Separating the resulting equation into its real and 
imaginary parts, we obtain 


A cosh 2a cos 28 — B sinh 2a sin 28 -+ C sinh 2a cos 8 — D cosh 2a sin 28 = 0, 
and 


B cosh 2a cos 28 + A sinh 2a sin 28 + D sinh 2a cos 28 + C cosh 2a sin 28 = 0, 
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where A, B, C and D involve a, 8 and the constants of the problem. The. 
determinant of this homogeneous system of equations in‘sin 28 and cos 28 
must vanish because sin 28 and cos 28 cannot vanish simultaneously, 80 


(4? + B? 4- C + D*)sinh 2a cosh 2a . 
+ (AC + BD) (cosh? 2a -+ sinh? 2a) == 0. 


' But (AC + BD) can be reduced to a quantity which is of the same sign as a, 
Consequently, « = 0, and all non-zero roots of equation (5.1) are real and 
negative. If we substitute if for Vs, (5.1) becomes . | 

(5. 2) | 
(— CB? — C26? + Ky + K2)B cos 28 + [(— Cif? + Ki) (— Cp? + Ke) — p° Jein 28 : 
A similar process, applied to (5.2) and its derived equation, can be used 
to prove that (5.2) has no non-zero double roots. Therefore all non-zero 
poles of [u(z, s) —f(z)/s] are simple, real and negative. It is clear that 
(5.2) has an infinite number of roots, 8x, and that sin 28a = O(Bn"*) ; hence 
these roots lie, for sufficiently large Bn, in the intervals $kr—8 = | Bn | SS tho 
+5, k being an integer which may ‘differ from n, and ô being any positive 


number. This shows that the poles of [u(z,s) — F(z) /3| are nee by | 
parabolas with vertices at 4(k + 4)z: 


(5. 3) | MEET EE E cso? 0/2. 


, On these parabolas, [u(z, s) — f(z)/s] = O(s). This can be seen by 
substituting 8==re®, where r is given by (5.3), into the formula for 
[u(x, s) — f(x) /s]. From this order property and with the results of Section 
8, [u(z, s) — f(z) /s] is seen to satisfy the conditions of Theorem A. It is 

- easy to find that A, == f(z) and Aj = dyg; (£) (j 340), where ê 


pi (2) == (Ki — C8’) sin (1 + 2) By -+ By cos(1 + 2) 8; = —1g,(1 + 2,8;) 
y(t) <= — tg2(1 — T, 8;) 


and 
ds = {hy (— 1/285) [Ci8i 85? + By fo (€) f(€) dé] — C2828 jd (2 / 2B;) }/ 4 (4/283) 
{ [By?(CsB;* — K2) (1 + C1) + 8 (0:8; — Ki) (1 — Ka) sin 2B; 
— $Bj[C2By + Ka + C18) + E — 2 (Ks — 0:83?) (Kı — C1B;*) + 28;?]cos 2py 


h (1,8); (0) +h, (1,8,)p,(@) =0. 
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Therefore, the solution of the boundary value nee Sa 1)-(1. 6), a 
in series form, is 


(5. 4) U (x,t) = S dyhy (r) e8 (—1<r<1,t2 ga 


* 6. An expansion aia for the initial temperature function. It was 
shown in Section 3 that [u(z, s) —f(z)/s] = O(s*/) where —1<r<1., 
and — 6) = 66. Therefore, for any fixed v in that interval, Ly *{u(z, s) 
— f(z) /s} is a continuous function of t and vanishes at 0. This shows 
that U (z, + 0) — f(x) = U(«,0) — f(z) = 0, or | 
(6.1) U (z, + 0) = f (£) (—1<2z<1), 
and condition (1.4) of our boundary value problem is satisfied. Further, we 
see that the series (5.4) must reduce to f(z) when t= 0; and this fact gives 
us an expansion theorem for f(z). 


Trrorma B. Let f(x) be a piecewise continuous function, and let F (x) 
be bounded and integrable. Then, when —1 < T< 1, f(z) is represented | 
by the series in (5.4) with t == 0. 


We may note here that the functions, i¢;(x), are characteristic functions 
of the modified Sturm-Liouville system obtained from the transformed system 
of Article 2 by placing f(z) == 0 and S,— 8,=0.. 

7. Verification of the solution. The integral form of solution, (3.1), 
will be used to prove that the solution satisfies some of the conditions of the 
problem, while the series form, (5.4), will be used for the others. The initial 
temperature condition is already established (see (6.1)). 

In the interval $(2+1)§ Sel, | j 

u(z,8) —f(z)/s — p(z, 8) = O(s**)  ( & S64) 


uniformly in z, where 


p(x, 8) = {[8: — f (1) [h (z, s) g2(1, 8) + gi (a, 8)he(1, 8)]}/[s@(s)]. 
“Hence ([3], p. 612, Theorem 10) Di+{u(z, s) —f(#)/s — p(z, s)} exists for 
any x in this interval and when t = 0. Further, 


(7.1). - lim Lim LHu(z,s) —f(2)/s— p(#, 8)} = 0. 


. $390 rel 
Since p(z, 8) = O(s* exp [ (2c — 2) Vr cos 6/2] when — b S0 SE bo 8 
theorem of Carslaw and J aeger ([1], p. 401, Theorem 2) may be applied to 
show that Li*{p(z,s)} is uniformly convergent with respect to z when z = 1, 
and when ¢>0. Hence lim Ly*{p(2,s)} = Ly*{p(1, s)}, and by (7.1) 
T1 ; 


(7.2) lim U(1— 0,4) —f(1) = S2—f(1). 
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The function U (g, t) satisfies, therefore, the. boundary condition (1.6). In 
the same way, by using the interval — 1 S eS $ (a — 1), condition (1.5) is 
shown to be satisfied. 

That U (x,t) satisfies the three remaining conditions, (1.1)-(1.3), can 
be seen by consideration of its series form, (5.4). For sufficiently large valwes 
of 8;, Ay == O(8;"). Since each term of the series, (5.4), contains a factor 
'e8"#, the series converges uniformly in + when t> 0. Likewise, the series 
. (obtained by termwise differentiation) for Uz(z,t), Use(z,t) and U:(z,t) 
‘are uniformly convergent when ¢ > 0, showing that termwise differentiation is 
permissible. Rather lengthy, but straightforward, computation will now show 
that the conditions (1. 1)-(1. 3) are satisfied by the series form of the solution, 
thereby completing the verification. 


8. Uniqueness of the solution. The method used here in proving the 
uniqueness of the solution is the same as that employed by Churchill ([2], 
pp. 659-664). Suppose that the boundary value problem, (1.1)-(1. 6), has two 
solutions, U, (7, t) and U.(z,t). Then if we set F (s, t) = U (z, t) — U:(z, t), 
V (a, t) will satisfy conditions (1.1)-(1.6) with S, == S, = f(z) = 0. For 
certain conditions on V (s, t), the only solution of this system is F(z, t) = 0. 


THEOREM C. Let the solution V(a,t) of the homogeneous boundary _. 
value problem described above be required to satisfy the following conditions: 


(a) For each t>0, V, Va and V: caist and are continuous in (x,t) 
when ——l StS 1; 


(b) For each to > 0, | V | is uniformly bounded when 0S tS to and 
— 1 SeS 1, and | V: | has the same property for all x in each closed interval 


to 
containing none of the points x= — 1, a, 1; also f | Va | dt converges for 
0 


each x and vanishes as to — 0, uniformly in « when —1 S21. 
Then V(x, t) == 0 for all t > 0, 


The proof of Theorem C follows closely that of Churchill’s theorem and 
will not be given here. The task remaining is that of showing that, under 
certain conditions, the value of U(z,t) we have found satisfies the conditions 
of Theorem C; and, as a result, that it is unique. 

Conditions (a) of Theorem C are satisfied because U (2, i); Ue (z,t) and 
U; (a, t) may be expressed as series which are uniformly convergent when t > 0 
and — i S 271. Assume that f(x), f(z) and f'(x) are piecewise con- 
tinuous and that f” (x) is bounded and integrable. For convenience, let == a 
be the only point of discontinuity of f(z) and of each of its first two derivatives. 
This allows us to integrate I(a, s), defined in Article 2, twice by parts. After. 
these integrations by parts, it becomes apparent that [u(z,s) —f(x)/s 
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— f (x) /s?| = oe) amity in z, when g is in any closed interval not 
containing any of the points z = —.1, a, 1. Since f(s) and f’(z) are bounded, 
| U: (z, t)| is uniformly bounded in any such interval. 
When —1 21, 
(8.1) u(2,s) —f(2)/s + {Di exp [~ (1+2)Vs] 

+ Ds exp [—|z—a| Vs] + Ds exp [— (1—2) Vs ]}/s = 0 (8*2), 
where Dı, Dz and D; are constants. The inverse transform of (stews) is 
uniformly bounded when 0 = ¢ S to, so we conclude from (8. 1) that | U (z, t) | 
is uniformly bounded when 0 StS t, —1 S21. Similarly, it can be 
shown that | U.(z,t)| S E, + B./Vt, E, and EF, being constants. Hence, 
with the stated restrictions on f(z), any solution of the boundary. value prob- 


lem, (1.1)-(1.6), satisfies the conditions of Theorem C and is therefore, 
unique. Our results are stated as 


THEOREM D. Let f(x) and tts first two derivatives be piecewise con- 
tinuous, and let f” (x) be bounded and integrable. Then U(x, t), as defined 
by (3.1), is a solution of the boundary value problem, (1.1)-(1.6); and st 
ts the only solution of the problem which satisfies the conditions of Theorem C. 


UNIVERSITY OF ALABAMA. 
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` CORRECTION.* 
By H. A. RADEMACHER. ° 


Professor D. H. Lehmer has brought to my attention a mistake on pp. 242, 
243 of my paper “The Fourier series and the functional equation of the 
absolute modular invariant J(r),” this JOURNAL, vol. LXI (1939). It can 
be corrected as follows: C, the last letter on p. 242, has to be replaced by 
O{k(7* + (k—j)*)}. With this estimate we obtain on p. 248 





= O{k K (9% + (k —4)*)}- 


mK kt — m 


This leads to - | 
| S. — OK FF + (kj) 
— O(i-%**K- log k), 
which justifies the estimate given for 7;,‘). 


UNIVERSITY OF PENNSYLVANIA. 
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VALUATIONS AND INFINITELY NEA 
By H. T. Muuty. 


“ntroduction. In his paper “Polynomial ideals defined by infinitely 
near base points,” Zariski has shown that the geometric notion of “ infinitely 
near” base points on an algebraic surface can be succinctly expressed in terms 
of ideals associated with valuations of the field of rational functions determined 
by the algebraic surface under consideration. By studying the properties’ of 
the valuation ideals (v-ideals) in the ring K[z,y] (where K is algebraically | 
‘ closed and of characteristic zero and x and y are indeterminates) which belong 
to valuations of the field K (z, y), he exposed powerful arithmetic methods for 
treating questions which arise in connection with base conditions. 

In this paper we obtain a generalization of Zariski’s results to certain 
types of higher dimensional base conditions. The central part of the investi- 
_ gation involves proving theorems analogous to those of Zariski, but without the 
assumption that the ground field K is algebraically closed. Our field K is of 
characteristic zero, but otherwise arbitrary. l 

The first four sections of the paper are devoted to a study of the decom- 
position of the valuations of K(x, y) and of the v-ideals in K[z,y] which 
occurs when we pass from K to a normal algebraic extension field K* of K 
(in particular K* may be the algebraic closure of K). The fundamental result 
is given in Theorem 4. 4 and states that Q, the simple ideal of kind A belonging 
to a valuation B of K(x, y), becomes the product of the distinct conjugate 
simple ideals of kind A which belong to the extended valuations {B*«} of B to 
K*(z,y). By virtue of this result, most of the theorems valid in K*[z, y] 
(when K* is the algebraic closure of K) carry over to K[z, y]. Section 5 is 
devoted to overcoming the few minor difficulties which arise in this connection. 

In Section 6 we study a plane Cremona transformation of the de Jon- 
quidéres type which behaves with respect to the v-ideals in K[z,y] exactly as 
would a quadratic transformation if K were algebraically closed. In fact, this 
de Jonquières transformation is, in a sense, compounded of a set of “ con- 
jugate ” quadratic transformations. 

- In the concluding sections we point out the geometric significance of our 
results. After certain preliminary remarks about the simple subvarieties of an 
r-dimensional variety V+, we show that the conditions imposed upon systems 
of (r — 1)-dimensional subvarieties of V+ by requiring them to pass through 
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(r— 2}-dimensional base loci (which are themselves simple subvarieties) 
either proper or “infinitely near” a proper base variety, can be expressed 
arithmetically in terms of v-ideals. The de Jonquières transformations of 
Section 6 are used to construct birational transformations which will separate 
infinitely near (r— 2)-dimensional loci into proper varieties. 

For the sake of clarity we list below a few definitions and theorems which 
we shall take for granted in the remainder of the text: l 


a) By a valuation, B, of a field X is meant a homomorphic mapping of ¥ 
(the element 0 excluded) upon an ordered abelian group T given by a function 
v(a), @e %, v(a) eT which obeys the axioms 


(1) v(a:b)=v(a) +0(b); (2) v(a+b) = min (v(a), v(b)); 
(3) v(a*) £0, for at least one a* in 3. | . 


b) The elements a of X for which v(a) = 0 form a ring in X, called the 
"valuation ring of B, which is usually denoted by B. The elements a of 8 for 
which v(a) > 0 form a prime ideal $ in 8 which consists of all non-units in 8. 
The residual ring 8/8 is a field and is referred to as the residue field of B. 


c) If K is a subfield of 3 such that a(3£0) Œ K implies v(a) = 0, then 
B/P contains a field K, simply isomorphic with K. The degree of transcen- 
dency of B/%3 over K, is called the dimension of B relative to K. 


d) If o is a subring of X and if B D o, then an ideal Y in o of the form 
If <= P a o, where Yt is an ideal in %, is called a v-ideal for Bin o. A v-ideal 
X for B in o is characterized by the property that if a=0(2) and b is an 
element of o such that v(b) 2 v(a) then b ==0(%X). An ideal W is referred 
to simply as a v-tdeal if it is a v-ideal for some valuation of 3. 

If Hilbert’s base condition holds in o, then, as a varies over the elements 
of an ideal Yt in o, v(a) assumes a positive minimum. This minimum is 
spoken of as the value of Mt, in symbols v(W). l 


e) Under the hypothesis that Hilberts base condition holds in o, the 
v-ideals in o for a given valuation B form a well ordered sequence, the first 
element of which is o itself, and the successor of any element q consists of 
those elements a in o such that v(a) > v(q). | 

For further properties of valuations and of v-ideals we refer to Krull 1 
and Zariski 2. 


1. Normal ground field extensions. Let 3 be a field, and let K be a 
subfield of 3. We assume only that K is of characteristic zero and that it is 
maximally algebraic in X. Throughout our considerations, K will be thought 
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of as the ground field or field of constants. We consider ‘a normal algebraic 
extension field K* of K and we construct the. field 3* — K*3 as described in 
Zariski 1.1 | 

Let B be a valuation of 3 of dimension zero relative to the ground field K, 
i.e. if B is the valuation ring of B in 3% and Ẹ the ideal of non-units in %, 
then? 8 K and B/P is algebraic over K.? We observe that the ring 
D* == K* in 3*, is integrally dependent on 8. Hence, if B* is a valuation 
of 3* which coincides with B on 3 (an extension of B to %*) and if 9* is 
the valuation ring of B*, then B* D D*, (Krull 1). 

Let us assume for a moment that K* is a finite normal extension of K. 
If this is the case, then the relative degrees [K*: K] and [32*: 3] are the same, 
as are also the Galois groups @(K*: K) and @(%*: 3%), (Zariski 1, Lemma 1). 
If n is the relative degree [%*:%] then by a well known theorem (Krull 1) 
there exists at least one, and at most n, distinct extensions, B*,,- - -B*,, of B - 
to &* (gn). Moreover, if B*; is the v-ring of B*; in %*, then the inter- ` 
section 8*, a Pt a. - -a B*, is equal to D*. In fact, we have already seen 
that D* C P*a Bt, a- - -aH To prove the opposite inclusion, let § be 
an element of B*, a- - -a Bt, and let 6 be a primitive element of K*: K. As 
an element in %*, ê can be written in the form 


ô = lo + a60+°--+a,0"", aye 
and the conjugates of 8 over X are 
804) me do -mbi +> > > + aai", 


where ĝo (= 6), 61," © <, On- are the conjugates of 6 over K. Since the deter- — 
minant | 0,/ | 540, and since each 8" is in B*,«- - 0 BF, it follows that 
a, is also in B* n. - -a BH i= 0,- - - n— i. TuE, since. d4 is in 1 ž, we 
have a; eB and Se D*. 

If $$*; is the ideal of non-units in B*,, and if b*, == P*; a D* then it is 
known (Krull 1) that the quotient ring D*p*, coincides with B*,. 

We now return to the general case (K* an arbitrary normal extension 
of K) and we assert 


*3* is the collection of all finite sums ¢* = a* 1% +. . -+ a* gtp a, 
a* C K*. Two such sums &* = J a*,a,, 7 *= 3 b* jj are identified according to the 
following rule. Ifc,,---,0¢, is an Srdepentant base of the field K(a*,, b*, ) over K, 
and if ¢* = Boa pn" =F oyy then & = y" i and only if N Say E= 1,8). I^. 


1 Strictly speaking, B/P contains a field isomorphic with K. We identify this 
field with K. 
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THEOREM 1.1. If B* ts any extension of B to 3* with valuation ring B* 
and prime ideal P*, and if p = D* a P*, then the equality B* = D* p* holds. 


| Proof. That 8* D D* p» is evident. Let é* be an arbitrary element of 8°, 
mah +: +a%s, ay CK, & Cx, | 


e 
Let K be the least normal extension of K that contains the field K (a*,, 
- 740%). Let 3— Kx, D — RB, Ý —B*oS. Obviously, we have é* C $. 
On the other hand, since Æ is finite over K it follows by the preceding remarks | 
that B = Dy p, Where p= oD, ( is the ideal of non-units in ). Hence 
ét C Dp, and since obviously Dp C D*p*+ we conclude that 9* — D* pe. 


Letting Ky denote the residue field S and K p the residue field 
B* /B* we obtain 


_ COROLLARY 1.2. The field K* qe is obtained from Kg by the extenston 
K > K*,1.¢. 
K*qQe = K* KẸ. 


Proof. We know, by Theorem 1. 1, that K* y+ = B*/P* = D* py«/p* 
: D*y* — D*/p*. By applying an analogous theorem proved for ideals by 
Zariski (Zariski 1, Lemma 2) we conclude that K*m+ = K*- Kg. 


THEOREM 1.3. If B/P = K, then the valuation B has a unique erten- 
ston to X*. 


Proof. The existence of at least one extension of B to 3* can be estab- 
lished by a standard well-ordering process (see e.g. Krull 1). We prove the 
uniqueness. | | | 

The conditions KR — H/H — K and KC B are sufficient to insure that 
the extended ideal §$- D* is a prime ideal p* (see Zariski 1, Theorem 3). 
the other hand, it is obvious that p* a B — P and since D* depends integrally 
on $B, this implies that p* is maximal in D*, (see Krull 2). If p is any- 
maximal ideal in D*, then pa B ig maximal in H and therefore p> Y = $. 
It follows that p* is the only maximal ideal in D*. (By Zariski 1, Theorem Y, 
P- D* is the intersection of all those ideals in D* which lie over $8). This. 
implies, in view of Theorem 1.1, that there i is only one extension of B to 2; 
its valuation ring is D* p+. 


Remark. Let A be a field of characteristic zero, and let B be any valuation 
of A. It has been proved by Krull (Krull 1) that if A* is a finite normal 
extension of A and if B*, and B*, are any two distinct extensions of B to A*, 
then there exists an element @ of the Galois group @(A*: A) such that 0 X B*, | 
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= B*,, This result can be extended to the case in which A* is an*infinite 
normal extension of A by a simple well-ordering process. In our case then, 


any two members of the set {B*,} of all extensions of B to 3* are conjugate 
over &. 


e2. Sequences of valuation ideals. We now restrict ourselves to the case 
where X — K (z, y), K is a field of characteristic zero, and z and y are inde- | 
pendent indeterminates over K. In this case the condition that K be maxi- 
mally algebraic in X is obviously satisfied. 

Let us consider a valuation B of % which is zero-dimensional with respect 
to the field K and which is such that its valuation ring contains the ring 
o = K[z,y]. Let Qo D Q: > Q: >: - - be the sequence of valuation ideals 
in o for the given valuation B. We have Qo = 0, Q, = P, whereP=—o°. P 
is the ideal of non-units in 8. Itis well known that for every integer 1, Q; Is a 
primary zero dimensional ideal with P as its associated prime ideal. Moreover, 
if the entire sequence of valuation ideals is transfinite, it is completely deter- 
mined by the simple sequence Qo, Q1,° <, Qn © >. In fact, only two cases 
are possible; either the infinite intersection [Qo Q1 Q237 © -] is the zero ideal, 
or else if is a prime one dimensional ideal P;. In the first case, all v-ideals for 
B occur among the zero-dimensional ideals. In the second case, the v-ideals 
are of the form P,*- Qn, m,n = 0, 1,2,- -, and Py™-Qz, precedes. Pim Qn, 
if Mı < mg, or if m, = mz and n, < ng. (See Zariski 2). 

We consider the residue field Ky — 8/® of B. This field is an algebraic 
extension of the field K. We let K* be any normal extension of K which 
contains Ky. In this case, the field 3* = K*% is simply the field K* (x,y). 
Our interest centers on the class of valuations {B*,} of 3* which induce the 
given valuation B on %. We can associate with each valuation B*, a sequence 
of valuation ideals in the ring o* == K*[z,y]. Let qao (= 0*), Gai, Qaz’ ` +, 
ax,’ ` ` be the sequence of primary zero-dimensional valuation ideals associated 
with the valuation B*,. ` If æ is fixed, and if we consider any ideal qan, then 
there are in o* only a finite number of ideals conjugate to Qan with respect 
to % (or K). This is an immediate consequence of the fact that qan has a 
finite base, each element of which is a polynomial. Obviously, each of the 
conjugates of qan is a valuation ideal belonging to one of the valuations {B*,}. 
More precisely, if @ is any element of the Galois group of %*:%, then 
O X dan == pn for a suitably chosen 8. Conversely, if Qan is the n-th ideal 
in the sequence for B*a, dgn the n-th ideal belonging to B*g, and if @ is an 
element of the Galois group G@(%*:%) such that 0 X B*, — B*g, then clearly, 
0X Qan == gn. We thus conclude that even though there may be infinitely 
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many extended valuations B*, (and hence infinitely many sequences {qan}), 
there are only a finite number of distinct ideals Qas for any integer n, and all 
of them are conjugates. 

Let Q be any ideal in the sequence {Q;} in the ring o, and suppose that 
for a fixed a, say a= 1, the integer n is such that o*Q =0 (qın), 0*Q 
$20 (Gini). If qin, don,’ * `, Agn are the conjugates of qin, then it is Blear 
that o*Q == 0 (qın) and that o¥@ is not contained in any of the ideals wae 
succeed qin in the various sequences td which it belongs. 

THEOREM 2.1. The extended tdeal o*Q is equal to the intersection 
[ins er) Con]. 

Proof. Let A = [qin "`; qon]. We have seen that o*Q@s=0(2). On 
the other hand, the ideal Y is invariant under all permutations of the Galois 
group of =*:3, so that UW is the extended ideal of its contraction with o, 
W==o*(Mao). (Zariski 1, Theorem 2’). If f is any element of Wo, then 
since f C Gin, we have vi(f) = v,(Q).* (v, denotes the value in the valuation 
B*,). Since f is in o and since B*, coincides with B ón X, we conclude that 
v(f) 2v(@) and hence that f=0(Q9). Thus (2%°0)=0(Q), so that 
o* (Wo) =0(0*0). It follows that ofQ == [Qim > >, don]. 


THEOREM 2.2. Let qin,’ ` ', gn be a complete set of conjugate ideals 
belonging to the sequences {Qan}. If A == [qin,' © `, Agn] there exists an ideal 
Q in the sequence {Q} such that o*Q = X. ` 


Proof. The contracted ideal qin o is a v-ideal for the valuation B, since 
the valuation B*, is an extension of B. Thus qın ^ 0 = Q, a member of the 
sequence {Q;}. Since the ideals qın,’ - *, Qon are conjugate over 3, we have 
Q==0(din), i—=1,---,g. Hence Yao=Q. On the other hand, M is an 
invariant ideal so that 

A m= oF (Wg). 
Hence Y == o* - Q. 


Remark. In the special case B/P == K, we have seen that if K* ig any 
normal extension of K, then the valuation B hag a unique extension, B*, to &*. 
If {Q:} is the sequence of v-ideals for B in o, and if {qi} is the sequence for 
B* in o*, then as a consequence of Theorems 2.1 and 2.2 we deduce the 
existence of a 1:1 correspondence between the ideals Q, and the ideals of ay. 
. This correspondence is of such a nature that if Q and q are corresponding 
ideals, then q = 0*Q, Q =q ^ 0.4 


* Since 0*0 = 0(q,,), 0,(9) =v, (qın). On the other hand since p*Q54 0(q,,.,), 
V (Q) < 0, (qim,,) and hence 0, (9) =V, (gin) 
t In the course of the proof of Theorem 2.1 we showed that Q = ag=g°p 
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3. A preliminary lemma. In this section we impose two restrictions. 
We assume that the extended ground field K* is the algebraic closure of K. 
We use the notation Æ instead of K* to emphasize this fact. Our second 
assumption is to the effect that the center P, of the valuation B (of %) in the 
ring 0, is such that o/P== K. We may therefore assume that P = 0(z, y). 
Thi8 second assumption implies that all of the valuations {Bg} (the extensions 
of B to 3 (== Š - X) ) are concentric in 3 (= K[z,y]). Their common center 
is P == 0 (7, y). 

Let q be a zero dimensional v-ideal in 5 belonging to one of the valuations 
Ba, let us say B,. Let aq, (== q), q2,° * +, qg be the distinct conjugates of q in 5. 
If 6; is an automorphism of % over 3 such that 6, X q == Qi, t = 2, * - °, g, and 
if By = 6, X By, i= 2,° * *,9, then clearly qi is a v-ideal in 0 for By We 
denote the intersection [q:,---,qg] by M. The ideal Y, ag well as each of 
the ideals q1, ` * >, Qg, is a primary ideal with P as associated prime. 

It may be assumed that in each of the valuations B,,- - -, By the condition 
vi(y) 2 v(x) is satisfied. With this in mind, we consider the quadratic - 
transformation T: =g, y == y/z, which extends the ring 5 to the larger 
ring 0’ = [zy]. If p is that integer such that A = 0 (5°), As 0(p) 
then the extended ideal o’9 is of the form 2/62’, W z£ O(g ) (Zariski 2). We 
let q’; be that- ideal of the Senei of v-ideals for B; in 0’ which is such that 
v(i) =v: (W), i= 1,- -,g. Since W is invariant under the Galois group 


_ of K over K, we conclude that the ideals q.’,- - -,q’, are conjugate ideals.” 


We let A’ denote the intersection CAR Sal 
The Lemma of this section is to the effect that W == A’. 


Proof. Let h be the smallest integer such that (z’)*A’ is the extended 
ideal of an ideal in 0; (2’)*A’==0’A, where we may assume that A 
== 99(2’)*A’, The ideal A is a complete. ideal, and since it is the inverse 
transform of A’, its system of subforms, 0(A), mee be of. dimension zero.® 


"It is conceivable that some of the ideals g,- - - ‘gle may coincide. However we 
assign them distinct subscripts so as to associate them with the valuations to pynicn they 
belong. 

° If M is any ideal in 5, such that Af = O(5#), M 54 0( he), theri any element f 
of M is of the form f= f, Eia F- +, where fa is a form of degree u in wand y. 
Moreover, there exist dementa ri m Af for which the subform f, is not zero. As f varies 
over the elements of M, its subform fy generates a linear K-module of finite dimension. 
It is this module which we call the snhform system of ¥ and denote by (Af). 

For the properties of complete ideals and their behavior under quadratic trans- 
formations the reader is referred to Zariski 2, particularly Sections 4 and 12. These 
properties will be used in the present section without further reference. 
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Le q —=T*(q/4), and let Ay be an integer such that ĝi = 0 (P), 
qi £ 0(pPM*). Since the ideals q,’ are conjugate so also are the ideals qu, 
so that we have Ay == àz ==: --==A,. Let A denote this common value. It is 
not difficult to see that Ah. If A> h, we would have v (PA) = (2’)*A’ 
C (2’)*q’,. Hence on passing to the contracted ideals we find P>A = 0 (ĝe). 
Now 4==0(P*), 45£0(B) so that P*-A=0(5), P- 42094). 
Hence the system of subforms 0(p**- A) is contained in the system Q(ĝ4). 
This contradicts the fact that dimQ(q;) —0. Thus ASh. 

The inequality h = p can be demonstrated in a similar manner. Assume 
' that h >p. We see that ppe- A = (PW = 0( (z)*A). Hence pre: YN 

= 0( (7 PPW ao). In other words we have 


(1) pe- A= 0 (4A), 


since (7 )*A ^ p = A. Now 2(pb*?-9f) and Q(A) both consist of forms of 
degree h. The congruence (1) therefore implies that Q(p**- W) C a(A). 
If h > p, this contradicts the fact that dim Q(A) —0. 

Since h = p, we have that (2’)*- A’ is the extended ideal of an ideal in 0. 
Now, (2/)?-q’5%0—p'-q,. Moreover, if q; is that v-ideal for B, in D 
such that ,(pP-q,) = vi(qi), then pròf: — [q p°]. We thus have 
(g) A a = [q +5, 5°]. On the other hand, we see that 1; (q:) 
== 14 (BGs) = vi ( (2")?) + v(i) = vi ( (2')?) + v(W) = vi (A). Thus 
ATu h, and since Y= 0 (p°) the equality [d1,:- >, Ao, PP] == M holds. 
Since (2’)*- A’ is an extended ideal, and since (27’)?- A’* 0 = Y, we see that 
oA == (2’)°- A’. Hence (2’)?- A’ = (zW, and A’ = W. ; 

We conclude this section with a remark concerning the second assumption 
which we made at the outset. We drop the assumption for the moment, and 
consider an arbitrary zero-dimensional valuation B of X% with origin’ P in o. 
The extended ideal oP is equal to the intersection [Pı --, Pm] where pi is a 
prime zero-dimensional ideal in 5. If 0/P == K., then the number m is the 
relative degree [K,: K], (Zariski 1, Section 17). The various extensions {Bz} 
of B to & have their origins among ‘the ideals py. If we let by = D (£ — ay, 
y — Bı), then the elements a,,- - -, Gm, are conjugates, as are also the elements 
Bı,- © ° Bm. We may identify the field K, with the field K (a, 81). The 
conjugate fields of K, over K are then K: = K(a:, Bi), 1—1,2,- m. 
We consider the field 3, == K, (z, y). This field is a subfield of 5. It is not 
difficult to see that all of the valuations of the set {Ba} which have origin at 5, 
induce the same valuation on the field 3,. In fact, if Ba and Bg are two of the 
valuations of % with origin at ,, and if 6 is an element of the Galois group 
@(=:%) such that 8 X Bo == Bg, then 6X P, == bp, and hence 6X a, = a, 
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ô X Bı = fı. Thus 8 leaves each element of K, invariant, so that B,’ and Bg | 
induce the same valuation on 3%. Let B, denote their common contracted 
valuation of %,. It is clear that the set of those members of the class {Ba} 
which have origin at 5, constitutes the totality of extensions of B, to 3%. 
Similar considerations, applied to the conjugate fields K2,- > -,Km, yield the 
conclusion that the set {B,} may be divided into m subsets each of which 
satisfies the second assumption of this section. 


4. The simple ideals and the fundamental lemma. A valuation ideal 
X in a ring % is said to be simple if it cannot be written as the product of 
two ideals both different from the unit ideal; i.e. M is simple if and only if 
Y= B-C, BAX implies C=. In the contrary case, W is said to be 
composite. It has been proved by Zariski (Zariski 2, Section 5) that a com- 
posite v-ideal can be written as a product of two v-ideals both different from 
the unit ideal. Although this theorem was stated for the case in which the 
coefficient field is algebraically closed, the proof makes no use of this assump- 
tion, and is valid in all cases which come under our consideration. 

We again consider the sequence {Q;} of all v-ideals for B in o. According 
to Theorem 2.1, the extended ideal 0Q: (Q; is any element of the sequence 
{Q:}) is of the form [qin,° °°, dgn]. The ideal oQ, is therefore a complete 
ideal in the sense of Zariski (Zariski 2, Section 12), i. e. 0Q, can be written as 
a product of simple v-ideals in 0, say 


(1) . OQ, = Pia: . a 


where P; is a simple v-ideal in 0 belonging to some valuation of 3. If @ is an 
automorphism of 3 over 3 which sends ?, into one of its conjugates then 
since 0Q, is invariant under @, we have 


RON k k 
(2) I Dp yu min (8 X P). 


By the unique factorization theorem for simple v-ideals in o (Zariski 2, Section 
6), we conclude that the product P,®™- P,%-- - -- P, contains together with 
each factor P,* all of its conjugates over 3. Hence we have 


BQ = (Pa o Pin) (Pores e e Par (Parts + 1 Per) 


where each acne encloses a complete set of conjugate ideals over 2. 
The ideal as -t Pory is an invariant ideal (invariant under all automor- 
poigna of 2: X) so that Pate- ee Por, = OU where M, is an ideal in o. 


(Zariski 1, Theorem 2). Hence, 0Q = o( J[ M»). Since the relation 
vel 
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oW ao WM holds for any ideal Y in o (Zariski 1, Theorem 1) we conclude 
8 | 
that Q = [J] Wo. 
pal 
The remarks above establish the following 


LEMMA 4.1. The v-tdeal Qi in o is simple if and only if the complete 
ideal 0Q; involves one and only one complete set of distinct conjugate simple 
v-tdeals in tis unique product decomposition, each occurring to the first power 
only. 


In Zariski 1, a simple v-ideal is said to be of “kind n” if it is the n-th 
simple ideal which occurs in the sequence of v-ideals to which it belongs. If 
Q; is a simple v-ideal in 0 then the conjugate simple ideals which occur in its 
product decomposition in o are all of the same kind, say h. We shall say then 
that the ideal Q; in o is of kind k. In the light of later theorems it will be 
seen that this definition of “ kind ” is the same as that of Zariski. 


THEOREM 4.2. If Q is a simple v-tdeal for B of kind h in o, then 
oQ = PH -- - -- PD, where Py) ,---,P,™ are the distinct conjugate 
simple v-ideals of kind h which belong to the valuations of the set {Ba}, the 
extensions of B to È. 


Proof. We use an induction with respect to the kind, h, of Q. The 
theorem is obviously true for kind 1, for then Q is the origin, P, of B, and 
oP = P, ' Pa't -:)m. As was pointed out at the end of Section 8, the ideals 
pı are the origins of the various valuations {Ba}. 


By Theorem 2.1, 0Q = [Qin * +, Qgn] where Gin,’ © *, gn i8 a complete 
set of conjugate ideals. Now in general we shall have g > m, so that we 
contract those ideals among the qin which belong to the same prime. We let 
Qr denote the intersection of those ideals among qin,- © *,Qgn Which belong to 
the prime by, v = 1,2,- +,m. We then have 


(3) oQ = [n *, Om] 


This is the normal primary decomposition of 0Q. Since the ideals Q; are two 
by two relatively prime, the equality 


(4) UREE i — Gia Om 
holds. Hence it is sufficient to prove that Q, = ?,-----P,, where 
P,™ -P are the conjugate simple ideals of kind h belonging to those 


members of the set {Ba} which have origin at $,. (By an obvious Galois argu- 
ment a similar statement is then true of the ideals Qs, > >, @m). Using the 
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notation of Section 3, we pass to the fields K, and %,. We are thene free to 
use the second assumption of that section. 

We prove our assertion by’ means of the induction assumption - that 
Theorem 4. 2 is true for simple v-ideals of kind h-—1. By Theorem 2.2 (and 
the remark at the end of Section 8), the ideal @, is the extension to 0 of a 
v-id@al Q, in the ring 0, = K,[z,y]. By Lemma 4.1, the ideal 0@ involves 
one and only one complete set of conjugate simple ideals in its decomposition. 
Hence the ideal oQ, involves one and only one complete set of conjugates with 
respect to K,, in its decomposition. Thus 


(5) DQ, = Qi = PAM + PEM 
where P*,(),---,P*,( are simple, conjugate v-ideals in 5. 

We now apply the quadratic transformation T: 2 = £t — &,, y == i? 
‘which has its fundamental point at p,. T, extends the rings 0 and o, to the 
rings v = K[z2’, y] and 0’, = Ki{2’,y’]. By the Lemma of Section 8, we have 


(6) 091 = 2 [91,- * +, a'r] 

where q/1,: - *, qy are a complete set of conjugate v-ideals in 0’ belonging to 
those valuations {Ba} with origin at f.. On the other hand 

(7) O (PEW -e PHM) ma OP (A) «6 DC) 

(Zariski 2, Theorem 11.1, Corollary 11.2). We therefore conclude that 

(8) Ce ed = Se Se 


By Theorem 2. 2, the ideal [q’1,- > <, qr] is the extended ideal of a v-ideal in 
o’, belonging to the valuation B, of 3, say 


(9) [qs r) qr] — oQ. 


Since 0’Q’, involves only one set of conjugate simple ideals in its decomposition, 
we conclude that Q’, is simple, necessarily of kind h — 1. By the induction 
assumption (and the unique factorization theorem ‘in 0’) we conclude that 
POD,- - -, P’,-1) belong to valuations of the set {Ba}. This is then true 
of their inverse transforms P*,),- - -, P*,°), 


THEOREM 4.3. If Woe PM -e Py, where Pm). -,P,™ are 
the distinct conjugate simple ideals of kind h belonging to the extensions {Ba} 
of B to È then A = [din,- - *, Con], where Gin is that v-tdeal for Ba, (one of 
the extensions of B to Z) which ts such ae Va, (Mın) = Va, (A), and ain, 
` , Qgn are the conjugates of Qin. 
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Proof. The proof is again carried out by means of an induction- with 
respect to the kind, h, of the ideals P;™. The theorem is obviously true for 
simple ideals of kind 1. We assume that the theorem is true for the simple 
ideals of kind A’ h— 1. We remark here that by reasoning entirely analo- 
gous to that used in Theorem 4.2 we may assume in addition that all of the 
ideals P,,---,P,™ are primary ideals belonging to the same origin 
Pı — (f—a, y— fs). - 

For the first part of our proof we refer to Zariski 2! for the considerations 
needed here are almost precisely the same as those which Zariski used to prove 
that a power product of simple v-ideals is an intersection of v-ideals. The 
only difference is that we make a stronger induction ae and arrive 
thereby at a stronger conclusion. ! 

On pages 194 and 195 of Zariski 2, an ideal WU == M; - M,- - -- Wn is con- 
sidered, where M; is a simple v-ideal of kind h; and all of the ideals M; belong 
to the same prime p. Zariski proves that X is dn. intersection of v-ideals by 
means of an induction with respect to h =— max (,' `", hm). His reduction 
in kind, from h to h —1, is achieved by means of the quadratic transformation 
gz == 2, y = y/x. This procedure leads to the conclusion that the ideal A 
can be written in the form 





A aoe a , Gx, p] | 


where ©; is a v-ideal, and p = $ Pj» u is that integer'such that W; = 0 (p”), 
Wy £ 0 (prr). 


If we follow this same ae ae using the induction assumption that 
our Theorem 4. 3 is true if each of the conjugate factors P; is of kind (h — 1), 
then we reach the conclusion that | 


(10) A = [ims * +5 dom, BP] 
where dim," ` `, Qgm are conjugate v-ideals belonging to the valuations of the 
set {Ba}, and p is that integer such that W=0(p.°), Ws40(h1). From 
. this point, our proof can be easily completed. In fact if dem is that v-ideal 
for Ba, such that Da, (Qem) — Va, (M) then Hs O( Laas > - 5 Qgm’]) and since 
necessarily E 





[qims * *5.dgm] = 0 ( Eoma cin) 
we must have | 
(11) T= [qim a Agw, b,?]. ! 


Our theorem is thus equivalent to the assertion that 





I 
| 


To y Qw] = 0 (p2). 
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Suppose that ¿== Xap (x — a,)"(y—,)” is an element of o such that 
Vasl) = Va, (A), K—1,2,--+,g. We propose to prove that under this 
condition {==0(),’). We apply the transformation T, 2 =2— q, 
y = (y — ßBı)/(z— &ı), thereby extending the ring o to the ring 
o —K[z’,y]. 0-A is then of the form (2’)°W’, where W = 97; -- + -- 
ae Po- — T,(P;).7 By the induction assumption, W == [q/1;, 

+, Qg], where qij, - +, Q's are conjugate v- -ideals in o belonging to the 
valuations Ba, and v(W 
by 2, and y — Bı by zy’ and we bu 


EL, y) — (2) Zaw (2) (y)? = (L), y) 


where (2,4) £0(2'). If o> p, then g= 0 (P,°) and we are finished. In 
the case o & p we have ` = BE 


Vas (E) = Va ((2)%) + Var (7) 

and Va, (A) = va,((2’)°) F Va, (W) whence we have valn) = Va (W). Since 
W me [1 qg] we conclude that 7 = 0 (W ). Since p Zo, (7 )’y is an 
element of 0. Moreover, (2/) °y = 0 (0X) so that a a li 0), i. e., 
(x’)’n = 0 (X). As an element of Y we can write ` 


(2) = bx(@— 1, y — Br) +r (@— any — fi) Hi 


Since the subforms of Wf are of degree = p we have A =p. Dividing by (x)? 
we obtain | 





a= {A (L y) +H rory) +: > }(2)* 


and since 75£0(z’) we ‘conclude that. à= p and that ¢,(1, y) ZN: Thus 
„(0, y) = ġa (1, ¥’).- On the other hand 


ElL, y) = (Afel, y) + foal y) + °F 
so that ' , 
q= fo(l, y) + foa (Ly) H: 


Hence ¢a(1, y) ~7(0, y) = fo(1, y’), and this implies c = À = p. 

As an immediate consequence of Theorem 4.3 we conclude that if 
P,™,- --,P, are the distinct simple ideals of kind A which occur among 
the v-ideals for the valuations Ba, then their product P,)-- - -- P ™ ig the 
extension to % of a v-ideal for B in o, say Q. By Lemma 4.1, Q is necessarily 
simple. We see, incidentally, that a- simple ideal in o is of kind A if it is the 
h-th simple ideal in the valuation sequence to which it belongs. Theorems 4. 2 
and 4.3 can be formulated as one theorem: | 


"For the definition of 7,(P,(4)) we again refer to Zariski 2. See °. 
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TEHROREM 4.4. If Q ts the simple. ideal of kind h for B in o, then 
DQ = P DM 


where P,™,- - -P ™ are the distinct simple v-ideals of kind h eee 
among the valuations Bas and conversely: ; 


We point out that Theorem 4. 4 is glio true if instead of eiie the 
* ground field to £ we extend K to K*, where K* is any normal extension of K 
which contains the residue field of B. This most general form for Theorem 4. 4 
(i.e. with K replaced by K*) is proved in the following manner. If 
o* = K*[z, y], then since 09 = 0-0*Q, we have, by Zariski 1, Theorem 1, 
that 0*9=5:Qoo*. If {B*a} is the class of extensions of B to ¥* 
(== K*(z,¥)) then by Corollary 1. 2, the residue field of each of the valuations 
B*, is K*. Theorem 1.3 therefore implies that there is a 1: 1 correspondence 
' between the valuations of the class {B*,} and those of the class {Bg}. The 
correspondence is such that if Ba and B*, are a pair of corresponding elements 
then Ba is the unique extension’ of. B*a to J, and B*a is the contraction of Ba 
- with 3*. Applying Theorem 4.4 to the rings o* and 0 we conclude that if 
PM,- - -,P*,% are the simple ideals of kind h in o* for the valuations 
{B*,}, then »— A, and for a suitable choice of indices we have P*O mm P, 
PO) agt PHM, gael, 2,---,A. Hence o(P*,)-- - --P*,H)) — Og 
and therefore P =, +--+ -+P*,) wa o*Q (Zariski 1; Theorem 1). ` 

This theorem is most useful in studying the properties of v-ideals in a 
ring K[z,y], with an arbitrary coefficient field K. 

5. Properties of v-ideals. As immediate consequences of pare 4,4 
we obtain the following three theorems. 

THEOREM 6.1. (Unique a theorem; or simple ideals i o): 
If Wae + N mm BA + +--+ BaP) where Wh, - -Me Ba- Bm are: 
simple v-tdeals in o, then k == m and G a surtable choicg of indices M; = Bi, 

Gq "= Bi, {= 1, as sk. 


Pr oof. By Theorem 4. 4, ol, — Mey a Bigg ow, =a Bj: P Biro 
‘where the Mi; and Bi; are simple v-ideals in o. "sing we have. 
5( Ms -- ; ++ 9,4) oe 0 (BA: 526 a Bub) 


our theorem follows by the unique. ever zauan theorem in 0 (Zaviski 2, 
Theorem 7.1). 


THHorEM 6.2. If Q ts a simple v-ideal of bind a for a. valuation B 
of X, and if B’ is any other valuation of X for which Q is a v-tdeal, then 
Q% is also the simple v-tdeal of kind a for B’. i 


l 
H 


1 
l 
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Proof. Q% is a simple ideal for B’, and since its unique decomposition 
in o involves simple ideals of kind a, Q‘ is a simple ideal of kind « for B’. 


Tueonm 5.3. If {Q} and {Q’™}. are the sequences of simple v-ideals 
in o belonging to valuations B,and B’ of 3, and f - some e ae t we have 
Q == QD, then also Q™ 5a Q, N = 1, ie 


.' Proof. Since Q = QW, we have oQ? == ‘in so that by the unique- 
factorization theorem in 6, the simple ideals of kind i belonging to the extended 
valuations {Ba} coincide with those belonging to the valuations {Pa}, the 
extensions of B’. By Theorem 6.1 of Zariski 2, it follows. that the simple 
ideals of kind n < i among the two sets {Ba} and {Ba} must also coincide. 
Our theorem then follows by Theorem 4. 4. 

Our Theorems 5.1 and 5. 8 are the direct analogues of Theorems 7. 1,and \ 
6.1 of Zariski 2. The next two theorems are analogous to the Lemma of 
Zariski 1, Section 12. 


THEoreM 5.4. If A= Q: - -Q ts a power product of simple 
— y-tdeals in o belonging to valuations B,,---, By of 3, then A = [Q Qm], - 
‘where W1,° © +, Qm are v-ideals in o. 


Proof. By Theorem 4.4 we. have 5N = it il P 3;% where 00; = [i Pj 
j=l i1 
The ideal o% is therefore a complete ideal in the sense of Zariski so that 
oA — [qa ° ; s Om] 


where qs is a v-ideal in 5 belonging to a valuation B; of 3, i—1, a, sm. 
Since IN ^ o = M — 1, Theorem 1), we have 


= [qi 0,° ; dm 9 |. 


If Q’;—=a,%0 then clearly Q’: is a v-ideal for the valuation B; which B; 
induces on X. 


Tuuorem 5.6. If U=[Q',---,Q’m] where Q’, is a v-ideal in o then 


Y= Q- - --Q™, where Q1,: °°, Qs are simple v-rdeals tn o. 
Aah We first show that oW is. an intersection of v-ideals in o. Let 
B,- - - , Bm be valuations of X for which the ideals Q’x,- `’, Q’m are v-ideals, 


and let {Ba‘} be the class of extensions of Bı to F. Finally, let BY be a 
particular member of the class {Ba‘}. If qı is that v- -ideal for B™ such that 
04 (0) — j (q), (ù: denotes value in B®), and if Qi = Ais Gian’ © * > Digg 
are the conjugates of qi, then clearly ON == 0(A) where 


A = [115° "ts Gims’ °° > Gai," | Eaa] 
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Moreover, it is immediately evident that A^ o == Y, for an element w'of 0 
is an element of Ao if and only if vj(m) 2 v(W), == 1,2,---,m (v 
denotes value in B;). Since A is an invariant ideal, we Cada that 
OM =— A. Thus dN is a complete ideal so thst 


ON =— Ps + Ppl r” 


where P; is a simple ideal in 5. Since M is invariant, it follows as in the 
proof of Lemma 4. 1 that the product P,™ +- - -- P,% is of the form 


EA — (Pa e Paes) (Pa - Pup) ete - (Pa Pa) 


where each pair of parentheses enclosed a complete, set of conjugate simple 
ideals. By Theorem 4. 4, the equality i 


Parcs ee Pir sm 005 | 
holds, where Q, is a simple v-ideal in o. ‘We thus have that 


of = o (II Q^) "E 
so that by Zariski 1, Theorem 1, we conclude that | 


A — TL Qe. 


THEOREM 5.6. If B and B’ are two valuations oe š and if Q™ = Qt) 
where QM (Q) is the n-th simple videal in o for B(B’), then the v-tdeals 
in o which belong to B and precede Q™ coincide with those of B’ which 
precede Q'™. -> | 


Proof. Let Q D Q™ be a v-ideal in o belonging toi B. We can write 
Q == Qs. . QM". ag A | i 


where Q09, Q9,- -, Q9 are the simple idak dor B and B’ which 
precede Q. On extending to 0 we have 
oQ — (Pi me ety Pir)” oe (Pas, eo ee P tyres) 


where Pit © +, Par, are the simple v-ideals of kind + which occur among the 
valuations of the set {Ba}. If {Ba} is the set of conjugate extensions of F” to 


~ 


%, then since Q == QH, ¢==1,2,---,n, the ideals Pu,’ > -, Pir, are the | 


simple v-ideals of kind + which occur among the valuations B'a. An obvious 
modification of the proof of Theorem 4.3 leads to the sal er that oQ can 
be written as the intersection of a complete set of conjugate v-ideals belonging 


i 
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to the valuations B’,. The ideal 50 a o is therefore a v-ideal for B’, i. €. Q is a 
v-ideal for D’. 


6. Quadratic and de Jonquiéres Transformations. In this section we 
_ Investigate certain Cremona transformations of the plane associated with the 
rings K [x,y]. These transformations are of the de Jonquières type, having 
only a finite number of fundamental points at finite distance and behaving in 
their vicinity as would a quadratic transformation. We find, in fact, that one 
of these transformations affects a sequence of v-ideals in K [x,y] (K-arbitrary) 
exactly as a quadratic transformation affects a sequence of v-ideals in K[2, y], 
where K is algebraically closed (Zariski 2, Sections 4 and 5). 

Let P be the origin of the valuation B in the ring o. By means of a non- 
singular linear transformation in 0, we can choose the independent variables 
z and y in such a way that if v — a and y — 8 in the mapping of o upon the 
field o/P, then both a and 8 are primitive elements of o/P over K. After 
embedding o/P in the algebraic closare Æ of K and forming the ring 
o = K [x,y], it is clear that the ideal p< p (v-— a, y — £) is a prime ideal 
in 5 lying over P. The conjugates of p are fy — O(t — ai, y — Bi), where 


a, (== a), %,- * +, a, and Bi (=-B), 8z, >, Bn are the conjugates of « and 
B over K. We then have 
(1) OP me [F e +, Br] == Pit Bes: t ++ By. 


The integer n is the relative degree of o/P over K. 


We can assume, without loss of generality, that if B is any extension of B 
3 with origin at pı, then (£ — a) == (y — Bı). A similar statement is 
then true of the extended valuations with origin at Pi, t == 1,2, © >. 
We define the two polynomials f(z) and g(x) in o as follows 


noS Bris (£ — as) ` + (£ — Gy) 

. Se - (£ — a1) (T — Qin) e (8 — ar) 
() g{2) = 2 (a4 — a) - © (ai — O41) (i — ar) © © + (2i — an) i 
The coefficients of both f(x) and g(x) are in K. The polynomial g(x) is such 
that g(a) = Bi, i= 1,2,--+,n. Consequently it is clear that f(s) and 
y — g(x) are both divisible by P. Moreover, a simple calculation will show 
that P == o(f(z),y—g(v)). Our assumption that v(e — a,) == (y — B:) 
implies that v(f(z)) = v(y — g(x)), where v denotes value in B. Hence the 
quotient (y — g (x) )/f (£) is in the valuation ring of B. 

The de Jonquières transformation, J, in which we are interested, is defined 
by the equations 


T =T C= 2 


(3) y = (y—ga))/F(e) y=) + gC’). 
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It is.ckear from the equations of the transformation that if v = K[z', y], 
then o D o= K[x, y]. The equations (3) also define a transformation 
between the planes associated with the rings ô == K[2z,y| and 0’ = E[r, y]. 
| Before investigating the relations between the rings o and o’ we study 
those which exist between o and o. For this purpose we introduce the 
following succession of quadratic transformations. We let T, denote the 
transformation 
Uy = T, yim (Y — Bi) / (£ — a). 


P, has a fundamental point at the point corresponding to the ideal 
Pı = O (x — a, Y — 1). Moreover, if P is any prime zero-dimensional ideal 
in 0 which does not divide x, — a, and if 0, == K[z,, y1] then 6,) is a prime 
ideal in 0, and the equality | 
Sp = 1655) | | 

holds (Zariski 3, Section 18). The extended ideal 3,p is defined to be the 
transform of P by Ti, T(P) = 0p. We let Ti (p2) = Jha ® = 01 (T3 — Qo, 
y¥1— B2™), We observe that v(x,— a2) Sv(y,— 8) where v denotes 
value in any one of the valuations Ba. In fact, 


y — Be = y1 (21 — Qa) + (02—01) (4: — Ba), 
and since v(y—f2) = (yı (21 —&:)), we must have v(y,— Be) 
= v(y — Bo) v(t. — a). The transformation T, is defined .by the 
equations : 
T's: t: = T, Yr == (yı — B® )/ (£ — ae) 
If 0, = K[z:, Y2], then we have 0 C 0, C de. | 
Suppose that we have defined step by step the transformations T, Te, 
-» +7, Associated with T; is the ring 0) == K[ay,y;], j = 1,2, < +,i, and 
the relations 
0 o,C-: Cay 
hold. We operate on Pi by each of the 7’s in turn, and we obtain | 
Ts (Ba) = pls PGP) — wih, 
| pl) == 04 (Ti — Gir, Yı — BLY). Again, by Zariski 3, Section 18, we have 


(4) l 9 Bia Bp il 
By a straightforward calculation we find that 
(5) y — Bin = pi (i) ye + yilt); T — Big, == Vi — Air 


where ¢;(2;) and ¥(%;) are polynomials in sn and $4(4141) 340. We must 
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then have B(#) == — yi (a4.1)/4(4is1). Equations (5) therefore show’that in 


any of the valuations Ba,’ (Ti — ain) Sv(y:— Bi). We then define 
Tis by the equations 


Tin = Ti, Yar = (yi — BEY) / (ai — ais) 
and “we let 5i denote the ring K[ai41, Ym]. We have thus defined the suc- 
cession of transformations T, Ta, © +, Tn. 


Lewata 6.1. The ring Ùn coincides with the ring 0’. 


Proof. From the definition of yn given above it follows immediately that 


(6) y = yaf (x) + (2) | 
where A(x) is a polynomial in x of degree = n—1. Since y=; when 
T == Zi, and since f(a;) = 0, we see from (6) that h(a) = Bi, t m= 1,2, >n. 
We conclude that h(x) == g(a) since g(x) is the unique polynomial of degree 
, & n— 1 which takes the value 8, when z == a@;. Hence y= y,f(z) + 9(2), 
so that by (8), yn = y. 

We have already observed that the origin P of B in o is of the form 
P = o(f(«),y—g(x)). If A is any ideal in o, and A is an integer such that 
A = 0 (P*), A45£0(P**), then any element a in A is of the form 


(7) a = aft + aft? (y—g) ++ + oly —g)". 

Since y—g(z) —f(2’)y it follows that a is divisible by (f(2’))* in ø. 
Hence 0’A == f*A’ where A’ is an ideal in o’. Moreover, if ag£0(P**) then 
it is not difficult to see that a is not divisible by f" in o’. In fact, since 


a5£0(P**), not all of the coefficients ,a,,--°-°,@, are in P. If we let 
ails) = a(x, g(x)), and if we put | 
ã = dof + af (y — g) + °° + + an(y—g), 
then as=d(P*"*) and a—d is divisible by f** in o’. In 0’ we have 
Tm (So + aay fo + any”) fr 

Since a; is a polynomial in 2’, it follows that if a + ay +-.- © + Gnay’* is 
divisible by f(a’), then &;== 0 (f), +=0,1,2,---,h. This would imply 
that a; == 0 (P), t= 0, 1,2, + -, A, and this is not the case. Hence ais not 
divisible by f**? in o’ and consequently neither is @ We conclude that 


0A == PA, A°SS0(f). The ideal A’ is defined to be the transform of A by 
the de Jonquières transformation J; in symbols, A’ — J(A). 


THEOREM 6.2. Jf Q is a v-rdeal in o for the valuation B, then tts trans- 
form J(Q) is a v-ideal in o’ for B. 
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Proof. We pass to the rings 9 and 0’. Itis easy to see that 0’Q ^ 0’ = Q. 
In fact, it is obvious that 0’Q90’ 2 0’Q. On the other hand, if a ig any ` 


element of 0’Q 0’ then we have 


a == bq +" +--+ brar 


where Qı,’ © +, Qr are in Q and bı, - -, br are daa of of. Tf ey © 6 
are those elements of K which occur ag coefficients among the polynomials 
b,,: * +, br, and if ô is a primitive element of K(c1,- - s Ca) over K, then we 
can write | 

bi =b (2, 9/38), t= 1,2,°- +44. 


If #:,- © +, Om (0i == 6) are the conjugates of 0 we me ' 
| | 
(8) a= bi (2y h)g + + Blr, yO). 


On adding the equations (8) we have 


ma B,(2’,¥) a H í + BA, yt 


m i 
where B; = > b; (z',y ;8:). Obviously the polynomial B; is in o, and- con- 
Fs , — 
sequently we have a==0(0'Q). This proves that oQ ^ 0’ = 0’. 
To determine the behavior of Q as it is extended, to 0’, we note first that 


by Theorem 2.1, DQ = [q1, q2,: °°, Qg] where qi, Ges: * *, Qg comprise a com-, 


plete set of conjugate v-ideals belonging to the extensions {Ba} of B to 3. 
We can write CH "7" y Aa] di [Q Os, Pie a On ] where 04 is a primary ideal 
with i as its associated prime ideal. @; is the intersection of those ideals 


`- among qu ` ` `, Qg which belong to valuations with center at pi. We thus have 
(9) 00 = O° Qe: -ehn 


We can obtain the extended ideal 0’Q, by extending;0@Q step by step through 
the sequence of rings Di, 02,' * +, 0x. If. M is that integer such that Q == 0(P*), 


Q 5@0(P*") then obviously, Qi = O(P), Q0 (pe). By the Lemma of 


Section 3, we have that 5.0, = (zı — a,)*Q,®, where Q, is an intersection 
of conjugate v-ideals belonging to those valuations iù the set {Ba} which have 
origin at Pı. On the other hand, 0,9; = @;™, i= 2, >>, n. Since 5, is not 
a fundamental point of T, if i == 2, the ideal Q,) is also an intersection of 
conjugate v-ideals in 3, and Q; induces the same! ideal in the quotient ring 
Dip.) = Op, a8 does Qi. | 

„Asg we continue this process, it is clear that wher the prime ideal associated 
with Q” isnot a fundamental point of 7; then Q? is essentially unaltered 


as it is extended from 0; to Dra. Again, if 9,4» is associated with the prime . 


| 
| 
l 
i 


t 
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pi) in the ring 041, then 3; Gi) — (z, — a)*Q,. Thus, inen steps 
we conclude that ` 


5n — le as)§) A = fi, 


where A is ah intersection of sets r conjugate v-ideals, each set consisting of 
ideals belonging to valuations with a common center in 0. Since A is obviously 
an invariant ideal these various sets must also be conjugate, one to another. 
By Theorem 2.2, A is therefore the extension to 5’ of a v-ideal Q’ in o 
belonging to the valuation B, and A ^ 0’ = Q’. Hence we have PA ^ 0’ = PQ” 
. and consequently oQ = PQ’, J(Q) =Q. 


THEOREM 6,3. If Q® ts the simple ideal of kind k in o for the valuation 
B, then J(Q®) == Q'S, the simple ideal of kind k-—1 for B in 0’. 


Proof. Theorem 6. 3 is proved in much the same way as was Theorem 6. 2. 
By Theorem 4. 4, Í 
l BQ) — PW.. 


where ?,),- -+,), are the distinct conjugate simple ideals of kind k 
which occur among the valuations {Ba}. As we extend 5Q step by step 
through the sequence 01, 02,:°-,0n each ideal P;™®, i= 1,: -+,r, either 
remains of kind k or is transformed into an ideal of kind k— 1. In n steps 
we find that 

BQ mace FAP LED) o o DED, 


where P,/(-1),. - +, 9,/@) are the conjugate simple ideals in 0, (—-.0’) 

which occur among the valuations {Ba}. By Theorem 4.4, we have 
On@ a g mm FAQ), where QE- is the simple ideal of kind k— 1 in s 
belonging to B. Hence J (Q%) = gev, 


THEOREM 6.4. If Q is a v-ideal in 0’ belonging to the valuation B, then 
there exists an integer h and a v-ideal Q in o such that the relations d'Q = FE, 
and PPQ ^ o= Q hold. 


Proof, The'proof is more or less a reversal of that of Theorem 6.2. We 
can write 


n OO a [a °° r] = Ga En 
where 7/1," °°, q’7 are conjugate v-ideals in 0’ belonging to the valuations {Ba}, . 
and ©’; is the intersection of those ideals among q/1,° > °,q’¢ which belong’to 
valuations which have center at p; in 0. Evidently, the relation 0’¢, = Q’, 
holds, where g, == 9’: “0,. By Zariski 2, Theorem 4. 3, there is an integer h 
such that (z, — a,)*g, is the extended ideal of an ideal in 0. Assuming that 
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h is the smallest integer with this property, we let @, denote the ideal 
0a (%,——@,)*g,. We then have 0’Q, = (2 — a)’. If Qa: - >, On are the 
conjugates of Q, it is immediately evident that 


a (Qi °° Ga) SPO On), PMO On) BRO On. 


d 
By Theorem 2. 2, the ideal Q, +: - -- Qa is the extension to 5 of a v-ideal Q in o. 
It follows at once that 0’Q = f*Q’, PR ^ o = Q. 


Remark. One can verify in a similar manner that if k is an integer and 
k = h, then FQ a o = P**-Q. Moreover, o (PF: Q) == FQ. However, the 
ideal P*-*Q need not be a v-ideal. 

Theorems 6. 2, 6. 3, 6. 4 show that the behavior of the v-ideals in o under 
the transformation J is in all respects exactly like the behavior of the v-ideals 
in a ring with an algebraically closed coefficient field under a quadratic trans- 
formation (Zariski 2). 


7. The simple subvarieties of an algebraic variety. Let V, be an 
irreducible 1-dimensional algebraic variety in the affine space Sn. We assume 
that the underlying field of constants, K, is algebraically closed and of char- 
acteristic zero. If (é,--+-+,&:) is the general point of V, in S,, then 
3 — K(&,: > +, &) is the field of rational functions on Ve. With the particu- 
lar model V, of. & we have associated the ring X= K[é,:' <, én]. It is 
ee to assume that é,,- - -,€, are algebraically independent and that 
Sano °°, &s depend. eee on &,° °°, This we do. 

With each subvariety of V, (not on the hyperplane at infinity) there is 
associated an ideal in X and with each ideal there is associated a subvariety 
of V.. In particular, if V, is an irreducible subvariety of V, it is associated 
with a prime ideal in & of dimension s, and conversely.. Zariski calls a variety 
V.(ps) a simple subvariety of V, if there exist r— s algebraically independent 
elements yp’ © >, 7r-s M 3 such that 


Špa (11s t Ta Nr-8) mee Spa Ps, 


where Sp, denotes the quotient ring of X at p, (Zariski 1). He also proves 
that in order that V.(p,) be a simple subvariety of V, it is necessary and 


sufficient that there exist an element o in & such that a z 0(p.), where 
w 

f (é o) mo’ + a (é °°, ér) H e e H alé oe E) = 0 ig the equa- 

tion expressing the integral dependence of w on é,' - -,&,. It follows readily 

from this last condition that on every simple subvariety of V, there is at least 
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one simple point of V,. Elements such as y, ' ` ',nr-s defined above are called 
uniformizing parameters along Vs. 


Lemara 7.1. If 3 defines a stmple subvariety.of Vr, and tf po © Pa isa 
‘zero-dimenstonal prime ideal in X which defines a simple point of Vr on Vs, 
thereit is possible to find elements m,’ ° +, nr in X satisfying the conditions 

a) my’ `y are unformizing parameters at Po. 
b) Do = (m` “Nr; Ds) . 
c) Every element of X is integrally dependent on Klm, + +, 9r]. 


Proof. We may assume that é;' - <, é are uniformizing parameters at 
Po and that po = &(é,' ` -,ér), (Zariski 4). We let n*i; == uné +: 
-+- Uinén, i= 1,2, + -,r where the ws are indeterminates. Since s < 7, it is 


clear that for generic values of the u,; the ideal §(y*1,- © -,7*r+, Ps) will be 
zero dimensional. Hence for generic values of the ui; the ideal 9§(y*1,---,*;, 
ps) will not be divisible by a prime ideal in %§ other than po. On the other hand 
it is known that for non-special values of the u4;, conditions a) and c) will be 
satisfied by 7*,,- - -,7*-. We can therefore choose constant values for the tj 
say Ñj so that the quantities 7,,: ° *, yr obtained from 7*1,- - -,7*, by putting 
ui) = ty, will satisfy conditions a, b, and c. 

We consider any ideal pa which defines a simple subvariety of V,, and we 
fix a simple point Po on Pa, Po > Pa. We assume that the independent variables 
é,’ °°, satisfy conditions a, b and c of Lemma 7%. 1, and we denote the ring 
Klé&,:-*,&] by R. Since & depends integrally on R, the ideal Ps — ps ° R 
is a prime s-dimensional ideal in Æ. We let Yt and 9 denote the quotient rings 
Rp, and Sp, respectively, and we put P* = M- P., p* — N- pe. 


THEOREM 7.2. There isa: correspondence between the primary ideals 
Q* in M which belong to P* and the primary ideals q* in N which belong to p*. 
The correspondence is of such a nature that if Q* and q* are a corresponding 
pair, then Q? == q* a W, qh = N- Q*, 


Proof. Let p* he a primary ideal in 9t belonging to p*, and let q* ^ $ = q. 
The ideal q is primary, and pa is its associated prime. It is clear that 


(1) Po == (é, +5 €rq); 


for any prime ideal which divides (£,---, é,q) must divide (&,:- -,é,, be) 
== Jo. Moreover, no primary ideal belonging to Po divides (&:,---,€-). > 
(65° °°,&) = [Po qit >>>] and if p ig the zero-dimensional prime 
ideal to which q; belongs, then qs£0(p'), i= 1,2,- -,k. This follows 
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immediately from (1). If q= S (o1 + ',a%), then ‘for non-special con- 
stants tu, the quantity tw, + * ‘+ uao is not divisible by any one of the 
ideals p{), i= 1,2,- --, k. We are therefore justified in assuming that the 
base elements œ; of g eee the conditions 0 000?) , te 1,2,°°-,h; 
j= 1,2, k. Tf Filé, m = w” + ano"? +- `- lin = To 
ae) is the equation which expresses the integral dependence of w; on 
"&,°°-+,&, then the fact that o,540(bp\) implies that OF; /00, £0 (po), 
(Zariski 4). If we write Fi == oG (é, > >, &3 04) Alé: - +,&-) = 0, 
then dF; /0w; = w; (8Gi/do,) + Gy. Since 0F;/do; + 0 (po), we conclude that 
Gix40(po). Consequently, G;s¢0(b.), and the quantity wy = — Ay /G, is 
in M. On the other hand, aa 0(Q*), where Q* = q* a M. Hencé we have 
w= 0 (N Q7), t= 1,2,- h. Since g* =N. q=. (wt. t,o), We 
have q* = 0 (N - Q*), and jende q* =N- QF. . i l 
The converse will follow immediately from the part of: ‘the theorem dineedy 
proved provided we prove the following 


 ‘Lesara. If Q* ts any primary ideal in W belonging i the prime P*, then 
_ there exists a primary ideal q? belonging to p* in N such that Q* — q* a M. 


Proof. If-A is the quotient field of M, then 3, the quotient field of 9 is a 
finite algebraic extension of A. We let Q denote the least: normal extension 
of A which contains 3. We assert that if 0 is ne integral closure of le in Q, 
then the relation =. 

(2) , 09% a Dt a Q* ! 
| 
holds for any primary ideal in W with P* as its associated | prime. If » is any 
element of 09*9 Mt, we can write 3 
pa og te tego o C5, pienia 
If 6,,- - >, 0p are the elements of the Galois group q (2: A), then since y is in - 
A we have | | 


e 
m= 2 (6: X 9) = (34 X w) g +H o H 0 X og) qo 


The quantities 2 6, X w are elements of A and since Yt is integrally closed 


in A they dt be elements of WM. Hence p: n= 0(0*) and consequently 
7 ==0(Q*). : - 

Any prime ideal P in 0 which is such that P a WM == P* must be maximal 

in 6 (Krull 2). Moreover, it is proved in Krull 2 that since Wè is integrally - 

closed in A any two prime ideals in 0 which lie over P* are conjugate. Hence if 


(3) l 0Q* = Lai, ` "3 Ak] 


l 
| 
i 
i 
i 


VALUATIONS AND INFINITELY NEAR ALGEBRAIC LOCI. 481 


is the normal decomposition of 0Q*, and if p; is the prime ideal astociated 
with q;, then the ideals f,,* - +, Py form a complete set of conjugate maximal 
ideals lying over P*. p - 
Let 6; be an cement of Q(Q:A) such that 6; X ae. The ideal 
q's = 6: X qi is a primary ideal belonging to Pi. If q; were not divisible by i, 
we would have qi D [q’s, qi] D 3Q*, a; 4 [q'i qi]. ‘This contradicts the fact 


that (3) is the normal decomposition of oQ*. We thus have q;=:0(q’:)..° 


Similarly we see that qı == 0 (0* X qi). We therefore have qy == 6" X q'i 
2X qi 2%. - Accordingly, we conclude that any two of the ideals 
Ji, Je, °°; Qg are conjugate, This proves that qi 9 M == Q*, iam 1,2,- -, k, 
for if q9 M were a proper divisor of Q* then [q;" * <, qe] oM would be a 
proper divisor of Q* also. This is not the case. ` 

We now put 0: = M[ én: -,&]. It is clear that o, € N and o, a D. 
One can see immediately that if p= p? ^ o, then 0p == 9. Since õ depends 
integrally on v, there is at least one prime in 0 which lies over p. This prime 
is obviously one of the ideals J, © -, py say pi The ideal q == q, ^o, is | 
a with p as its associated prime.. Moreover, q ° Pl Q*,. If then 

= Jt - q, q* is the desired ideal. 

Theorem 7.2 enables us to extend the results on v-ideals which we Jure 
thus far obtained to the more general case of v-ideals of dimension r— 2 in a 
ring of the type 3—=K[&,-«-,4 J, of degree of transcendency r over K, 
provided the v-ideals belong to valuations whose. centers define simple sub- 
varieties of the V, associated with 3. This is discussed in the next section. 


8. V-ideals in rings of algebraic functions. We consider a field 
X= K(h,: ~-,&) of pee functions of degree of transcendency 1 over K. 
The rig X= K[é,- - -,é&] defines a model V, of the field 3. Let B be an 
(*—20- -dimensional valuation of & ida that its valuation ring contains \. 
We assume that the center of B in & is a prime r— 2 dimensional ideal p- 

“whose associated variety is a stmple subvariety of V.. We suppose that the 
non-homogeneous coordinates é, > >, é of the general point of V, have been 
selected! so that if R = K[&,--+-,&], Pm pa R, M = Rp and N mm Xy then 
the relations between the primary (r— 2)-dimensional ideals in X and M 
described in Theorem 7.2 hold. It is permissible to assume that’é,,- © ©, r2 ` 
are algebraically independent modulo P. We denote the field K (é> © +5 €r-2) 
by A, and instead of é-. and é we write z any y. ` It is evident that the ring 
o = A[z, y] is-between the rings Mt and R, RC oC R. It is well known 
that the ideal P — oP is a prime ideal in o of dimension zero with respect to 
the field A. Moreover; it is easily seen that the quotient ring op coincides 
with M. - 2S 
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Together with the valuation B we consider all r—?2 dimensional valua- 
tions of 3 which have the ideal p in Ș as center. The ring ș is then contained 
in the valuation ring of any such valuation. Each valuation B of this set 
induces a valuation B, on the field A = K (é, <, é). Since é,’ © +, éra 
are algebraically independent modulo P, we conclude that o is contained in the 
valuation ring Bo of By. Moreover, the center of By in o is P, and B, is of 
' dimension zero with respect to the field A. 

If q is an (r——2)-dimenstonal v-tdeal in Nt for the valuation B, then 
Q= qao is a zero-dimenstonal valuation ideal in o for Bo. Moreover,- 
M-Q—=q. The fact that Q is a v-ideal for By is obvious. To see that 
N- Q — q we need only note that since WM =. op we have W: Q == qa M and 
hence by Theorem 7. 2, N- Q =q. 

It is a well known fact that if Bo is any valuation of A which is of dimen- 
sion zero with respect to the field A, and has its center at P in o, then there 
exists at least one valuation B of % whose valuation ring contains 93¢ which 
induces the valuation B, on A. Moreover, this valuation B has its center at p* 
in Jt, and it is of dimension r—— 2. We conclude that if Q 48 a zero-dimenstional | 
v-ideal in o belonging to a valuation with origin at P, then there is an + —2 
dimensional valuation ideal q in N such that qe o= Q. By our previous 
remark we must then have q == Jt: Q. | 

We thus see that there is a 1:1 correspondence between the (7-— 2) 
dimensional v-ideals in R and the zero-dimensional v-ideals in o which belong 
to valuations with center at P. The correspondence is such that if q and Q 
are a corresponding pair, then q is the extension of Q, Q the contraction of q. 
In view of this fact, the results which we have previously obtained for the zero- 
dimensional v-ideals in o carry over automatically to the r—?2 dimensional 
v-ideals in %. More precisely, all of the theorems of Section 5 are true if 
instead of reading “ v-ideal in o ” we read “ y-ideal in Jt.” 


9. V-ideals and birational transformations. In order to expose the 
geometric significance of the simple v-ideals in Jt, it is necessary to have some 
type of birational transformation of V, which will reduce a given simple ideal 
in kind. We can construct such transformations by slightly modifying the 
de Jonquiéres transformations studied in Section 6. 

As a base for the ideal P we have the quantities f(z), y— g(x) defined. 
in Section 6. The coefficients of f and g are in A. Since M = op we conclude. 
that P* == M - (f(z),y—g(z)). We must then have p* == R(f(x), y — 9(z)). 
The functions f(x) and y — g(x) are, therefore, uniformizing parameters 
along the r— 2 dimensional subvariety V+. of V, defined by p(p == p* a X). 

If B is an r— 2 dimensional valuation of % with center at p* in N, we 
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may assume that vs(f(z)) Sva(y—g(z)). (I£ the opposite intquality 
holds, we may reverse the roles of z and y). The quantity y’ = (y — g(2))/ f 
ig then contained in the valuation ring B of B. We consider the ring 
Y = Sly] =K[é, : ény]. Since both X and y are. in H we have 
P 28 Y DI. Associated with SV is the algebraic variety V’, in Sn. whose 
general point is (fn +, é:, y y The varieties V’, and F, are birationally 
equivalent. l 

If N is an ideal in %, and W an Jia in § ‘we shall say that the sub- 
varieties V (AX) C V, and V (W) C V’, A to one another in the bi- 
rational correspondence between V, and V’, if Wag=—M. (This simple 
definition is made possible by the fact that the ring Y contains %. A more 
general definition due to Zariski says that Ve C V, and V’p C F’, are corre- 
sponding irreducible subvarieties provided there exists a valuation of % which 
has center at Vo on V, and at V’p on V’,). Any prime ideal p’ in X such that 
p'^ X =— p must obviously be of dimension greater than or equal to.1— 2 
Moreover, for any such ideal p’ we have 


P Xp F(z), ¥— 9 (@)) = SF LY) = SF. 

It follows that every subvariety of V’, which corresponds to the subvariety 
V,-4(p) on V, must be on the variety defined by Yf on V’r. In particular, 
the center p’ of the valuation B has the property p’ - X = p, and p’ is of dimen- 
sion r— 2. Since this is true of the center in YY of any r— 2 dimensional 
valuation B (with center at p in 3) which satisfies the condition vz(f) 
<= vg (y—g), it is obvious that there are infinitely many r——2 dimensional 
ideals p’ in Y which contract to p. In this sense, the variety V;2()) is 
fundamental in the correspondence between V, and V's. — 

We fix our attention on a particular valuation B with the above property. 
We denote the quotient-ring X'p by W. It is evident that B D JY D N, where 
B ig the valuation ring of B. We apply the de Jonquiéres transformation 
J: g =x, y = (y—g(z))/f(x) to the ring o. This extends o to the ring 
of = Af2’,y’]. If B, is the valuation of A which is induced by B, and if P 
is the origin of By in o’, then we denote the quotient ring o’p by De’. It is at 
once clear that M C MV CM. The relation between the v-ideals in Wt and 
WY are the same as those which hold between the v-ideals in o and those in 0’ 
which were described in Section 6. 


THROREM 9.1. If q w an r—2 Tan v-ideal in g, then 

‘a WY — Q’ is a zero-dimenstonal v-ideal in W, and WQ == q. Conversely, — 

i Q’ is a zero-dimensional v-ideal in W, then WY = is an (r—2)- © 
dimensional v-ideal in W, and qo W =Q. , 
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Proof. The fact that ga WY is a v-ideal Q” in MY is evident. To prove 
that WQ’ =’ we need only show that q =0 (WQ). Let h be an integer 
such that f*Q’ Mt is a v-ideal Q in Wt. (By Theorem 6.4 there exists an 
integer A such that PQ’ a M — Q, and VY = FQ.) .We suppose that h is 
the smallest integer with this property. It is easily verified that f*q’ 9 DY 
= fig’. As a consequence of this, fq’ W= Q. If q denotes the ideal 
Pao aM, then qM = Q. The ideal q must divide NQ. Since N-Q is a 
primary ideal belonging to p*, the congruence NQ = 0 (q) implies that q is a 
primary ideal belonging to p*. By Theorem 7.2, we have N: Q =q. We note 
that if k Z= h, then FQ a M = P***Q. Since f*q’ > M = fQ we conclùde 
that Fq a WM — P*¥*"Q, Hence if A = FrN, then Ya P = P*F*O and 
M — N (PER. Q) = p*r. q. 

Let a be D element in q’. Since @ is in W, we can write a == ġ/y, where 
$ and y are in <3’, and y £0 (p). Now as an element of Y, we can write 


p = o + ay + oH any" uC ICN 
Consequently, 


ya = laf” + af" (y — g) +: > t aly — 9)" 1/f". 


If o is the larger of the two integers h and m, then we have f*ya 
= 0 (f aN). Hence feya=0(p***-q). We thus see that 


fopa = piq be + pegi 


where qı,’ *',qe are elements of Q, and pı, `<, p:e are in p***,* This 
follows from the fact that q =N: Q. In W, we have q; = Pi, i= 0 (Q), 
and in 93’, we have p; = ii 1,, Where n’; is an element of W. Hence, in W, 
we have 


Fpa = P (wart: > o H wag). 


We therefore conclude that ya = 3n’4q’ is in WQ’. Since y is a unit in the 
quotient ring W, a = 0 (WQ). This proves that WQ =g. — | 

Conversely, let Q’ be a v-ideal in Mt’, and let Bo be a valuation of A for 
which Q’ is a v-ideal. Let B be an extension, of By to X whose valuation ring 
contains W, and let q’ be that v-ideal for B in YY’ which satisfies the condition 
vp(q’) = v(W). We must then have q ^ WY = Q’. By the first part of 
the theorem this implies that WQ’ = g. 


COROLLARY. The subvariety V’(q’) of V’, which is associated with p’ 
is a simple r—2 dimensional subvariety of Vr. 

Proof. Our theorem implies in particular that p*, the origin of B in WX 
is the extended ideal of the ideal P*’, the origin of Bo in W. Now P a 0’ = P 


NY 
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is a prime zero dimensional ideal.in o == A[a’,y’]. Just as the ideal P in o 
has as basis the two elements f(x) and y—g(z) so also P has a basis con- 
sisting of two elements. These two elements will serve as a basis for p®” in 
W, since p*’ == WP. The two elements are therefore uniformizing parameters 
at pr. Hence V’(p) is simple. 

° The question of the behavior of the v-ideals in Jt under the birational 
transformation T between V, and V’, can now be quickly settled. In fact, 
it is essentially the same as the behavior of the v-ideals in M under the trans- 
‘formation J. 


THEOREM 9.2. If q is an1—2 dimensional v-ideal in N for the valuation 
B, and if h is that integer such that q = 0 (p**) , q £0 (p*™), then Wq = Ai 
where q 8 a v-rdeal for Bin W. Moreover, Py e St =q. 


Proof. Let Q—=qe M. Obviously, Q = 0 (P**), Q@5%0(P**"). Hence 
PY == PQ, where Q’ is a v-ideal for the valuation B, which, B induces on A. 
By. Theorem 9.-1, W (FQ) == f'g where q is a v-ideal for B in W. We thus 
have WQ == ftg. Since q= NQ, we have Wq = f'g. Since Py °M = Q, 
it follows immediately that f'q’ ° N = q. 

In exactly the same manner, one can prove the following two theorems. 


THEOREM 9.3. If q is an r—2 dimensional v-ideal for B in W then 
there eatsts an integer h such that fro’ ts the extended ideal of a v- pe é 
for Bin N, and fro oN —g. If k is any integer larger than h, then fra’ 

— pF. q, and W - (pFF*-q) = Fg. 


Turorea 9.4. If Pa is the simple ideal of kind h for B in n, then 
WP, — P'ra where P’y_, is the simple v-ideal of kind h —1 for B in W. 


We say that if q — fad’ then q’ is the transform of q by the birational 
transformation T between V, and V’,; in symbols T (q) = g. 


10. . Geometric interpretation of the results. The results which we have 
thus far obtained run parallel to those obtained by Zariski in his paper “ Poly- 
nomial ideals defined by infinitely near base points.” As is to be expected, 
an entirely analogous geometric interpretation can be given to them. 

Let 9 denote the quotient ring along a simple r — 2. dimensional sub- 
variety V of an algebraic variety V,. Let Pan be a-simple v-ideal of kind 
k-+1in &.’ We associate with Pra an 7— 2 dimensional subvariety Vis 
infinitely near V and in the k-th neighborhood: of V. The base locus 


B( Puss) tees Finy,’ e.’ Fr Views 
of Pr, and the effective multiplicity s; of Px at Vs are defined by induction. 
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` We define B(P,) to be V, = V. By Theorem 5.6 the v-ideals which precede 
Pe are uniquely determined by Pru. Let qa be the v-ideal which is the 
immediate predecessor of Psn, and suppose that gy = P,a: P,a- + +> Pph 
is the unique product decomposition of qa. B( Px) is defined by the relation 


B( Pras) = [B(P:) 1+ [B(Pa)] = > [B(Ps)] Vra. o 
_ It is postulated that if | 


B(P ia) = VaV a Vi Vin 
BCP a3) — Vay a” = VV gas 
then: B ( Piss) j B(P i) sm Pe . V Kata oe 


If Vr is an (*—1)-dimensional subvariety of V, which corresponds to an 
ideal Y in X, we shall say that F,- passes through the base locus B( Pi) with 
virtual multiplicities Sı, 82,° + *, 8,1 if 


N- A = 0( Paar). 


The following two properties of the base locus B(?x,:) can be proved on 
the basis of our results in exactly the same way as the analogous properties are 
proved in Zariski 2 (Section ae: 

1) If B( Pua) = Y,8i+- > -- FV in, then Paar = 0(P 24), Pin 0 
(P,#:*), Geometrically speaking, a VY; on V, which passes through B (Pru) 
must have V, == V as an s,-fold subvariety. ) 

2) If Pp == T (Pius) where T is the birational transformation studied in 
the preceding section, and if B(Puu) = Vit: >- Ve”Vra then B(P’x) 
m V7 > o Vka V’ Property 2) shows that the base locus B (Pran) behaves 
under the transformation T in exactly the same way as a set of points infinitely 
near a simple point of an algebraic surface behaves under a birational trans- 
formation which is locally quadratic. 

The definition of the base locus can be extended to any power product of 
simple ideals by requiring that B(%-%8) — B(A): B(B) for any two ideal 
N and B. If Wis a power product of simple v-ideals in Jt, and if A is any 
1 — 1 dimensional ideal in $, then the condition N- A = 0 (Q) is the arith- 
metic equivalent of the geometric condition that the variety V(A) pass through 
a certain cluster of varieties nen near V with certain effective multipli- 
cities. 

As a final remark we point out that inasmuch as the transformation T 
reduces the kind of a simple ideal by one, it is always possible to “ resolve ” 
a given base locus by the successive application of a finite number of these 
transformations. In other words, after applying a finite succession of these 
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transformations one obtains a variety V’, birationally equivalent to V,, on 
which all of the varieties in a given cluster of varieties infinitely near V,.2’s 
appear as proper subvarieties at finite distance from one another. 
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PROPERTIES OF THE COEFFICIENTS OF THE MODULAR 
INVARIANT J(z).* 


. By D. H. LEHMER. 


Introduction. The fundamental modular function J (r), defined by (6), 

~ and known as Klein’s absolute invariant, has been investigated for rather more 

than half a century. It is only in recent years, however, that some attention 

has been paid to the.coefficients in the Fourier series for J. These coefficients 

become integers on multiplication by 12° and so it is customary to deal with 

the function | . ) 
jfr) = 1728 J (7) 


whose Fourier development is 


(1) f(r) = oF! 4 744+ 196884 e?7iT + 21493760 eiT 4 >>. 


= 9 Qtr 
v — q — é 5 


we may write (1) as? 
oO 
j(r) = De(k)at, 


A convergent series for c(4}) was discovered by Petersson [1] in 1932 and 
by Rademacher [1] in 1988. This series ig too complicated to use in deriving 
the properties of c(4:) considered in this paper.* It shows at once, however, 
that 


(2) co (l) ~ 2p esr VE 


so that e(k) tends to infinity even more -rapidly-than the partition function 
p(k). | | 

The function c(&) is, as a matter of fact, more closely related to Rama- 
nujan’s function +(#) defined as the Fourier coefficient of the fundamental 
elliptic modular function 


* Received July 26, 1041. 

7 It has been usual to write o, for ¢(&). The present notation avoids future typo- 
graphical complications and is similar to that used for coefficients of other modular 
functions such as F(X), o,(k), p(k). --. 7 

7It was used by Rademacher [2], however, to show that a funétion j(7) with these 
coefficients is indeed a modular invariant. 
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a z m 
A(1, 1) (2r)? = A (7) = af (1a) (1) (1) “+m È elk), 
g 


7(k) is of much lower order than c(k). In fact Rankin [1] has proved that 
(3) r(k) = O (k7). | 
Perb&ips the most interesting property of r(k) is its multiplicative property 
(4) r(m)r(n) = 7 (mn), 


where m and n are coprime integers, discovered empirically by Ramanujan [1] 
and later proved by Mordell [1]. This enables one to compute r(#) at once in 
terms of earlier 7’s except when k is a power of a prime. In this case one has . 
the formula | 


(5) (p°) = +(p)+(p*) —pr(p™), 


so that the problem of determining r(k) is reduced to the case in which k is a 
prime p. In Section 3 of the present paper we show that precisely the same is 
true of c(&), namely that if k is composite, c(#) may be expressed in terms of 
earlier c’s alone. Such simple formulas as (4) and (5), which are compatible 
with (3), cannot be expected to hold for c(&) in view of its asymptotic formula 
(2). When k is a prime, c(k) is best calculated in terms of r(n) and o1:(”) 
(the sum of the 11th powers of the divisors of n) by formula (10) derived 
in Section 1. 

In Section 2 part of the theory of the transformation equation of the n-th 
order has been modified to prepare the ground work for the properties of c(k) 
established in Section 3. In Section 4 certain formulas for the coefficients of 
j’(r) are derived, the multiplicative properties of which are briefly considered 
in Section 5. 


1. The function c(#) and its congruence properties. Klein’s modular 
invariant j(r) may be defined by any of the following expressions involving 
familiar elliptic functions :. 


j(r) = 128I (7) = 2° (1 — k? + Bt) Pe (1 — k) = [1290 (1, 7) ]°/A (1, 7) 
== [12g]®/ (g2 — 2% go") — B [0:5 + 5° + 0415/02030 
(6) — (120) (Q5 — R) = {1 + 240 mien (1 — gm) yeg 
(=a (2) e 
(me ot + 744 + 1968842 + 214937602? -+ 8642999707" +: ` - 


=F o(k)a*. 
k=-1 





The functions Q and R are, in the notation of Ramanujan: 


3 
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(3) o Q(x) = 1 + 240 Zol) 


(8) R(£) = 1 — 504 X os (v) 2” = — 504 X os (r)? 


in which ø,(n) is the sum of the r-th powers of the divisors of n, and 
os (0) == — 1/504. 
Comparing the 6-th definition of j (r) with the 7-th we see that 


Q — R? = 12%2{(1—2) (1—2?) (1—at) - --}*# — 1728 È r(m)ar, 
Hence we have 
(9) G(r) — 12°) È r(m)a” —— R? = 5047 > os(v) 0°)? 


oe) 
= 254016 X S55" a” 
n=0 


where 
Zss™ = 05(0)o5(n) + o5(1)o5(n—1) +: -+ 05(1)o5(0). 


This numerical function is not one of the 9 functions of Ramanujan which can 
be expressed in terms of o,(k) alone. His analysis, however, may be applied 
with the result that 3,5") involves both o1,() and r(n) as follows: 
65 3 
RR eS oe fase 
ea aa OH) — Boz TU). 

Substituting this into (9) and identifying coefficients of «”™ on both sides we 
have 

(10) r(m +1) + 24r(m) + c(1)r(m—1) + c(2)r(m—2) +--+ -+ c(m- 


a oO Con (m) —2(m)) 


a formula from which c(¥) may be found recursively in terms ? of r(n). 
Ramanujan’s remarkable congruence 


r(m) =u (m) (mod 691), 


follows from this formula. If we were to take c(0) to be 24 instead of 744, 
we could write (10) in the form + 


"A table of r(n) for »=30 appears in Ramanujan [1]. A manuscript table of 
T(n) for #200 is in the possession of the author. 

‘Another reason for setting o(0) = 24 is that this is the result of substituting 
k = 0 in the Petersson-Rademacher series for c(k). The invariant properties of J(r) 
are of course independent of c(0) and our final formulas.of Section 3 do not actually 
involve this additive constant. | 
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Pe — Ze) rh Se His 465580 (Gb a E 


A table of c(k) for k < 24 has been given by Zuckerman [1]. It was 
computed by a formula relating c(k) to p(25m — 1) for m= k, values of the 
partition function being obtainable from tables of p(k) for k= 600. This 
sam@ formula can be inverted to compute values of p(25k — 1), beyond the 
range of tables, in terms of c(m) for m= k. For example by (22) with 
k = n= 5, we readily find that 


e(25) == 12 18832 84330 42251 04333 51500, 
from which it follows that 
p(624)== 15289 37881 13516 82750 63375. 


Zuckerman’s values of c(k) have been recomputed by methods of the present 
paper and found to be quite without error. 
The functions r(k) and e(k) both possess congruence e with 
respect to small moduli, a few of which we mention here. 
The congruence 
(k —1)r(k) = 0 (mod 24) 


is implied by one of Ramanujan’s formulas for r(k) and follows at once by 
taking the derivative of both sides of the generating identity 
OO 
{(1—2)(1—a*) +} E(k), 
kel 
An analogous congruence | 
| (k-+1)c(k)=0 (mod 24) 
follows from the derivative of the identity 


GD) aj(r) = È ett = OLE poe] — E peT + A, 


p(v) being the partition function and Z (here, and in what follows) denoting 
a power series with integral coefficients. 
For the modulus 5 we have 


(12) c(h — +) == p(k/25) 


— (**) — » (Fe*) +o (A) +0 a -+ (mod 5) 


where the numbers 0, 1, 2, 5,7,12,--- are the pentagonal numbers (3k? + k) /2 
and where p(x) == 0 if x is not an integer. 





and writing (11) in the form 


~ 


492 l D. H. LEHMER. | 


Tos} prove this we may appeal to the theorem that if b(a) is any power 
series with integer coefficients then . 


| [e (z) ]?® = (27°) + 5I. 
Noting, from (7), that l 
Q = 1+ 51 | ; 





So(k—1) at = [S [S p(v)or]* + 61 
= [È pve} TI (1— r) i 5I 
= [È p(o) [>(— yasmina] 4 651 


the congruence (12) follows from identifying cocfticients of 2. If k is not 
congruent to a pentagonal number modulo 25, that is, if 24k + 1 is a non- 
residue of 25, then all the terms on the right of (12) are zero. But if 244 + 1 
is a non-residue of 25, so also is k —1 and conversely. , Changing k—1 tok 
we may state that l 

(13) c(k)=0 (mod 5) || 

for k= 2, 3, 5, 7, 8, 10, 12, 13, 15, 17, 18, 20, 22,23 (mod 25). The number 
c(k) is divisible by 5 for many other values of k also, as a glance at the table 
or at (12) will show. The first c not congruent to + 1 or 0 (mod 5) is 


j 


c(89) = 3 (mod 5). 


For the modulus 7 the Pnn analogous to (12) ig more omnes | 
lk? 


(14)  2e(2k —4) —c(k—2) + c(k/2—1) ` 


= (a) E an 





` For proof we may write (9) in the form 


2(j(r) — 12") = RLS poo} 
If we square both sides and use 
| Lo(z) ]* = (z) + 7I 
and | TE 
R=1 +71, 
in view of (8) we have 


(5) PC) + 2C) +1) = (È plo)ater) (S (> iyase) ar 
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If we borrow the result (29) of Section 4 we obtain 


2¢(2k — 4) -+ c(k/2 —1) 4+ 2(c(0) +1) c(k — 2) | 
as the coefficient of 2* on the left of (15) for k-42. This gives (14) on 
comparing this coefficient with the conesponding one on the right of (15) and 
notfhg that 
2(c(0) + 1) = 1490 = — 1 (mod 7). 


The analogue of (13) is 
2c(2k) + c(k/2) =c(k) (mod 7) (k0) 
if k is a quadratic residue of 49. | 


More complicated congruence properties of c(k) exist for higher moduli,® 
but these we omit. 


2. The absolute invariant F,(7). Before deriving the multiplicative 
properties of c(k) we develop very briefly some properties of j(r) which are 
closely allied to its so called transformation equation (invariant equation) 


Bu (j(mr),7(7)) = 0 
The present treatment is really part of a simplified theory of an equation of 
which ©, is an irreducible factor. 
Let n be any positive integer. In terms of n we define a set X of co(n) 
triads of all positive integers 
for which 
då =n and 0<h= 8. 


For each triad T of % we define an associate triad 
= (d, k,g) 

as follows: 

d’ is the greatest common divisor of 8 and h, so that 

: == nd’, where 7 is prime to §/d’, 

= n/d and 
i == dy’, where 7 is the least positive solution of the congruence 
m =— 1 (mod 8/d’) 
Since 
0 < hh! dy S d8/d = n/d = 7, 

T” belongs to ž. 


3 For example (10) gives a congruence property modulo 68620, In connection with 
the modulus 23 we note an error in Hardy [1], p. 166 equation (10.4.3): 7(23) 540 
{mod 23}. 
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THEOREM 1. The triad associated with T’ is T itself. 


Proof. Let T” = (d”,h”, 8’) be the associate of T’, then d” is the 
greatest common divisor of & and h’. But 


` mm n/d = (8/d')d 
and h’ = dy’ and since 7’ is prime to 8/d’, 


a” =d. 
Also 
&’ — n/d” = n/d =ô. 


It remains to show that h” == h. Now h” = d'y” where 


yf =—1 (mod ¥/d”). 


But 
S/d" = ¥/d = n/d = 8/d' ~ 
go that 
7 =n (mod 8/d’). 
Therefore 


h” == d’y =h. 
. Hence the theorem is proved. We have at once 


THEOREM 2. The set of the associates of all the triads T of Z 1s the set 
= itself. 


THEOREM 3. Let f(r) be any absolute modular invariant so that 
lT + As 
t = (EE) 
whenever 4,4, — -ās = 1. For each triad T = (d, h, 8) we define 


fr(t) =f ( (dr +h)/8). | 
Then 


fr(—1/r) — fr (r) 
where T” is the assoctate of T. 


Proof. Let | 
y= 5 s 


Then it may be verified that 
ati + ds 
Ast, F l4 
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where . ; | . 
, : 
1 
t= y, l = a > as = /d', Qa m = 7). 
Moreover the a’s are integers such that a,a, — ded, = 1. 
Henge 


f(r) = f (72), 


s0 that 
fr(— 1/7) = fr (r). 


THEOREM 4. Let 

Telashe ~ ae n 
-~ be all the triads of 3 and let 
fri (r) = F( (dir + hi) /8s). 


Then the set of these o,() functions of r is merely permuted when r under- 
goes any transformation of the modular group. 


Proof. Since the group is generated by the two substitutions 
(16) Tort! 
(17) 7T>— Í Vi T 


it suffices to prove the theorem for these substitutions alone. For (16) we 
have since f(r + 1) = f(r), 


fri (r +1) —f( (dir + h + di) /8s) = fr, (7) 
where 
re = (di, h*,, 83), 


~ the numbers h*, being the least positive residues of hı + d; (mod 8;). It is 
clear that as T runs over X so also does T*. For (17) we apply Theorem 3 
and Theorem 2. This completes the proof of Theorem 4. It follows at once 
that any symmetric function of the fr,(r) is an absolute modular invariant. 
In particular if the symmetric function is the sum and if f(r) — 7(+r) we have: 


THEOREM ° 5. The function 


* This theorem is a special case of Theorem 9 of Hecke [1] where the function j, 
which is of “type (0,1),” is replaced by any modular form of type (— 4,1) with k=0. 
(His assumption that k be an even integer 24 may of course be dispensed with here}. 
Theorem 6 also follows from the consideration of the roots of the equation 

WI, (7 (87), 7(7)) = 0 

Sin 
where $;==0 is the classical transformation equation mentioned above. (See, for 
example, Fueter [1]). 
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+ l , é : è 
(18) P(r) == > jr(r) — > >, 3 ( (dr + h) /8). 
T dé=" kol 
1s an absolute modular invariant. 


THEOREM 6. There exist n-+ 1 integers 
| Ao, Ag+ + +, Ag, with A,™ =i 
such that 
(19) En (7) == Š a P(r) 
Proof. If in (18) we expand each nf in Fourier series we obtain 
F(t) = z Ş o(m) ermtnrn/t 3y 3 ezr ihmi, 
iin sae 


The sum over » has the value 8 or zero according as m is or is not a multiple 
of §. Setting m = kå, and s = e?***, we obtain 


(20) Pat) = oe 4 zS c (k8) a, 
‘Since = 
j(r) =a + 144 + 1968842 -+ - 


it follows that F,(r) — j” (7) has a pole of the (n —1)-st order at z= 0, and 
has integer coeficients. Hence there is an integer A, such that 


F (1) — j*(r) — A mjni (7) 
has a pole of the (n— 2)nd order at v==0, and has integer coeficients. 
Finally there exists an integer Axn™ such that 
(21) G(r) — Fa (r) = j4 (7) Aj (7) — $ ALD (r) — Aa 


has a zero at c= O0. Now the function 
G(r) = 2 in (r) — > Ae J (7) 


is regular and bounded in the fundamental oa (i, œ, 100) of 7(r) wherever 
j(r) itself is bounded, that is except perhaps at r== tœ. But G(r) is bounded 
there also, and in fact even tends to zero ag r-—» 10 since x — 0 there. Finally 
G(r) is an absolute invariant since Fa(r) and j*(r) are. Hence, by a well 
known theorem, G(r) is a constant, and in fact G(r) = 0, since G(t0) = 0. 
Hence the theorem follows from (21). 


3. Multiplicative properties of c(k). Our investigation of the coeffi- 


? 
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cients c{(k) of jt is closely connected with the coefficients of F,(1)s These 
we denote by s,(k) so that | 


Palt) == 3 sa (k)2*. 
in 
Inspection of (20) gives 


° THEOREM 7. 


1 . k= — n 
0 — nák <0 
8n (k) = ai(m)c(0) . k == 0 
Í n > c(kn/8*) /& k>0 
8] (m4) 


_ where in the last case the sum extends oper all divisors common to n and k 
Thus . | 

Sa (1) _ ne(n) 

8y(k) = po(pk) + c(k/p) 


where p is a prime and c(z) —0 if z is not an integer, 
s(t) = 4e(4k) + [1 + (—1)¥] e(k) + 0(k/4). 


The following theorem expresses s„ (k) in terms of ay(A), with y < n, and ) 
is the source of our multiplication formulas. 


THrorem 8. If k 0, and n > 1, then 


(22) sy(b) = È e(t — Asna (A) — S e(n — 1 —'u)sp(k) + e(n + 1). 
=1 ‘ H-1 D 
Proof. By Theorem 6 
Pa(t) — f(s) Paa (7) = È {A — AGP (7) 


where we take A,‘*"-? to be zero. This polynomial in j(r) is really of the 
(n —1)-st degree and may be expanded as a linear combination of Fy(r) for 
y = (), 1,2, © *,n— 1, where, for sufficient reasons, we define 


t , l Fo(r) = — 1. 
Hence we write 


F(t) — J (1) Paar) == SB Fy(r), 


n-1-¥ 


_ where the coefficients By*),- - -, B-D are to be determined. If we imagine 
both sides expanded in powers of z, we find on equating coefficients of 2* for 
k0, 


(23) s(t) — Š ee —asa) =È F Bint s (k). 


a-i~-p 
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Setting k =— m, where 1 <m <n, and using Theorem 7 we find only a 
single term in each of the above sums different from zero, namely the first 


term of the left sum, and the m-th term of the right. Thus we have 
—e(n—1—.m) = Bim) (m = 2,3,-°+,2—1). 


For k = — 1 we obtain è 
— e(n — 2) — 8n- (0) = Bley, 


We have thus obtaincd all the B’s that occur in (23). Substituting their values- 
into (23) and recalling that Sn-ı (À) == O for A= —1,—2,---,—n+2 and 
that s„-ı(1 — n) = 1, we obtain the formula (22). 

It is worth pointing out that (22) does not actually involve c(0). In 
fact s,(0) does not occur and the two terms involving ¢(0) cancel each other. 

We are now in a position to consider multiplication theorems giving c(nk) 
im terms of previous c’s. These come from (22) on substituting for the s’s in 
terms of the c's. The simplest of these is the duplication formula (n == 2): 


s(t) = È e(t — A) 5, (A) — o (0)s: (k) -+ e(t + 1) 


which becomes 
k-1 
(24) 2c( 2h) =m S c(A)c(k—à) + 2c(k + 1) —c(k/2). 
‘ A= 
For example for k == 5 and 6 we have 


¢(10) = c(6) + ¢(1)c(4) + ¢(2)0(3) | 
o(12) =c (7) + o(1)0(5) + 0(2)e(4) + 6(3) (e(3) —1)/2 


Similarly for n == 3 the triplication formula is 


30(3k) =Ze(k—a) [20(2d + 6(A/2)] + 2e(2k + 2) + e( (k + 1)/2) 
+ c(k +2) —c(k/3) — c(1)c(k), 
so that, for example, 


3e(12) =m 2c(2) [e(4) + c(3) | 
+ o(1) [26(6) — e (4) + ¢(2)] + (8) + 2¢(10). 


Quadruplication is accomplished by the formula 


TECH — = c(k — A) [3¢e(8A) + c(A/3)] + 38c(8k + 3) + c(k+ 3) 


F ve (+ 1)/3) —o(k) [1 + (—1)*] —c(1) [2e(2k) + 0(k/2)] 
—c({2)c(k) —c(k/4), 


and so on. 
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It should be noted that the first sum on the right of (22) involves the 
term 81(k +1) and hence c(kn + n— k— 1), so that (22) cannot be used 
to compute c(nk) in terms of previous ¢’s unless n < k+ 1. This condition 
can always be met by taking n as the smallest prime factor of nk. This also 
insyres that the number k + n -+ 1 of terms of (22) is a minimum. On the 
other hand (22) may be regarded as a formula for c(kn -+ n— k— 1) 
~—c((k+1)(n—1)). Quite a number of other expressions for c(m) when ` 
m is composite 7 come out of (22). Thus if we note from Theorem 7 that 


ksa (hk) == 18, (2) (n > 0) 


the equation (22) has, for example, the alternative form 


k+l n-i 
Sn (k) = 2 e(k — À) sn (A) —1/k È pe(n—1— p)srle) + e(n + k— 1). 

= H=1 
4, Formulas for A,“ and e,(k). Thus far we have used the mere 
existence of the integers A,‘") of Theorem 6 to derive our multiplicative 
properties. These numbers are of some interest since they give certain func- 


tional equations of j(7), and are connected with the coefficients of 7”(r). 
These latter we denote by cv(%) so that 


P(r) = 2 Cy (k) a, 
Thus 


$ 
1 if k=0 
arenei aeee colt) =} inane 
By (19) we have 
n 68) 
(25) S sn (kja = SSA oy ()a¥. 
k=- r=0 kz-y s 


Setting k == 0, — 1, — 2,: - -,— n and using Theorem 7 we have 


2 1 lf p = n 
2AM e(— p) = 0 f0<cp<n 
TE | oi(n)c(0) ifu =0. 
These n + 1 equations determine the As once the cy(— p) are known. 
These latter may be expressed in terms of c(— 1), c(0), c(1),: : - (by means 
of the multinomial theorem) so that the same is true of-the A’s. Thus we find: 


A ™ oe 1 
A,™ om —ne(0) 


A(™ wz (z) c2(0) —ne(1) 


T When m is a prime, recourse may be had to the recurrence formula (10), as 
already mentioned. 
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Aa") em (5) c®(0) + n(n — 2)c(0)¢(1) — ne(2) 


Ag) m a) c*(0) —n in *) ee + (n(n — 3) /2)c7(1) 
| -+ n(n — 3)e(0)e(2) — ne(3). 


In these formulas for A, it is understood that the superscript exceeds the 
subscript. For A, one must add o,(n)c(0) to the above value. For example 


A,{*) m= 64(0) — 4c?(0)c(1) + 2c?(1) + 4¢(0)c(2) — 4c(3) + %e(0) 
== 85074 30000. 


For n == 2, 3, and 4 equation (19) becomes 


I(T) + 9(7/2) +90 (4 + 1)/2) = j° (1) — 1488 j (+) + 162000 
(26) 9(8r) + 7(7/8) + 9((r + 1)/8) + 9((7 + 2)/3) 
— j*(r) — 223242 (7) + 1069956j(+) — 368 64000 
j(4r) + ilr ARFI FAD PIa) 
1 +I lr + 3)/4) 
== jt (1) — 297648 (1) + 25336804" (7) — 5614 44609; (r) ` 
-+ 85074 30000. 


The coefficients cy(k) of j (t) are linearly expressible in terms of s,(k) 
as we see at once from (25). The actual expression is 


? 


(27) cy(k) -2 cv(— A) av(k) (k £ 0). 
In fact from (25) we have for k 40 
sn (k) =$ A ™ oy(K) (aa ea 
y= 


These v equations may be solved for the unknown cy(k) (since the determinant 
of the A’s is equal to unity) as follows ; 


(28) o Eo -> av (ANa (k). 


To determine the a’s, which do not depend on k, we set k == — u, where 
p = 1,2,3, © *,y. By Theorem 7, all the terms of (28) are then zero, except 


that for which A == a so that we have 
Cy (— p) = dv(p) 8u(— u) = av (p). 


This determination of the a’s aes (27). Since cv(— p) is a polynomial 
in the numbers ¢(0), e(1), eve - ; cy(k) may be expressed in terms of 
the c’s as follows: 
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ca(k) = 2¢(2k) + c(k/2)-+ 2c(0)c(k) : . 
(29) ca (k) = 3c (3k) + 0(k/3) + 8c(0) [2c(2k) + c(k/2)] 
+ 8[c?(0) +e(1)]o(h) > 
ca(k) = 4c(4k) + o(k/4) + 4¢(0) [8¢(8) + c(k/3)] | 
: + [607(0) + 4c(1)][2c(2%) + c(k/2)] + [4e (0). 
bs + 12¢(0)e(1) + 4¢(2) +14 (—1)*] c(h). 


In these formulas k40. For k= 0 additional terms are necessary; for 
example 
c (0) + 3¢(2) — 3c(0)e(1) — 4c(0) 
in the case of cs(k). | 
5. Multiplicative properties of c,(k). The coefficients cv(k) of 77(7) 
possess multiplicative properties similar to, but more complicated than those . 


of c(k). These may be found in quite the same way as in Section 8 with the 
introduction of the function 


Fa” (7) — 2 jr (r) = > > o (EB), 


n k=-[»/8] 
which is an absolute ere invariant, and hence a polynomial in j(r) of 
degree nv. For example as analogue of (26) 


Fr) (x) — j° (2r) + P (1/2) + 3° ( (7 + 1)/2) = jt (1) — 29767" (7) 
-+ 2535168j?(r) — 5636 58750; (7) -+ 87480 00000. 


The counterpart of the duplication formula (24) is in this case 


2¢2(2k) — $ oa(k — à) [c2 (à) — 2976c (à) ] + 25351680: (E) 
"5636 58750c(k) — c2(k/2) _  (k=€40). 
Substituting for the c,’s in terms of the c's from (29) gives incidentally ` 


another quadruplication formula for the c’s, more complicated than the one 
found in Section 8. 
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QUATERNIONS AND SUMS OF THREE SQUARES.* 


By Gorpon PALL. 


1. U. V. Linnik* has given essentially the following result: 


THEOREM 1. Let p be an odd prime. Denote by r(m) the number of 
pure and proper quaterntons © = 140, + tt + 13%, of norm m, where m ts a 
postlive integer such that 


(1) m =4 4k or 8k + 7, and (—m| p) = 1. 


Let ta be a solution of the congruence s = — m (mod p). For each æ con- 
sider the right-divisor (unique up to a left unit factor) of z + z: 


(2) To + t = zt, z and t integral quaternions, Nt == p. 


Then, if m is sufficiently large, every quaternion t of norm p occurs among the 
v(m) equations (2). ` 


Linnik’s proof is rather ingenious, but contains a serious error, in that 
on p. 377 he states that “the number of representations of a given binary 
quadratic form of determinant D ag a sum of three squares does not exceed 
CDt” and “this can be proved by methods similar to those of Gauss.” This 
statement is false for forms of the type kA? (IE + 2mé + nn?) if h is large 
(see our (41))}; and Linnik applies ? it for forms in which kh? may be as large 
as A%, A=In—m*. Direct application, in his article, of the true result 
introduces a large factor which would seem to vitiate his proof. 

In this article we shall revise his proof (which covers nineteen pages, and 
contains duplications, misprints, and. superfluous details), and apply recent 
results * of our own to: complete his demonstration of Theorem 1. | 

To facilitate comparison with Linnik’s Russian paper we add the following 
remarks. His result, tantamount to Theorem 1, is stated on page 365. He 
does not formulate it as a separate theorem, but remarks that its proof is the 


* Received June 4, 1941. 

1“ On the representation of large numbers by positive ternary quadratic forms,” 
Bull. of the Acad. of Sct. of the USSR, math. ser., vol. 4 (1940), pp. 363-402 (Russian). 

* Tbid., pp. 377 and 382. 

* References will be made to Pall I and II: I. “ On the arithmetic of quaternions,” 
Transactions of the American Mathematical Society, vol. 47 (1940), pp. 487-500; IT. 
“ On the rational sutomorphs of ,° + m, + œ,” Annale of Mathematics, vol. 41 (1940), 
pp. 764-766. 
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4 


chief difficulty. The r E which he applies our Theorem 1 to piota; and 
which is correct in view of our work, is as follows: , 


Let f be a positive ternary form with the invariants Oo p, A= 1, where 
p is an odd prime. Let (—f |p) —=1. Then every large integer m prime to 
p and consistent with the generic conditions of f, is represented by f at lgast 
_ ¢yh(— m) / (log log m: log log log m) times. 


On pages 390-401 he somewhat aketchily extends this.result (with m prime 
to 20) to forms f of invariants (Q,1), where Q is odd and contains at least 
one odd prime factor p such that Sa | p) = 1. His proof involves generalized. 
quaternions, and contains the same errors as in the earlier case. The correction 
of these errors may be more difficult. i oi 


i 


Í 

2. Notations. The letters a,- - -,e, t, © -, z, and'K, L denote integral 
quaternions of the type a = a, + hth + tal: + 4,0, with rational integers a;; 
and ia? ==— 1, etc. Latin letters f,- > -,s, and letters with os (except 
the quaternion units ¢,) denote rational integers. The letters xı, x2,- © denote 
positive constants independent of m, and — at most on p and «. Here 
e is any given positive number. . 

We call a pure, or a vector, if do == 0; pr byes if lis, Gy, Qe, dg) = 1, proper 
(mod k) if (do, di, Gs, Ga, k) == 1. The norm %a,? of a is written Na; the real 
part ao, 1 (a). Every a has eight left-associates + a, + Mat; we may speak of 
these as “one quaternion ” instead of eight. 


3. By adjusting unit factors we can confine ¢ in (2) to p-+1 non-left, 
associate quaternions of norm p. Let us assume, for the sake of contradiction, 
that one of these values t is missing among all r(m) equations (2). Then ? 
(or its associate) is also missing. For (2) implies 


(3) | Zo y = ži, y == — tat, 

where y is evidently pure, integral, and of norm m; also, y is proper, since a 

prime dividing y would divide m (= Ny) and pr (—— fyt). i 
Our assumption implies further that if z + m==0 (mod p*), and we 

consider divisors v of norm p*, 


| 


(4) To + T = Uy, Nv = p°, 


and factor v as 6”: - -tO (0 == + 1 or + ta), then neither ¢ nor È occurs 
among these factors of norm p. For, from 


(5) gece, Noar Fei 


follows zo +- beb == bat, where brb-* is another zv. 
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Linnik has the happy idea of choosing s variable with m : 


(6) mT S pt < pmè, 

where r is the fixed fraction (between 0 and 1/5) 

(7) è r = — $ log (1 — p™) /log p. 

Hence p°? == 1 — 1/p, and we have 
(8) p(p—1)** < 3p (1— 1/p)* = 2 (p) < amin 


Hence the number n of distinct divisors v which can occur in the r(m) 
equations (4) cannot exceed 8x,mi°", For, ¥ cannot be ¢ (by our assump- 
tion), and 2” can be neither ¢ nor F nor ¥, at least two of these being non-left- 
associate, and so on; (if F and t” were associates, v would be improper). We 
may observe that, s being variable, p(~—1)*" is not of the same order of size 
as the full number p° -+ p** of proper quaternions of norm p; this is the crucial 
point in Linnik’s method. | . o 

Let these n distinct v’s occur, respectively, for a@1,@2,° © *,@» distinct 
vectors ©. Accordingly, ° 


(9) ays oe -H an m 8r(m), n < Sxymb?”, 

We shall use the result of C. L. Siegel * that 

(10) ` Kom < r(m) < «gmat, 

Hence a? + + * ++ Gn? Z (a H H n)?/n Z m? mè, or 
(11) Oy? io eg? S mbee, 

We shall ultimately prove that (without any assumption) 

(12) ty? ++ + a? < mè 7 


and shall thus obtain the desired contradiction. . 

We observe, as in connection with (3), that 3 occurs exactly as often as v. 
Let us call (x,y) a conjugate pair if x and y are proper vectors of norm m, 
and any right-divisors of norm p° of x + a and of z + y are conjugates. The 
number of conjugate pairs is a,*-+-- +--+ ay’. 


4. Pairs (x,y) associated with binary quadratic forms. We formulate | 
a result from a recent article” (Linnik uses a similar result due to Venkov).° 
Let m > 1, and let [a] denote a set of four proper vectors 


4“ Uber die Classenzahl quadratischer Zahlk6rper,” Acta Arithmetica, vol. 1 (1935), 
pp. 83-86. l 

5 Pall I, pp. 496-497. The writer did not then know of Venkov’s result. 

e B. Venkov, “ On the arithmetic of quaternions,” Bull. Acad. Sct. USSR, VI series, 
vol. 16 (1922), pp. 205-246 (Russian). 
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| 
(13) T= hT F iota + 9g,  — Ty = UT, — hT — 192, 
toDt == — UT F ifa — hts, — tits = — hT — teta + ista; : 





of norm m. With every class of properly primitive binary quadratic forms ¢ 
- of determinant m is associated a process, expressed by (15) and (16), whereby 
every [z] is carried into a unique [y], and no two distinct [2]’s go info the 
same [y]. For a fixed [], as ọ ranges over the p. p. classes of determinant m, 


[y] ranges over all proper ys of norm m such that ) 


y= (mod 2), if m= 1 or 2'(mod 4), 


(14) [y] £ [— r] (mod 4), if m==3 (mod 8). 


That is, y runs over 4 or $ of all proper vectors of norm m. 
If ¢ = [k, 2h,1], h? + m = kl, the process is defined by 
(ib) h+o=mKL, h+y=L, 
(16) | y = LoL“ = Kak, 
where K and L are respectively of norms k andl. , | 


5. Conditions for conjugate pairs associated with $. Besides (15)- 
(16) if (x,y) is a conjugate pair associated with 4, | 


3 | 


(17) To + T == Uy, To + y = urd,» 
(18) + s+m=qp, Nu=q= Nu, 
(19) Lr=yL, KaomyR. ' 


H 
i 


If we replace vo by p°, g becomes g + 2a + p’. We thus secure 


| 
(20) (q,p) =1. : 
We can take ¢ to be reduced, and hence 3 
(21) DJA SESIL klS4m/3, k? S 4m/3. 

LEMMA 1. Let m > m,(p). For any conjugate paw associated with > 
(22) vK is pure, and p* | R wD). 


For, L(z + 2) = (a + y) L, or Luv = u* DL. | Since (q, p) = 1, VL has 
the same right-divisors of norm p* as u*oL.’ We can set 


(23) TL == wv, ` TR wv. 


T Pall I, p. 488, Lemma 2. 
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Hence v is a right-divisor ‘of the quaternion z— J5, and of 2, and óf 2+ 2 
= 22. Hence 2z, == ev, p* | 2200 where T is proper, p* | Zo: 


(24) p | RL), p*| R (78). | 
Trivially, R (UK) = R (vK) = R (Kv) = R (Kv). By (21s) and (6). 
(25) | R (oK)| < (Nv - NK)4 = (pth) < komèr, 


Since p* = mit, (22,) follows. For vE we have similarly 
| R (vÈ) | < pim; 
and would have R (vi) =— 0 if 1 < 2miv™™ with 7 > 0. Hence: 
Lema 2. If forn =r, or for any fixed » > 0, we. have: 
(26) | k= mkv 
then v is pure for m > m2(p, 7). 
Since v and K are proper,” we can set 


V =x yt, K = ik’, Nt = p, 0O=o88, No’ = prs, 


ole NK! == k == k/p?, while v’ K’ is proper and pure. 


The number of distinct values o cannot exceed x; log m < xem. 
From (15)-(19) we obtain 


To + z == wt, To -+ y == uti’, h+omik’L, 


AE atas, Breki 


Hence 2’ = trt is a proper vector of norm, m, and 

(29) Eq -+ 7 = tur’, K'y=vK',. h+ r= KIi. | 
Now vK’ = — ed, where e == K’, d= 7. Hence we have 

(30) | — elued == etuv K” == 6(% 4-2’) K’ = k (£o + y), or 

(31) | . k’ | aisd 


Since ed is proper, the greatest common left-divisor of K’ and d is 1, and we 
can solve K’z + dw = 1 in integral z and w. Hence 


k’ | etuedw = etue(1— K’z), k | etue, or 
(32) Rum 7K’, Z integral. 


7a Pall I, p. 491, Theorem 5. 
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Since K’ is proper, it follows as in (23) that k’ | R (etu), or 

(33) K’tu = fle’ + ib, + tobe ag isbs = fk’ + b, 

where f, by, be, ba are onal integers. We also set 

(34) VEK’ = ty, + tole + 1983 = 4. | > 


By (30) the real part of (fk -+ b)a= etw K’ is k’x,. Hence by forming the 
norm of ãé + (fk’ + b)y in two ways we obtain 


(35) ke’ (pes? + 2atoky + por) — ( fh’) 7 
= (aë — bin)? + (aé — boy)? + (36 — ~ ban) s, 


Thus every conjugate pair associated with ¢ jen for some o 19 a repre- 
sentation of ky as a sum of three squares, where 


(36) y = [p° 2a, pg — Prk’). 

However, only those representations in which 

(387) ais proper, and a, b have the same right-divisors of norm K’, 

need be considered in connection with conjugate pairs. We have 
(38) the determinant of y is equal to m — p* °fh’, 

| and since this cannot be negative, (6) shows that 

(9) | f | S mh Tp yk, 


Conversely, no particular complex of values f, a, b can arise for a given o 
from more than 64 conjugate pairs. For v’ (and therefore K’) has at most 
eight values as a divisor of norm p*~? of a; tu is given by (33), and as Ni = p° 
is prime to Nu, t has at most eight values; z’ and y are determined by (29), 
and == tig'i. 


6. Forms ¢ with large minima. We prove 


LEMMA 3. Let m > m, Let the mmiumak, k of p and ¢’ satisfy (26), 
and let (x,y) and (x,y) be conjugate pairs associated respectively with 
and ¢’. Then y =y. 


For by Lemmas 1 and 2 we can write (temporary notation) 


Ky == a == hl + toda + 290s, TL == b = ibi + tba + tabs, 
K'Y == c = A -+ 12C? + 1303s UL! = d = tud + toh -+ tada. 
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The vector parts of ab and cd are equal: : 
Kv: vL = pt(h+2), Kv: tl’ =p (KV 4 s). 
Hence, the first equality being determinant for determinant, 




















am bi h 
e Gy, Gz d; Cı Cz Cs 
Be Be a. ay eee ee ee ee 
| bs ds 
. Since ab == pt (h +2) is not real, a and b are not proportional. Hence there 
are real numbers A and p such that d= àa -+ pb, DL’ == AKv + pol = — ATK 


+ Mob, or I =—aK + pL. By (19), L's = yI’, y= Val! my’. 


COROLLARY 1. The number of conjugate pairs associated with all forms 
whose minima k satisfy (26) is, for large m, at most r(m) < xym**, 


7. The number of representations of a binary quadratic form as a 
sum of three squares, Let N be the number of solutions of 


` (40) g (le? + 2m + my?) =È (we + bm)? > 


in integers a;, b; Here y == [1], 2m, n] may be assumed to be positive, and 
properly or improperly primitive, A == In — m?, and g > 0. There is a general 
formula of ©. L. Siegel ® for questions of this sort, by which it is necessary 
only to caleulate explicitly the number of solutions of certain systems of con- 
eruences. This was done for (40) (among other examples) by Hel Braun ° 
in the case g?A odd, and our results agree with hers for that case. The general 
result for (40) is as follows: 


(41) : N == 24 [[ x(p), where 


x(p) = 4[1 + (—o| E) (— ra | ky)] if p—2, 
m= (14 257) (pl /] — 1) /(p—1) 
+O 40+ 24: --4 2) pv if p> 2. 


Here the product is taken over all primes p; and for any p, 


g= pk, A= pE, 7,820, ptkB, o—4(8—(—1)), 
r = $ (38 — (—1)?) ; a= (—1 | E) if p— 2; ¢— (— ky | p) and 
n= ((—)™E | p) if p > 2. 


s“ Über die analytische Theorie der Quadratischen Formen,” Annals of Mathe- 
matics, vol. 36 (1935), pp. 527-806. 

°“ ther die Zerlegung quadratischer Formen in Quadrate,” Jour. fiir Math., vol. 178 
(1937), pp. 34-64 (p. 62). _ 
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In the Regendre nae y is to be replaced by any number i a y and 
prime to p. Note that x(p) —1 if pf 2gA. 

In particular, if g is quadratfrei, so that y is ‘0 or 1 for every p, 
x(p) S1+5 if y =0, x(p) Æ 2 if y= 1, and N/24 does not exceed the 
number of divisors of gA, which is O(gA)¢*."° 

If we consider only the representations in which (a, dz, la, bi, be, b) = 1, 
N is not materially reduced ; for x(p) is replaced by 


(LEPEM + (@— 0) (LE Epo +) (pT) pr when BP 


8. Returning to (35) we waits W == Khe, where h? is the largest square 
ink’, > 0. Since v’R’ is proper and pure, W 3&0 (mod 4). 


LEMMA 4. Every representation (35) satisfying | (31) ts of the form 
(42) l a == Zež, b = zdž, f 


i 


where z is a proper quaternion of norm h, and c and d satisfy 
| E La" 
(43) (pret + Baot + (Pg — PKJ) = X (eé — din) 


By (3%), bā= 0 (mod k’h?). Let g be the left-divisor of norm h (unique 
up to a right-anit factor) of the proper vector a == zw m= — 2. Since ba = 0 
(mod k), Theorem 5’ of a recent article | shows that b = zw. Then ww’ = 0 
(mod h), w is proper, and h | Nw. The right-divisori of w must be Z, and we 
have (42). By (42) and (35), No = (Na) /h? wont Ie so, Nd == (Nb) / 
= (Hap? — (PP) /h8 =K gp — P'E), — ods = R (0d) — (sce) / 
— R (ab) /h? = ak’ /h? =m tok”. | 
Since d may be improper we write k” == kiks, d = h d’, where d’ is proper 
(mod k.).. We note that if k”==2 (mod 4), then 2| R(cd), 4| (cd), 
(43) implies 





(44) de = kx, + ky, y pure and integral. 
| 
For we have k” | Nc, k” | Nd, k” | Z cidi. Hence k, divides each of Ne, Nd’, 


and X cid’x, where c and d’ are proper. By Corollary 10,1? ka divides the vector 
part of d’c; hence k” divides the vector part of de. By (43), 


(45) Ny = m — pf khe. 


10 For example see Hardy and ‘Wright, Theory of, Numbers, Clarendon Press 
(1938), p. 259. ; 7 
11 Pall I, p. 492. 
12 Pall I, p. 493. 
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The condition bé==0 (mod kh?) requires that we find the number of. 
proper quaternions z of norm ‘ht such that zdcz = 0 (mod kh), that is, by (44), 
such that 2y’Z==0 (mod h). Write. y = hiy”, h = kiha, where y” is proper 
(mod ha). We have to solve wO | , 


(46) 2y% == 0 (mod ħa), Na==h, z proper. 
By (45) we see that h,? | m and that Ny” = m/h,? (mod hayes 


9. On the congruence (46). We recently proved * 


Lemma 5. Let æ be a proper vector of norm n, h be odd and positive. 
The proper quaterntons t of norm h such that taf 0 (mod A) are the same 
as the right-dwisors of norm h of Zo + £, where x ranges over the solutions 
To (mod A) of z ==—n (mod h). 


Let m be an odd prime. Varying our notations somewhat, we denote by 
tr in this section any proper quaternion of norm a’. In Lemmas 6 and 7, z is 
pure, and proper (mod z). We have first 


Leama 6. If w| Nz and t.ct,==0 (mod x), where r= 1, then the right- | 
divisor of norm m of t, is the right-dwisor of norm r of z. 


For we can write ty wn tgtyty, where r = k + 1-4 q, trh 0, ttgtigl, == 0 
(mod x). By Lemma 5, t, is the right-divisor of tgrfg of norm ~. This con- 
tradicts the properness of fof, unless g == 0. 


Let va be the number of solutions zo (mod mw) of z = —n (mod rt), 
where n = Ns. The vs non-left-associate solutions é of l 


(47) | tszi, = 0 (mod zt) 
will be denoted specifically by us. We have | 

Leama Y. Lebr2s20,r>0. The general solution t, of 
(48) tyr == 0 (mod z?) | 


is given by trgt, with tr. restricted only by the properness of trstts. Hence 
the number of non-left-associate i satisfying (48) is n’y, if s > 0, ii + at 
if s =Q. . 


The case s == 0 is trivial. Proceeding by induction assume the lemma to 
be true with s—k (122k Ss) in place of s. | We can factor any tr ag tr-sts. 
Tf (48) holds, either i) tszf, ==0 (mod 7*) and tr-a can be taken arbitrary, 


19 Pall II, p. 763, Corollary 6... | <a 
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which ig what we wish to prove, or 11) y == (t,2t,) /x** is integral, and proper 
(mod +) for some k, 1S ks. By assumption, in case ii), ts = tytls-t, 
whence v == t,wi,, w integral. Now tr-svir-s = 0 (mod «*, hence mod r), and 
by Lemma 6, the right-divisor of norm ~r of t,.. is equal to that of v, hence to 
that of &. This implies that t, is improper, so that case ii) is impossible. 


COROLLARY 2. Let ri (q È 0) be the highest power of r dividing y- 
` The number of ‘quaternions t, such that tyf ==0 (mod z") és | 


(49) w(i) if qgErE l, rv tfa<r, 
where v is the number of solutions a of a? == — N (y‘/**) (mod r"a). 


{ 
COROLLARY 3. If y is replaced by dAay’d where (Na, x) == 1, the number 
of quatermons tr in Corollary 2 is unchanged. 


Write h == mp"; + - mar," in powers of distinct odd ee Every proper 
z of norm A can be factored (uniquely up to left unit factors) as zp: ` * Ze, 
with z; of norm 7;7'. The congruence (46) becomes 


yu i ` laly ZiZa" AGA Zn == 0 (mod mii’ a apt), 
I 


and reduces to the sequence of congruences _ je 


; zy Z = 0 (mod m"), 23 (24/2, ) 22 = 0 (mod Fo"), ° 5 Bay 


and the numbers of solutions are, by, Corollary 3, respectively the same as those 
of zyz, = 0 (mod mj"), (t= 1,2,; > +p). | 


i 


COROLLARY 4. The number of solutions of (46). does not exceed, QOD AE, 
where £ is the number of solutions a of , 


| 


(50) | a? ==——m/h,? (mod ha). | 


Here y(n) denotes the number of distinct prime factors of n, and we recall 
that 2” = d(n) = O(n‘), where (n) is the numberof divisors of n. 

As for é, we have. << ah, A, where hg == (he, m/hy?). Hence the 
number of solutions of (46) does not exceed 


(51) (d(h))?- (hha) S (d(h))*0%, where p— (m, k’) — (m, k). 
10. We count the conjugate pairs. Linnik classifies the values k not 
satisfying (26) into r intervals ByBi. where r < x log m < xio m*, as follows: 


: A B; ba B: B, i B : 
0 1 ’ i mir irn) 
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Here AB, = mi” = fmi, AB, = mrn — jmi, ae 84 AB, 2 mais a 
gmt, 4 = mir == AB, < l, T— 1) <v LL < yr. 
Suppose then that we have a 


(52) | imi < k S m (S mbt), 


einnik states incorrectly that the number. of reduced forms of determinant 
m with a given minimum k (< m^) does not exceed xı m‘. The following 
example shows that this is false: m= 2° 34", k = 37", and the 2-3*" forms 
[32*, + 2-34), 7242-39] with |j |< 3"/2, 84 7. The true result is that 
the number of such forms is equal to the number of solutions of 4*==— m 
(mod k), hence does not exceed 2”) (k, m)”. 

The number of sets of forms with k in (52) having a fixed value for 
p= (k,m) is d(m) < xı: m€; and for a given o (where p° | k), the number of 
values k with given p does not exceed m*’/pp’. The number of values of f is 
bounded in (39),.where we can replace k by ¢m*”. Lastly, the number of 
values a, b does not exceed the number of values c, d satisfying (43) (which is 
< 24d(g.) < wig mE, gi =k’ (m — p*°ftk’)) multiplied by the number of - 
solutions z of (46), which we bounded in (51). Putting these together we see 
that the number of conjugate pairs associated with all forms not aun 
(26) does not exceed 





“44 
m 
AE aa EE noyt o nnie 





Ki4 pp 
for the least value of y, which is r — y, hence < Kıs mi Tine, 
Comparing this with the result of § 6, we have (12). 
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ON BOUNDED ANALYTIC FUNCTIONS OF TWO COMPLEX 
VARIABLES IN CERTAIN DOMAINS WITH DISTINGUISHED 
BOUNDARY SURFACE.* 


By Lipuan Burs. 


1. Introduction. In order to generalize certain methods of the theory 
of analytic functions of one complex variable for the case of two variables, 
Bergman introduced the concept of domains with distinguished boundary. 
surface (d.b.s). Such a domain is bounded by a finite number of analytic 
hypersurfaces (families of analytic surfaces depending on one real parameter). 
Their two dimensional intersection—the d. b.s. of the domain—plays a rôle 
analogous to that of the boundary curve in the theory of functions of one 
complex variable.* 

The simplest example of a domain with d. b.s. is a product domain, say 
the unit bicylinder || < 1, k= 1,2. It is bounded by the two analytic 
hypersurfaces | zę | = 1, | 2.4 | <1; their intersection (the d.b.s.) is the 
surface 2, = et. 

A more general class of domains with d.b.s. (the only one we will con- 
sider in this paper) consists of domains W? given hy the relation: 


Zi e B (22), | Za | < 1, 
where B (22) is the interior of a simple closed curve 


e(z): Z, = h (Z3, À) (OSAA < 2r) 





and h(z:,à) is an analytic function of z, for every fixed value af A* The 
bicylinder is also an M-domain. But it should be emphasized that an WM- 
domain is in the general case not a pseudo-conformal transform of the 
 bicylinder.* 


* Received May 10, 1941; Revised October 28, 1941. This paper is a modified trans- 
lation of a paper which was accepted by Compositio Mathematica but did not appear 
because of the war. 

1 See Bergman (1)-(8). The numbers in brackets refer to the bibliography. 

2 We denote manifolds by German letters, four dimensional ones by bold face capital 
letters, three dimensional by bold face small letters, two dimensional by capital letters 
and one dimensional by small letters. In operating with sets we use the usual symbols: 
e (element), C_ (subset), - (intersection), + (sumset), — (difference set}, Ep. . -] 
(set of points satisfying the relations enclosed in the brackets), ~ (closed set). 

3 Bergman (4), $§ 2, 3. . 

‘A pseudo-conformal transformation is a one-to-one transformation by a pair of 
analytic functions of two complex variables. 
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BOUNDED ANALYTIC FUNOTIONS OF TWO COMPLEX VARIABLES. ölő 


In this paper we shall consider analytic and biharmonic functions * "defined 
in M and satisfying certain additional conditions (e. g. functions which are 
bounded or non-negative). The theorem we shall prove can be understood 
as a generalization of some classic results of the theory of functions” (e.g. the 
Fatou theorem ; a less strong extension of this theorem for the two variable case 
was previously obtained, by an entirely oe method, by Bergman and 
Marcinkiewicz).° 


2. The domain M and its propérties. Let B (z2) (| zs j < 1) be a star 
domain bounded by the curve 
C(22): Z, = h (22, À), O<A< 2r, 
where A is a function satisfying the following conditions: 


(a) his a continuous function of its three real variables, an analytic 
function of z, for every fixed value of A. One has 


= 0 for A= Xï (mod 2r) 


(eet) h (22, a) — h (2s, A’) l s% 0 for ASEN a (mod 2r), 
(2.2). 0< 1/4 < |h(z A)| < A. 


(b) k possesses a continuous derivative of the second order with respect 
to the variable » and 


(2.8) 0<1/K < C (2 


MeN) <x, 


(2.4) l je) < E X w, 


. (2. 5) E Tage S 1/B > 0. 


s A function ‘ate Ho Lay Ya) = U (z, 2) is called biharmonic if it satisfies the fol- 
lowing system of differential equations: 


z 
a 








(i) Ga, ° dy," Go," dys" 
i U U o PU PU 
(a) \ $0, Oa, oy, Os = AA Babys 


Real and imaginary parts of analytic functions of two complex variables are biharmonic 
functions and vice versa. A function satisfying the differential equations (i) is called 
doubly harmonic. 

è See the preliminary report in Bers (1), (2). 

‘See Herglotz (1); Evans (1); Evans and Bray (1), (2); Riesz (1); Fatou (1) 
ag well ag the chapter on beachrinktartige functions in Nevanlinna’ s Hindeutige analy- 
tische Funktionen, Berlin, 1936. 

® See Bergman and Marcinkiewicz (1). 


` 
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We define the domain W as 
M — Elz, — th(z, A), lje|<i1, OSt< A OSAS Re]. 
I is bounded by the two analytic hypersurfaces 
& == Elz, =h(22,A), | 22 | S14, E 


S$ 
and 


êa = Elz, = th (za, A), za = 6%, OStS1, 0SAS2 00S r] 


. and possesses the d. b. s. 


== E| z = h (6, A), z: =6, OSOSa, OSA< Ar]. 


To every Borel set s C % corresponds a measurable set of “ parameter points ” 
{0, A}. We shall call the (two dimensional) measure of this set.the measure 
of 8. 

We shall use subdomains W (7, r2) (0 < 7, < 1, k == 1, 2) of M which are 
of the same type as W. They are defined as | 


M (11, 12) — Ele, = th (23, À), | Za | <3, 0<tcn, OSA< a]. 


Every point of Ù is a point of the d.b.s. of some M (1, rz) and the sets 
M(r:, 1%) approach M increasing as 11, ra approach unity. 

Let w =a W (z; Za) be the function which maps B(z,) conformally into 
[w | <1, W(0; 22) = 0, W[h(z, 0); 22] =1. (W is an analytic function of 
zı but, in the general case, not an analytic function of fa): 


Lemma I. For every fired value of za, W possesses. a continuous derivative 
W’ == OW/dz, in B(z,) and 


(2. 6) 0<1/M<|W' |<, 


(2.7) | W (213 za) — W’ (Zi; %2)| < N | a—er]. 
We omit the simple proof which consists only of applying some theorems 
- of Warschawski.? ! | 
i Suppose l i 


p (225 T, À) = | W[rh (za, A) ; za] |, 
T (22;r, A) = arg W [rh (2s, A) ; 2a], 
T (2234) =T (z2; 1,A). 


For every fixed value of z, and r, T is a continuous increasing function of A. 
Lexma I. p'`and T possses continuous derivatives p' == ĝp/ðà and T’ 
== T/A with respect to the variable À and 


° Warschawski (1), p.82. 
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(2. 8) r/AM < p(2237,A) < TAM, i 

(2. 9) p(2231,A) > 1— AM(1—*), | a 
(2.10) | Pannie n A 
Et? 11) | A/KM < T'(22;d) < EM, | 

(2.12) | "(e053 na) — T(x) < ARETE PO 9) 

(2. 1) eyo ee < T’ (223r, A) < rAKM 


(C, D are constants). 
Proof. (2. e) and (2.9) follow iom (2.6). Since 


1 W [rh (422, A) 3 22 
T (2237, 2) = log dui g 


rm WER (za, A) ; 22] pa A) 
O s À); 22] 7) 
On the other hand p(22; 1, A) = 1; hence 


1 W'Eh (za, A) 3 22] Oh (2s, à) 
i Wlh(z,A);%] A ” 


„(3 IE. T’ (22;r, X) = 


(2.15) O P(A) = 


whence (2.11) follows. 
(2.12) is an immediate consequence of (2.14), (2. 48), (2. 8), (2.6), 
(8: 7) and (2.8). By (2.12), (2.11) and (2.14) (2.13) is proved. We have 


Ps. 1 1 8 alwi X |? W’ [rh (za, À) 3 z2] h(a, A) À) 
ma (22; - A) 2 [W] fa R Wirk (Zo, à); Zal ra ox ° 
be 1,A) = 0, 


whence (2.10) follows (by (2. 3), (2.6), (2. 7) and (2.8)). 


Suppose that 
(2. 16) (Zas za} > {h (6t, A), 7} ({21, 23} J em). 


We shall call this approach a sectorial one if 


(2.17) | 2: — h (z3, A) | <a | zı —h (zs A) | (0 SX S r) 
and i 
(2. 18) | zz — e” | <a(1— |z|). 

The approach : 


{rh(rie”, A), r268} —> {h (6%, A) et} 
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is a sevtorial one. In fact, suppose that x(%2,) is the angle between the 
normal to the curve c(z2) at the point A(z) and the radius vector. We 


have 
1 ðj h | ! 


tg x (Zo, A) Th 3 arg h 
- so that, by (2.2), (2.3) and (2.5), 
| x(42,A) | < arc tg ABK <5 


whence the existence of an a satisfying (2.17) follows. Obviously (2.9) is 
satisfied, too. 

We shall say that a function U (defined in W) possesses the sectorial 
limat Lat the point {A (e%, A), et} «Y if lim U = 1 for every sectorial approach 
(2.16). 


3. The function Q. Let @(z2; 21,21) be the Green’s function of the 
domain %® (z2) and n (zs, à) the direction of the inner normal to the curve c(ze) 
at the point h (zA). Write 


Tasg 
P (sett, 6) = SS eT: 
POs ss = OGL 05 a h (ze, A)] Oh (225) | 


dn (22, À) Or 
Q (4; @2 5 ð, d) E P (2s; Ziy A) P (22; 0), 
Q (Ta 125 215 225 0, A) = P (23; 21/11, A) P (22/12, 0). 

The function Q plays a part analogous to that of the kernal of the Poisson 
Integral; Q(11, T2321, 22; 0, à) is connected with W(r,,'12) in the same way as 
Q (41, Z238, A) is with W. 

Obviously, 

(3. 1) P (223 2, A) == P[W (21; 22), T'(223.d) ]T" (42, A). 

The following two theorems (proved by Bergman ?°) are an almost imme- 

diate consequence of the definition of Q. 


A. Suppose that U ts btharmontc and regular in M. Then 


(3.2) (ay 22) z f a f "0 (2aytas 8, )U[h (6%, A), ef ]dbdn. 


B. Suppose that ŭ ts a continuous function defined on % and set u(@,d) 
== ti[h(et,rA), 6]. Then 


1° Bergman (6). 
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s 2r R ` l i ` 
(3. 3) U (2 20) = f" S7 Oln; 8,A)u(6, a) d0ad 
. 0 (7 


is continuous in IR and sattsfies the following conditions: 
(i) U(%, 2°) is a harmonic function of z, 
(ii) U[h (zs, 2°), 22] is a harmonic function of zs, 
(iii) U[h(e, A), e] == u(6, A) 12 
Analogous theorems are true for M (r1, r2) and Q(11, T23 21, Z2; 4, A). 


Lexarra III. For every fixed point {21,22} e M (Ra, Re), 
lim Q(11, 1253 21, %230,A) =Q (41, Zo} 6,2) 


yl rel 


(for rk > Ry, k = 1, 2) uniformly in 0,2. . 


Cai 


We omit the very simple proof. 
COROLLARY. For suficiently small 1 — fp (k = 1,2), 

(3. 4) O (11, 123 Zi 225. 9,A) > g(t, 22) > 0. | ' 
Lexusa IV. Suppose +r > 0 and 


l PER 1 for E SO, N SA 
(3.6) A ce Freie oa 
For-|@—®|>7,|N—A|>r 
(3.6) ` 


9 A 
if f OLrih (rae, A), r26; 0, N ]dddA — 8,, (8, 2’) < qlr, 1— ry 1— 12), 


lm (rt, €, €) == 0. 
E10 5 Er >0 


Proof. (3.6) is an immediate consequence of the following inequalities: 


: i | 
(3.7) f P(re!, ¢)d0 <,(1,1—r) for 0 £028 —r, 
$ 0 i 


4 Such functions form the “ extended class of functions” (see Bergman (8)) and 
possess many properties in common with harmonic functions. In the case of a bicylinder 
the “ extended class ” is formed by the doubly harmonic functions (see footnote 5). The 
extended class of functions has many applications in the theory of analytic functions of 
two variables. It is possible to give another definition of the extended class which fur- 
nished also functions defined only in the interior of the domain. It will appear that 
every function which may be represented in the form (I) (see § 4) is a function of the 
extended class and that every non-negative function of the extended class can be repre- 
sented in this form. We shall discuss this in another paper. 


ere 
sn e I A 
` 


`” with 


| (3.11) Pleas rh (2, A), VI < 
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(3.8) 1— fP eas <ni 1r) for F +r < O L 2r, - 
(3.9) f P[22; rh (22, A), e= E ee ieee 
(3. 10) u= f ETA ), AJda | Sais for’ r EA Son 


lim y(r, e) == 0 (k == 1, 2,3). 
E90 


| (3.7) and (8.8) follow from the obvious relations 


1 1—1 k 4 
L f. P(re¥, 6) d0 <= 1. 


— cost)’ 
For |A—2’ | > + we have by (3.1) 


ned. dlan OOO 
Plt; 1h (20, A), A] <o Der plar, à) [1 — cos (T (22, 7, à)— T (zs, ape 


so that, for sufficiently small 1 — r, 
1 ÆKM(1—r) 
Qa r(1— cos r/2E M)? 


whence (3.9) follows. In order to prove (8.10), let us consider the integral 
ie | 
I (22,7, X) = j P[ze;th(Zz, A), X ]dA 
. a’ 0 
25 
= f P{W [rh (20, A) ; za), T (20, X) YT" (20, 0") ad. 
9 
From (2.9), (2.12) and (3.11) we have 
lim {Z (zar, A’) -f Plplza; r, A), T (22; X) —T (225r, A)]dT (2a r, A) } = 
r->1 0 
and from (2.10) we have 
lim Plas, r), P A am a A) = 1 


Pol 0 


uniformly in za and A’. Thus 


(3.12) lim I (22,7, 4") = 1 
r 1 


uniformly in zz and N. By (8.12) and (3.9) (8.10) is proved and oe proof 
of the inequality (3. 6) completed: 


4. Integral representation of biharmonic functions. In this section 
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we replace the Riemann Integral (8.3) by a Stieltjes-Radon Integral’over a 
completely additive (c. a.) set function w({e) and look for biharmonic functions 
which may be represented in this form.** By e we denote here and hereafter a 
Borel set of points {@, A}, © and A being understood as: parameters on a torus 
surface (to which % is topologically equivalent), say, 

i 7 


X = (2 + cos @)cos A, Y = (2-++ cos ®)sin A, Z == gin @ 
(X, Y, Z—Cartesian co-ordinates). w is thus, defined on a torus surface. 
THEOREM. Suppose that U is a biharmonic function defined in W, 
(4.1) O<re’ <1, lim =l, k=1,2 
and that oe | 
(4. 2) f7 im U [rh (reet, A), ret] | dbdA< co < o (v=1,2,: °°). 


Then U may be represented in the form 


i ar Ir 
(I) Ulaz) = f f, Oln zes 8, A)dolen) 
0 0 
` where w is a c. a. set function. 


COROLLARY. If U = Vi — Vo, Ve (k = 1,2) being biharn monic and non- 
negative, U may be represented in the form (I). 


Proof. Let us consider the c.a. set function 


wy{e) = JS DUN A) reads. 
By Theorem A (§ 3), 
(4, 3) Omer -f f7 oire , 1375 B15 225 0, d) dow (693). 


By (4.2), 
Sf S (dor | Le, 


so that there exists a c. a. set function » and a subsequence of {wr}—for the 
sake of simplicity we call it {wv}, too—such that 


(4. 4) wy > o (y > co) 38 r 


We have (for a fixed point {21, 22}) 


13 Concerning the theorems of the theory of c. a. set functions, see Radon (1), (2). 
13 By “ w, >w” we denote weak convergence of the sequence of c.a. set functions w. 
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Jo Seeerei f7 fo 
SOS leonel dow | ff oaoa 


The first term on the right hand is not greater than 


< 








C Meio | O(n, Pe 5 Ži; 295 6, À) — Q (2, 225 6, A) | 3 
SAST 


hence it tends to 0 as y—> œ (see Lemma III). The same thing is true for 
the second term since Q is a continuous function of 6 and A. Thus ~ | 


23r 2r ar Se 
lim f, Q (r, r) dov = Í, f, Qdo, 
¥>> 0 0 0 0 0 


whence (I) follows by means of (4. 3). 


Proof of the Corollary. We may suppose that V: ==0, i.e. that U > 0. 
We have (see the corollary to Lemma IIT) 


27 ir l 
f f U [rih (r261, A), roe? |d0dà 
0 0 
2r pir 
a TTY Te f Q(t, ra) Udoda < Ce) 
0 0 


min Q (11,123 21, 223 6, A) q (41, Z2) 
ocr i 


Let us now consider a fuuction U which may be represented in the form 
(I), where w is an arbitrary c. a. set function (see footnote 11). 


THEOREM. Suppose that U (z, Z2) ({%1, 22} eM) may be represented in 
the form (1) and set 


(4. 5) wrr le) = ff U[rih(ree??, A), r21 [ddà 
Then l Í 
(4. 6) Wrirg > W : (Tk —> 1, k = 1, 2). 


Proof. We may suppose that » = 0 and that | 
Tr € € T 
tim ( f f dot f f da) = 0. 
€—0 -T a -€ a -T 
O på OA a 
Prr, (9, A) a f fS dorr, a n f U [rh (r-e, À), Tae% | död), 
0 0 0 0 


$(0,A)— f° [do 


Set 
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Then (4.6) is equivalent to the assertion: po ; 
(4.7) . „n gro(®, A) — 90,8) 


for every point {®, A} satisfying the conditions 
e lim $(@—« 2r) = lim $(0 +62), 
lim b( 2x, OR — lim pe; A-e). 


Suppose that these sendin: are satisfied and that e > 0. We may aie a 
t > 0 such that 


an T SESS fms 
-By (1), 
| bari (@, ae A) | 


Saf k f iratan A), roe! 8, do (sexe) — f° f ie 
Ar an Q[rih (rae, A), r26; 6, X ]dodà — êg, (8, 2’) | dolen) 
ST ad fie ON Nad a ad S l i 

+ fF fit (-: de Lehth+Lth+h. 


where 8,, is the function defined in Lemma IV and a -} replaces the 
re: 








O pA 
f f Ol rih (reef, A), r26; 0, N |dbdA— 8, (CN). 
0 o i 
By (4. 8), i i 


, L -+ Iz < 2e; 
by (3. 6), | 


Ig +1,+15+ 1s < J f dw ` „(51 — fı, 1 — r3). 
(4.7) is thus proved. 


_ The following are two Immediate consequences of our theorem: 


CoroLLARY 1. If U may be represented in the form (1), w is determined 
by U in an unique manner. 


COROLLARY 2. If U may be represented in the form (I), 


r pir 
(4.9) f f | U [rik (ree, A), ree] | d9dà < c < œ 
0 8 
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In fact, 
lim fof U [rih (ree, A), T2618] | ddà = ff. | dw |. 
rı>l;r1 0 0 0 0 


(4.9) is the necessary and sufficient condition for the possibility of repre- 
senting a given biharmonic function U in the form (I). 

Tf o 

ff | dorra | S v(mese), lim v(e) = 0, 
€>0 

w is a completely continuous function, i.e. a Lebesgue Integral of a point 
function u. In this case the representation (I) may be replaced by the 
following: a 


(II) U (21, 22) -f7 f za; 0, AJu(0, d)dOdA. 


If U is bounded, u is bounded, too. 


5. Boundary values of functions which may be represented in the 
form (I). In this section we consider an arbitrary function:U which may be 
represented in the form (I), i.e. we do not suppose U to be biharmonic. We 
shall prove the following | 


THEOREM. Suppose that U (zı, Ze) ({%, 22} eW) may be represented in 
the form (I). If the c.a. set function w(e) possesses in the point {@, A} a 
finite strong derivative D, 1. e. if 


1 O+0 Å+rT F D 
lim E f =p. 
g30,0’->0, T0, 77-90 (o +o ) (T +r) o J a-r m 
. U possesses in the point {h (e, A), ef} « & the sectortdl limit p > t 


oe) = ff u(0, 4) d0dx, 


2T 2r 
f f | u(8,r)|PdbdA< 0 = (p > 11), 
0 0 


U possesses finite sectorial limits almost everywhere on the distinguished boun- 
dary surface %.1* 
Tt is convenient to state first the following lemmas. 


COROLLARY. If 


(5.1) 


14 Tf the conditions (5.1) are satisfied, w possesses almost everywhere a finite strong 
derivative, as was proved by Zygmund, see Zygmund (1). A theorem analogous tq our 
corollary was proved by Bergman and Marcinkiewicz under the hypothesis that U is 
biharmonic. Their method is entirely different from the one used here. 
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Lemma V.: Suppose that g(6) ts a function of bounded variation; 


(5.2) LA <e jor [ol <r<F a | dg(0)| = m 
and set 


6 l u(z) == f P(z, 6)dg(@). 
-w i 
There extst for a `> 1 two numbers 


k(a) and &(m,7,4,¢) — 


such that . 
| u(z)| < ck(a) for |z—1| == 8 (meee) 

and 

(5. 3) |1—2|<a(1—|z)). 


Lemma VI. Suppose snad g(A) ù a function of bounded variation, 
satisfying (5.2) and 


(5. 4) | (Ase) = f P (223%, A)dg (A). 
There exist for a > 1 two numbers 

i b(a) and 8(m, t, a, c) 
such that 

(2, 22)| < oka) 
for 
| Z, — h (zs, 0) | < 8(m, T, &,C) 
and a5 l 
(5.5) | 21 —h(2e,0)| <a min | 2;— (2g, A)|. 
DELAST i 


Proof of Lemma V. We have 


-T l r T ı 
u(z) -Í Pdg +f Pag + Í Pdg = I + l + Ts, 
Seo A -7 r 
For sufficiently small | 1— z |, 


(5.6) feo Aa 
On the other hand, 


L= (g(r) —9(—1) Pr) — f° 9(6) 


1— | z| i 
ar [z |0 — cos 7/2) 


OP (z, 0) 
90 dð. 
Write 


z= re*, I(z,r) 6 ete) ao 
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For sufficiently small 1 —r 


| 1 1—r 
(5.7) tel <™ ay eon ray + T D 


If z satisfies the condition. (5. 3) and 1 — r is sufficiently small, we have 


| ° 
lel <r and ¢/(1—r) <F, 3 
where k’ is a constant which depends only upon a. Since 


3P (z, 0) o) 2 (1—1?) rsin (64) 
a -5 [1 — 2r cos (8 — p) + 7]?? 
ap (50 for —7S0S05¢ 
Oa =—Q for 0O=6=¢ : 


Jo 0 for Ob 0 Sr. © 


We may suppose that ¢ = 0 so that , 


Hom — fy i TETN go do — fo oma 
= — [0P]? + f pas + [Pig — f Pde 


ee [$P]; = Í, Pad < 1+ 234P (2, $) 


=1 4. <i 


From this inequality our theorem follows (by (5.6) and (5. 7)). 
Proof of Lemma VI. From (5.5) follows: 
| W (213 Za) wm Í | < M | Zı — h (Z2, 0) | 
< aM min | Zi — h (Za, A) | < aM?| 1 = | W (415 Z2) |]. 
VEAST : | 
We may, therefore, apply the identity (3.1) and Lemma V. We get 


(a) = KMk(aM*), &(1m, r, a, c) = 8(KMm, +/KM, aM?, KMc). 


We are now in position to prove our theorem. We may suppose that 
® — A = 0, D == 0. Write 


0 A f Ə 0 0 0 0 tA 
von- fo fede f° fat fifie Si fe 
-F -e : -F -F ~H e -E -F -w 
then i 


Tr T i 
(5.8) © Ulan) — f f] 04203 BA) dodit (0, 2), 


. } 
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Set l es i 

2x ar 
© (8, A) = Bay (0, A), f f EREA 

0 8 - 

Tf 3 2 

_ {21 #2} —> {h(1, 0), 1} 
e 
is a sectorial approach (see § 2), we may choose a positive r such that 
| ¥(9,A)| < i for || <2, |al <a | 


k(a)k(a) 


(5.8) may be written in the form: 


U (21, 22) = in P (22, 0) dg6 f P (z2; Z1, A) dày (6, A). 


If | 2, —A(1,0)| and fz —1 | are sufficiently small, 
Zı — h (22, 0 8 |m, a. | 
e ye "(ay k(a) 
and E 
€ 
|z — 1iļ]<àè [mrep] 
hence (by Lemma VI) ` 3 


| f P (223 21, A) dyAw (8, A) | < AO) 


and (by Lemma V) 
| U (2, z) | <e 


X 


Our theorem is thus proved. 


6. Bounded analytic functions. We now apply our results to analytic 
functions of two complex variables. The real and imaginary parts of an 
analytic function f(2:, Z2} are biharmonic functions. Therefore the following 
theorem is true. | 


THEOREM 1. Suppose that f(2,22.) is a bounded analytic function 
({21, 2} ¢ Mt). f may be represented in the form | 
sr 2y l 
(6. 1) Flaite) = f f Q(e,%05 8,2) F (8, A) dod, 
o | 


where I ts a bounded measurable (complex) function. f-posseses the sectorial 
limit F(0,à) at almost every point {h(e, à), 6}  %. 


In fact, this theorem is an immediate consequence of the theorems of §4 
and § 5. . 
We are now.in position to prove 
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THEOREM 2. Suppose that f (zı, %2) is a bounded analytic function in M. 
If for almost every point {h(e, à), 6} of the distinguished boundary surface 
ty there exists a sequence {24”, z} such that 

{2:", 22°} eM, {21", 227} > {A (6%, A), e} (va œ), 
| za” — h (22, A)| <a: min | z — h (22, A)|, @. 
O29 | 

E | #7 — et | < a(1— | 2 |) = 
' and 
im | F (227, 22”) | S (0, A) 


~ where ġ is a measurable function, then 


(6.2) log | f (zu 22)| < S7 fa, 25 0,A)log 90 d) doar 
= Proof. By Theorem 1 we may suppose ¢ = | F |. Sa that si À ra”) 
is a sequence satisfying the conditions (4.1), « > 0 and 
T, (8, A) == log max fa, | Flr (ra%e*?, r), Te] |}, 
WA (aay te) = Ff" OCE, r5 as 25 0, A) WO (0, A) dO. 
By Theorem B (8 1), Eaa é ie 
log | f[rh (22, A), za] | — go [rhe A), 22] 


is a regular harmonic function for |-z2| < r”, with the possible exception 
of certain points where this expression is negative infinite. For z, = | ra | this 
function is non-positive. Hence, K 


log | f[rh (22, A), za] | — gr [rh (2z, A), 22] S 0. 
In the same way we get f 
log | f (21, 22)| < go) (zu za) | P=) 
On the other hand, | | g 
| | lim | fl rh (ret, A), ret] | = (0, À) 


| 
for almost every point {6,A}, for the approach | 


. {rh (r26, A), r368} —> {h (6%, A), e) 
is a sectorial one (see.82). Therefore, i 


lim ¥,'*) (0, à) — log max{a, $ (0, à) } 
7—00 


15 a ‘may depend on {9 A}. f 
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(for almost every point {6,A}) and ; 


2r 2r 
log | f | Slim g)(@ = f f Q log max {a, p }dðdà. 
7>. 0 0 
By a — 0 we obtain the desired inequality. 


® i : : 
THEOREM 3. If a bounded analytic function f (21,22) ({%1, 22} eM) possesses . 
the sectorial limit 0 on a set EC & of positive exterior measure, f = 0. 


Proof. f may be represented in the form (6.1) and possesses almost 
everywhere on 3% the sectorial limit F. F is measurable. The set E[F = 0] is 
therefore measurable. By our hypothesis its measure is positive. If we apply 
the formula (6.2) with ¢==|F'|, we get log | f | =— œ, f= 0. 

If we combine Theorems 1 and 3, we get 


THEOREM 4. Suppose that f (41, 22) ({#1, 22} M) may be represented in 
the form f = g/h, g and h being bounded analytic functions. f possesses almost 
everywhere on % finite sectorial limits. If these amie are constant on a set E 
of positive extertor measure, f is constant. 


NEW YORK CITY. 
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ON SETS OF MULTIPLICITY FOR TRIGONOMETRICAL SERIES.* 


By R. SALEM. 


1, We shall consider, throughout this paper, symmetrical perfect sets 
constructed in the closed interval (0, 2r) as follows: We divide the interval in . 
three parts of lengths proportional to é, 1— 2é&, & respectively. We remove 
the central open interval and divide each of the two remaining intervals in 
three parts of lengths proportional to é, 1 — 2&2, £2; we remove the two central 
open intervals, and so on ‘indefinitely, the sequence {&} being such that- 
0<&4. After p operations, 2? — 1 intervals have been removed, which we 
denote by da (k = 1,2, - -2P — 1) and 2? intervals are left, which we denote 
by qw (4 ==1,2,:- +2") and which are of common length réa: ©- Ép- 
When p-> œ we obtain a symmetrical perfect set P whose measure is 2r. lim 
2Pé ée" - + ép Here we shall consider only sets of measure zero. 

With every set P we shall associate a monotonic continuous function F(z), 
constant in every interval contiguous to P, but increasing from one interval to 
another, by the following well known process. For every p let F(z) be a non- 
decreasing continuous function defined by the following conditions: F',(0) = 0, 
Py (2) == 1, Fp (2) = k/2 in Sy (k= 1,2, > -2P — 1), and F,(x) linear in | 
each nw; (k ==1,2,--°-2?). F(s) will be the limit of F,(z) as p tends to 
infinity. | | > 

Finally we shall denote by c» the Stieltjes integral. f, voMidP (n integral) 


which is the Fourier-Stieltjes coefficient of 2dF. It is not difficult to show * 
„that 


a on = oT] cos an fabs- l ete 


It is well known that if c, = o(1) the set P is a set of multiplicity for 
trigonometrical series. 


* Received July 21, 1841. 

* This result has been proved by Carleman, “ Sur les équations intégrales singulières . 
à noyau réel et symétrique,” Uppsala (1923); see also Hille & Tamarkin, American 
Mathematical Monthly, vol. 36 (1929), pp. 255-264; and R. Salem, “On absolute con- 
vergence of trigonometrical- series,” Duke Mathematical Jouino; vol. 8- (1941), pp. 317- 
334. 
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2. Let us consider now the set of all sets P for which az = fr = by {ax} 
and {ba} being two fixed sequences such that 0 < a < br < $. If we put 


(1) Er = (br — ak Oe) me Oe | 


and if a= &< by then 0 = m< 1. Following Steinhaus? we can map the 
interval 0 =¢=1 on the cube” 0< mS (k= 1,2, -) of a space of 
ery many dimensions, in the following way: if 


= AR * * | 
is the infinite dyadic development of t we put 


qı (t) mm" Asai °° 
ae E no(t) —— Aasaa > * 
qa (E) = KgGgQighig? 


i 
3 


With the exception of the points £ for which one at least of these developments 
is finite (such points form a set of measure zero) the correspondence thus 
obtained is a one-one correspondence. Moreover, it hag been shown by Stein- 
haus that if ®(yin2* ` * yp) is any measurable function of m’ > p, we have 


(2) ACORT ORE Ol f fo S {pn * * yp) am = dh 


whenever either side exists. | 
_ We have thus established a correspondence between the sets P for which 
dy <= & S ba and the values of the single variable ¢ in the interval (0,1). Ifa 
certain: property belongs to all P,.with the possible exception of the P corre- 
sponding to a set of ¢ which is of measure zero, we shall say that this propery 
belongs to almost all P. 
The purpose of this paper is to prove the fo goring ereti, 


Let us consider all the symmetrical perfect sets P'for which ak S & = < br, 
where 0 < ar < b = 4 and where the sequences {axs}, {bx} are not “ too near” 
each other, namely, where by—d)=1/(p), o (p) being an increasing 
sequence such that log w(p) = o(p). Then: 


THEOREM I. If lim (ma: ` ap)? =a >O, almost all sets P are sets 
of multiplicity. l i 


2 Math. Zeitschrift, vol. 21 (1929), pp. 408-416 and Studia Mathematica, vol. 2 
(1930), pp. 21-39. See also Kaczmarz and Steinhaus, Theorte der Orthogonalrethen, 
Warszowa-Lwoéw, 1936, p. 134. 
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Tuxorem II. Moreover, on the same assumption, there exists a oonstant 
So depending only on a, and such that, for every 3 > So the series % | cn | * con- 
verges for almost all sets P. 


THEOREM III. Furthermore, on the same assumption, there ests a 
conagant bo depending only on a, and such that, for every ô < a the relation 
Cn = 0(1/n®) holds good for almost all sets P. 


THEOREM IV. Theorem I ee ‘true if instead of supposing lim 
(Gid2* - -ap) P =a >0, we suppose only that lim ph?(a.a2- ` ` ap)? > 0 
B being any positive number, as small as we please. 


It should be observed that we can always choose. the sequence {bz} such 
that all the gets considered are sets of measure zero (provided, of contes; that 
the set for which & — a, is itself of measure zero). 


Theorem III is related to a problem which hag been solved first by 
Littlewood,? namely the problem of finding a monotonic singular’ function 
with Fourier-Stieltjes coefficients ‘of order smaller than 1/n’,0>0. Very 
complete results have been obtained further in this direction by Wiener and 
Wintner * for monotonic singular functions, which do not seem, however; to be 
.of the Cantor type considered here.’ ; 


Theorem IV is a generalization of Theorem I. which is interesting on 
account of the following fact. It can be proved ° that any symmetrical perfect 
set fór which 


(éié: SN Ép) UP semn o(1/ Vp) 
is such that lim | ca | = 1. 
3. The proof of the above theorems is based on the following lemma : 


l being a positwe number = 1 and s any posttwe number, we have: 


t Quarterly Journal of Mathematics, vol. 7 (1936), pp. 219-226. 

+ American Journal of Mathematics, vol. 60 (1938), pp. 513-532, and Journal of 
Mathematios and Physics, vol. 17 (1938), pp. 233-246. See also Schaeffer, American 
Journal of Mathematica, vol. 61 (1938), p. 934. l l 

5 A singular monotone function is said to be of the Cantor type if it is constant in 
every interval contiguous to a perfect set of measure zero. For the order of the Fourier- 
Stieltjes coefficients of such functions see a paper of the author which is about to appear 
in the Journal of Mathematics and Physics. 

*See the above-quoted paper “On absolute convergence of trigonometrical series,” 
p. 326. 
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' f, 10 (lea +m) [8 do (1 +170) W/m." | cosy | dy 


_where [1] is the aon integet contained in l . | 


The proof i is immediate: by putting lrs + m = y thè first integral becomes 


m+ br Ta e 
ES | cosy |" dy S 7> =f" cos y |° dy pe 


AS pe cos y | veto) tsk 


We shall puta E f | cos y |° dy. . 


€s decreases from 1 to zero, as s increases from 0 to œ. | 
We can now prove our theorems. Lep s be a positive number; we T 
aN | 
| ow [* = IT | cos anés < ` oe | 
: =1 . à 
| 


< I | cos ang, > - éa Almh 


The & being functions of the m by (1) and the m functione of t as explained 
above, we have, by (2) 


| 
f frst = f A f fnpdm dqa’ -> dnp 
0 o d l 


= w i f fapsdm. ° . “dps [| cos wnt i E N 


The last integral with respect to the variable np is equal to - 


' 1 B a X T 
n= f, | cos mné - `- & l1 — ap — (bp — a») 7] hy dnp. 
| 


Let us remember now that & = a, and bp ae 1/((p)) and let us 
suppose that p is so chosen that -! 
(3) Naas: ` *Gp1(1/o(p)) = p’i 
then, by the lemma | 

. Jp (1 + 1/p*)es 


f fardi <(1+1/pe f “pga 


and 


be 
t j 
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But if (3) holds good for p = ¢, it holds good a fortiori for p < 4.5 hence 
applying the same argument we have 


i 
f, fapdt = Ae 
0 


A being an absolute constant, and, a fortiori 
1 

(4) ; f | cn |? dt S Ae? 
7 


p being any integer such that (3) be satisfied. 
In the hypothesis of Theorem I we have, o being any fixed pera number- 
such that < a, and p being large enough 
Ailo z => g 
and thus, in order to satisfy the inequality (3), it is sufficient to take p such 
that | 
logn + (p—1)log a — log o(p) = 2log p 


and, as log w(p)/p—> 0 it is sufficient to take, when 7 is large enough 
— p(n) = [6 (log n/log 1/a’)] — [9 (log n/log 1/a) ] 


6 being, like 6, any fixed number smaller than 1, as we can take a’ as near to a 
ag we please. 
ê being thus fixed we have, by (4) 


1 s : : 
f | Cn ledt < Ae M <= Agt Mog nflogi/a)—-1 
G : 


Now let us take s such that 
egf logn/og1/0) < 1 /n3+P (p > 0) 

that is. to say | : 

0 (log n/log 1/a)log es = — (1+ p)loga 


or 


which is possible, «, tending to zero Íor s = ©. 3 being any number thus fixed, 


the series ¥ f | Cn | dt converges so that the series X |c» |* converges for. 


almost every 7. 
It follows, in particular, that Ca = o (1) for almost all sets P, and that 
consequently almost all sets P are sets of multiplicity, which proves Theorem I. 


A 
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Let, us now define so by the 'equation 


(6) e= l/r f | cos y |" dy =a | 


Then, as 1 4 p and 6 can be taken as near to 1 as we pleas, we get the following | 
result: . ° 


j 


For almost all sets P, in the hypothesis of Theorem I, the series 3 | cx |* 
converges for $ > So 8o being given by (5). This proves Theorem II. 


In order to prove Theorem III, let us choose g such that 


epf log nflog t/a) < J /pitery : (p > 0,y > 0) 


which is equivalent to e & q+), 


1 pi DAR 
s being thus chosen, the series 3nY | | c» |* di converges, hence the series 
; ; 0 


Fn” | ca |" converges for almost all P. 
As before, let us define sy by the equation 


| 
(6) cay Tn È | cos y [87 dy == atv 
, 0 l 


As 1+ p and 9 can be taken as near to 1 as we please, we get the following 
result: 


For almost all sets P, in the hypothesis of Theorem T, the series any p Cn |? 
converges for s > Sy, Sy being given by (6). 


Hence we have, for almost all P, 


E l Cn = 0 (1/77) 
for every s > 8y. pi 
Now, when y, which is arbitrary, increases from 0 to œ, s, increases from 
8) to œ; but by a classical theorem e, == O(1/V3) for S == co, herce y/3, 
tends to zero when y-> œ. | 
Hence y/sy has actually a maximum, wen is the maximum of the 
expression 


¥ t 
(1/s log «) log Van fi | cos y ia 
f 0 


when %&<s< œ. Let (a) be this maximum ; then for almost all sets P 
we have os 
Cy == O (nÈ) | I 


for 6 < e(a), which proves Theorem IIT. 
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Remark. It is seen immediately that if œ increases, §)(a) increases. Let 
us suppose that the {ax} are such that 


(7) lim (aiā: ` : ap)? =— $ 


Then, by (5), 8o == 2, the series Z | cn |* converges for s > 2 for almost all 
sets P ; and | 


w 
êo (4) = Max (— 1/s log 2) log 2/r Í, | cos y |* dy 
2c 8< WO 0 
and it is easy to see, by taking s = 6, that &)(4) is > 1/9. 
The case (7) occurs, for example, if %(1/w(p)) being a divergent series, 


we take 
$(1— (2/o(k)) S& 54 (1— (1/e(k)) 


4. Proof of Theorem IV. In the hypothesis of this theorem we have 


(1/p) log (a: + +a) + ($ — F) logp > 0 
F being a positive number < £. 
Hence, in order to satisfy the inequality (3) it is sufficient to take p such 
that 
log n— ($ — F’) plog p— log o(p) = 2 log p. 
It is sufficient to take, 8” being a positive number < £, 
(4 — 8”) plog p= logn 
This inequality will be satisfied if we take 
p— p(n) — [ (2 + Bo) log n/log logn] + 1 
Bo being a positive number depending only on 8”. 
p being thus fixed, we have, by (4) - 


1 
f | Cn |s dt <= Ael) Uogn/loglogn) | 
0 


The difference between the argument here and the proof of Theorem -I is that 
_ here we shall choose s as a function of n, increasing indefinitely with n. Taking 
into account that es ~ (2/rs)4 for s =—= co we can write 


f | Cn |e dt <= (1/s) (+8) (log n/log log n) 
0 


Bı being a positive number. 
6 | 


í 
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Now let us choose s such that 
( 178) (1+81).(logn/loglogn) << 1 /nhlt 
that is to say | : 
(1 + B:) (log s/log log n) = 1 + B,/2. 


It is sufficient to take : o 
: 8 = 8, = S(n) = (log n)? 


0 being a fixed number (depending only on £:) and smaller than 1. 
Sn being thus chosen, the series oy 
1 
Fns f: | Cn |** dé | 
0 
will converge, hence the. series | 
ynbu® | cy | 


t 


l will converge almost everywhere. Hence, for almost al sets P 
(| cm |- nesen) an — o (1) 
that is to say, as 8n -> œ with n | : 
(8) | | Ca | nfa < J, 


But’ (81/38) log n — (81/3) (log ny increases, indefinitely with n, as 
ð < 1; hence nf1®s» increases indefinitely with n, and the inequality. (8) shows 
that c, == o (1) for almost all sets P, which proves Theorem IV. 
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ELEMENTARY NOTE ON PRIME NUMBER PROBLEMS OF 
VINOGRADOFF’S TYPE.* 


By R. D. Jamus and H. WEYL. 


1. Stating the problem. Vinogradoff’s asymptotic formula slightly 
amended. By his ingenious methods Vinogradoff succeeded in establishing an 
asymptotic formula for the number of decompositions of a large integer N 
into three primes, N = p + pa + ps. When one follows the exposition in his 
paper, Recueil Mathématique, vol. 2 (44) (1987), pp. 179-196, one finds that 
he introduces another number N, (p. 192), and writing k instead of N, one 
sees that he actually determines the solutions of the equation p, + p: + ps = k 
by primes p; = N. In-this form the problem admits of an immediate general- 
ization}: Let 12 3 non- vanishing integers a,,:-**,a@- and r positive real 
numbers f1,° °°, 8r be given once for all. We ask for the number mre k) 
= of representations of an integer k in the form 


(1) . k= dpi + appr 
by means of primes 
(2) l - MSRM ap = Brn. 


The problem thus stated makes sense even if some of the coefficients a; are 
negative. The integer k and the real number N = 2 are considered as variables. 
The letter C stands throughout for a positive constant, not’ always the same, 
which is independent of N and k; if other variables enter, indices attached to 
C will indicate on which of (kese variables C Gopencss The main result is a 
formula 


Do A(N, E) = RN, t) G(R) + (Nr/nr) -p 


in which the relative error p, with N —> œ and uniformly with respect to k, 
tends to zero faster than any negative power nY of n= log N. The factor 


* Received June 19, 1941. 

1 J, G. van der Corput has published a number of results concerning this problem, 
0. R. Ao. Set, Paris, vol. 205 (1937), pp. 479-481 and 6591-592; Nederlandsche Akademie 
van Wetenschappen, Proceedings, vol. 41 (1938), p. 80. “He even imposes upon the 
primes p, congruence restrictions modulo a given integer. But as he mentions existence 


theorems only, a full account of the asymptotic situation might aa “to put the house - 
in order.” 
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R(N,k} takes account of the “ quantitative” aspect of k (infinite prime spot) 
in so far as R(N,s) is defined for arbitrary real values of s, whereas the 
singular series (k) is an arithmetical function of k alone. For any positive 
integer q we set 

G=V(EU),  q*=9/ (4k), 


and by means of the Möbius and Euler functions u(q) and (q) form 


(3) x(q) = (#(q)/6(42)) > + (HC gr) Alar) ) > (lgt) /0(G")) Ala). 
Then 


(4) S(k) =S (k; ay’ `, Gr) =È x(q). 


We notice that © (k; d',ar) depends symmetrically on &;a,° © *,đr, 
although it should not be forgotten that k may take tbe value 0. The 
quantitative factor R may be given the following form. Using the abbreviation 
eri? == e(r) we introduce the following functions of a real variable z: 


fin 
(5) Jila) = J (° (022) Nog 2) de Maani 


. Then R(N, 2) is the Fourier transform of their product, 


(6) R(N,2) = f-1.@ ` + Je(2) + e(— 22) dz. 
The proof depends on Vinogradoff’s sums extending over the primes p, 
S(y) = S (N, 9) = 2 (ap); Si (1) = S (B:N, am), 
p 


and starts with the exact formula 


(7) A(N, k) = È 83(n) > -8-(n)¢(— kn) do, 


Following Vinogradoff’s exposition step by step we call attention to a few points 
where we deviate from him. [1] The lower limit in (5) or in the typical’ 
function | ~~ 


J (z) = S (e(zx)/log x) dx 


aSa } : 
has been set at VN rather than at 2. Looking at the context where this 
function makes its first appearance, one realizes that the results are not affected 
by this change. One immediate advantage is that the estimates 


(8) |F(2)|S2pN/n, | J (2) | S2/(an | z]) 
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hold for all z, hence i 
(9) | Fe(2) | SO-82) 
throughout where 

3(2) — N/n for | z | S N=, 

1/(n |z] ) for |z| Z N=. 

A more important advantage will presently become evident. [2] The integra- 
tion in (6) which Vinogradoff restricts within the bounds + n**/N has been 
extended to + œ. Because of the second inequality (8) the value of Æ is not 
changed thereby by more than CN™*n-*4(-), It ig exactly this step which 
makes the main term in the formula (I) independent of Vinogradoff’s exponent 
h and gives a result from which A has vanished altogether. [3] It is not hard 
to see why in the expression of x(q) the numbers q.,- --,g, occur. A rational 
point is of the form 7 == m/q where m is an element of the set Gg of all 4(q@) 
prime residues mod q. In the reduced form the fraction a == a,m/q has the | 
denominator q, and hence e(a,np) depends only on the residue class mod q, to 
which p belongs. The following elementary arithmetical observations are to 
the point. q being a divisor of q, q = qd, the number of elements m of Ge 
which are congruent mod q’ to a given element m’ of Gy has the same value v 
for each m’. Clearly v & d and v = $(q¢)/¢(q’). In case a’/q’ is the reduced 
form of a fraction a/q we therefore have v = (a, q), a fortiori 


(10) $(q) S lal- elr) 
if a= 0, and the sum 


Z e(am/g) =v: o(a’m’/q’) — (4(9)/$(7)) a(g). 


The last remark finds application for a = — k. Because of (10), G(k) is 
majorized by the convergent sum 


|a: > ae | ECC) T 


[4] One crucial point in the estimate for the contribution to the integral (7) 
of part II of the circumference 0 S y 1 is the fact that 


1 
Í, | S(n) |? dn =r (N) SN. 
An equally good result is-obtained in our case where all the factors S; (4) are 
I 
different, by observing that f | S1(7) |- | S2(7) | dy does not exceed the square 
0, : 


root of 


f | Sı(7) 





* dy: f S2 (7) | 2 dy = r (BN) . a (B:N) S fbe N*. 
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By’ (9) we.realize that 


| R(N,«)|<C-Nr+/nr 
Hence we set 
R(N,«) = (Nt /n") > R*(N, c) 


and then find not only | R*(N,«)| SC but also ° 
(II) | R*(N,2) —R*(N,2’)| SC: (2—7 |/N), 


which indicates that R*(N,2x) varies very slowly over wide stretches of the 
variable 2 if N is large. Of course C now means constant with respect to N 
and z (or N and a/N). It seems reasonable to measure x against N. Let us 
therefore write R*(N,zN) — Ry(xz). Then (6) and the inequality (9) prove 
that the first r— 2 derivatives of Ry(x) with respect to a are continuous and 
satisfy relations i 

(11) E e Se we eae): 


We have thus arrived at the following two propositions: 


THEOREM I. A formula (I) holds in which the singular series G(k) is 
defined by (4) and the relative error p = p(N,k) satisfies an inequality 


| p(N, k)| S Ogin” 
however large the integral exponent g = 0. 
THeEoREM II. R(N, 2) is defined for all real x, and if we set 


R(N, tN) = (Nt /nr) - Ry (2), 
then 
|Ry(z)| SC, | Bv(«) —By(2’)| SC- |z— x]. 


2. Analysis of the quantitative factor. In this section we give a simple 
interpretation of R(N, s) which leads to an asymptotic expansion in terms of 
powers of n. Since k is not representable in the form (1) under the con- 
ditions (2) unless k/N lies between the limits 


A= E lula] ) and A= 3 iut lal) 


we must expect Ry(x) to be non-negative for all values of x and to vanish 
outside the finite interval A= r S A’. Our new representation will put these 
facts in evidence. 
We introduce a measure do for infinitesimal areas do in any of the parallel 
planes E(x), | 
l£i +--+ e F rtr = const.'== T 


p l r 
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of the (,° ' “,2,)-space, such that the volume of a (straight or oblique) 
cylinder erected over do and bounded by the planes E(x) and H(z + dz) is 
given by do- dx. The expression 


RNa) = fj eee el a a ee 
s ies B(N) log zı: > - log zr i i 


where B(N) denotes the block 


VNSauSAN, -:-, VNSaS8,N 
suggests forming the integral | 
(12) F(z) = f (1/log z1) ` + - (1/log zr) do 


over the intersection of the plane E(x) with the block B(N). Then 


l R(N,2) m ! i e(z) F(a’) da’ e(— zz) dz, 


and by Fourier’s theorem, 
RN, 2) = F(z). 


It is evident that F(z) vanishes outside the interval AN Sr SA'N. We 
shall show in the next section that it has a continuous derivative, and thus 


justify our application of Fourier’s theorem. We formulate our result as _ 
follows: ? | 


., TueoreM IIT. Idealize the r primes pi as statistically independent con- 
tinuous quantities xı such that (x) dz, 


phan 


(18) ¢i(t) — logs for VN STS BN, 0 elsewhere, 


is the probability of z, assuming values between z and z +- dz, then R(N, 2) ` dz 
is the probability that av, +` - < + art, lhes between x and x + dz. 


This is a familiar device in the theory of probability: The link betwwen the 
densities of the probability distributions of r independent variables z, and a 
linear combination of them is expressed as simple multiplication in terms of 
the Fourier transforms of the densities. 


2 Even before Vinogradoff made his fundamental discovery enabling him to prove 
the 3-term Goldbach theorem without such generalized Riemann hypotheses as Hardy- 
Littlewood had used, H. Rademacher gave this “ probability expression ” of the quanti- 
tative factor ocenring in the asymptotic formula for the 1+-term.Goldbach problem. 
Math. Zeitschr., vol. 25 (1926), p. 628. Van der Corput obtained similar integrals in a 
number of related problems, mostly of non-linear character. Nederlandsche Akademie 
van Wetenschappen, Proceedings, vol. 41 (1938), pp. 25-26; 07-107; 344-349; Math. 
Annalen, vol. 116 (1938), pp. 1-50. 
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Using the notation é == — log z we may write our formula in this way: 


n n | 
the integral extending over the intersection of E(x) with the block . 
| 8 
By: Noe GS Bie sy NS tr S Br. 


The asymptotic series for Ry(z) is obtained by expanding the individual 


factors of the integrand as power series in n~: | 
7 | 





= È ét/nt, 


E. | 
n l 


(15) r a _— sér) 


n 
where 


Pilea ` OE : tr, 
(a Z= 0,: ++, Z0, i+: ea 


In the individual terms we extend the integration down to z; = 0 instead of 
stopping at N-%; the error to be expected will not be appreciably ae than 
O(N-4*). We therefore form the integrals - ! | 


l 


~ 4 


(16) pa) = fo pleas h) do 
extending over the intersection E’ (x) of the plane E(z) with the block 


B: Ie a 6,23. 0=2,5 fr, 
and then arrive at | | , 
Taror IV. Ry(z) has the asymptotic expansion 
(4%) Ry(z) ~ yo + yin + ym? t: S 


in the sense that the absolute error committed by breaking off after the g-th 
term ygn» is less than C,n-9, the constant Cy being independent of N and z. 


For A (N, k) we find the asymptotic formula ? , 
(18) ` A(N,k)~ Ea trln ..), 


3 Vinogradoff has merely the first term of this ee expansion, and the error 
he gives is O(log n/n) instead of O(1/n). In the paper cited above, he follows an 
intricate and indirect approach. Much simpler is the method given on pp. 55-57 of his 
paper in Travaua de VInstttut Mathématique de. POSS, vol. 3 (1938). But he uses 


the formula (6) instead of our (12). | 2 
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uniformly valid for all k; the letter x stands for k/N. The thoroughly’elemen- 
tary proof follows in the next section. Ry(z) and yi(z) vanish outside the 
interval AS r A’, Ry(z a is non-negative ne and the same holds 
for yi(z) provided 8: 1,---,8-S1. > 

sae first coefficient yo is of particular interest. It equals the area of the 
(r2 — 1)-dimensional convex polygon E(x). Using the method of convolution 
explained in the next section, we obtain by induction with respect to r this 
fairly explicit result: Put a; =—= a;8; and for any function f(x) denote the 
difference f(x) —f(x—as) by Aif (£). Introduce 


0 for +0, 
U (s) =4 r> so 
Ci] for x= 0. 


Then . 
= ————— A AU (x). 
yo(2) Saar aay a: oA) ; 
We add a few obvious observations concerning the question under which 
_ circumstances some of the inequalities (2) are redundant. 
If all q,: > >,a are positive, one will ask for the number of represen- 
tations of a large integer NV in the form 


N =a,p, +° © + + Grpry 


by means of + primes 9;, without introducing any upper bounds for the p4. 
However, one may add the conditions 


pi = N/a, : ta Pr == = N/a, 


without altering the problem. Hence it falls under our scheme. The number 
A(N) of representations equals (N**/n")Ry-G(N) with a relative error of 
the type p mentioned in Theorem I, and for Ry and the coefficients y: of its 
asymptotic expansion we have expressions which arise from (14) and (16), 
respectively, by setting «=-1 and replacing the blocks By and B by the 
“ infinite ” blocks 

By: a, 2 NA, + +o, = N, 

BOS. Bee UP see © 
respectively. In particular, 
: 1. 1 

ome ors (r—1)! 
If a,,° -© °, Qe are positive and @s.1,° ` *, @ negative, then the equation (1) 

together with the r—s inequalities 
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(2a) ` Pari = Boul, ad i Pr = B-N 
results in the following bounds for p,,: - -, pa: | 


To — Xss "Or 


< 
p a 


N | (t—=1,- ++, 8) 


e 
. as long as k S £N. Hence the number A(N, k) of solutions of (1) in primes 
satisfying the inequalities (2,) is asymptotically given by a formula (18) 
where yi(z) is the integral (16) extending over the intersection of H(z) with 
the partially infinite block. 
pee Oe gee, OS Gia = Bias? a 0=2, = pr 
Its validity, however, is uniform only for xX a if to is any preassigned 
number. In particular, . | 
| i oi 
Daeg E 


Examples: 1) pı + Pa — ps = k, PEN. 














yo(t)—t+e2 | 40+e) © 0 
for c= 0 —1<2=0 ee ey 
2) P+ p—pmks SN, mS. 
Write the equation in the form pa — pi—pr——k. | 
ylz) =1 | 1p? | (R42)? 0 
nee tS | aS | aa 


3. Proofs of Theorems IJI and IV. We have to pra the integral 


Pa) = Sas! a Ae) i, | 


where the ¢; are defined by (13). Let us, more generally,.discuss the case of 
arbitrary densities ¢; each vanishing outside a finite interval. Using the z-axis 
as the direction in which we erect a cylinder over the area do on E (æ) we obtain 


(oS . eo ba (22) aa ` $r (£r) dX" RE 


i (2) 


and introduce the linear, commutative and distributive operation o of con- 
volution by : ; 


Ii 


F(z) = 





ene 








I 
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+00 i - ' +00 ° 
frofe— f he=yhiiy— [tele —w) aly) ay. 
Then , | aa 

. F — pl o plot + o pln. 
The notation X ¢1 X pa X: -X r will also be used for this convolution. 
But then a permutation of the factors must be accompanied by the same ~ 
permutation of the numbers a,,: > +, ap on which the definition of the X mul- 
tiplication is based. ` 

Let fı, fa denote functions vanishing outside a finite interval. 

Lemma 1. If fı, fz are piecewise continuous, then f — f, 0 fz ts continuous. 
FLS If lo | tel, and |fi(2)| £ M, implies | f(0)|SMa* f| fe | de. 


Suppose fı continuous and f, of bounded variation, and set 


, P= We a) ian f(e—y)- dfe(y). 
If 


f fıdz = = F, (z of gdz = F(z), 
then 
Gm (F, dfs) = f1 0 fo. - 
Hence: 


Lemma 2. If f, is continuous and fe of bounded variation, then 
g = (fr, df2) is continuous, and | f,(z)| S M, implies | g(z)| S M,- f| df. |. 
ra derwatwe of f = f1 of, ts g, and tf fa has a continuous derivative fı then 
= (fa dfe). 
From these lemmas we deduce that our F =f, 0: - - 0 fr whose factors are 
fi = ġ:™, ġı being defined by (18), has the continuous derivative 
= (fio-- “0 fra) dfr. 


One may even continue derivation up to the order r— 2: 


Fr?) — (fro fe), dfs: © +, dfr. . 

The (*—1)-th derivative may still be written in a similar form but it has 
discontinuities at the points o 

(19) e T ape (pi = 8 or 4) 
where & = VN, v, = BiN are the discontinuities of pi (T). One may readily 
write down the jumps of P0- at the points (19) in terms of the jumps A (p:) 
of the individual functions ¢;. As a matter of fact, our R = F is piecewise 
analytic, the pieces being sewed together at the seams (19) in such a fashion 
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that the function itself and its derivatives up to the order r—2 go over 
continuously. We may also confirm (11) by this method, even including 
p= fr — l, 

The proof of Theorem IV would hardly need any explanation were 
£ <= — log z bounded in the intervals in which it is used. This being not the 
case,* we feel obliged to go into details. First determine the remainder P, 
` of the expansion (15) left over when one breaks off after the g-th term. 
Applying to each factor n/(n — &) in succession the finite geometric pro- 
gression broken off after a suitable term, with its well-known remainder, we 
find that P; equals the sum of all terms of the following form 

Pee eam rhc 
eer °” n — Sout n— & 
where 1S8 3&r, yh +--+ tte —t<g and h==g—1. An additional 
feature is the extension of the integration down to the point z= 0 instead of 
N% in the terms of the approximating sum. Therefore the following situation 
' prevails. We denote by [*(x) the typical function equaling 
n/(n—&) for N*Sr=B, 0 elsewhere, 


no. éhe. ie EF 


and by I(x) any function 
& for0S2 <B, 0 elsewhere, 


with an integral exponent g = 0. This particular I(x) is said to be of order g. 
Moreover we introduce a function L(x) of order g = 1 which equals 


Eny (n — é) for NAS eS, 0 elsewhere, 
and a function A(x) of order g = 0 equaling 
— f/n9 for 0 Se S&N 0 elsewhere. 
Then the difference 
Ry (2) — (yo(a) ++ ` -+ yoa (z) 2) 


appears as composed of terms 


(20) n(x Lx a ia Xa Ke xX TS 
and 
(21) wt(— lL XK la X Ae X Ma X: XT) 


The sum of the orders of lh, © +, las is any+< g and the order of Le in (20) 
is g — i whereas the order of A, in (21) is any number < g —t. 


‘It would be the case, though, if we replaced (2) by conditions 8’ N Sp, SPN 
with positive p’,. If the differences £; — 8’, are small, this amounts to an approximate 
fixation of the ratio p,: p,:+ + -: Pp Cf. van der Corput, 1. c.*. 
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We now reap our reward for having raised the lower limit in the integral 
J from Vinogradoff’s 2 to VN :1* and A vanish to the left of the point N and 
for s = N% we have n/(n— &) = 2. Consequently only these two facts have 
to be established : i 


(22) X|hlxX---xX |b ise 


an 
(23) XJL[X Kl laa] Kl Ae] X [bea | X °K [| SCN, 


(la` °°, dr are Ps of order 0; but it is superfluous to make use of this par- 

ticular circumstance.) . The first inequality holds for r= 2. If it is true for 

r= 2 it follows by induction from Lemma 1 as soon as we make sure that 
s\Uz)| ds 0. 

But this inequality is trivial in view of the explicit expression 


(24) f, Cogz)de— z{(log x)? — g (log 2)" +: - - = g1). 


For r == 2 we have to show that 


f | log y/a.)%- (log (a — y) /a2)* | dy 


is bounded as long as the parameter z > 0 stays bounded. The substitution 
= Y= T: y carries our integral over into a form 


z: f |(log 2/a + log 7)”: (log z/as + log (1—1) )* | dn 


from which this fact follows immediately. (The essential point is that the 
integral tends to 0 with z — 0.) 

In (23) we push the factor A, to the rear and apply the result (22) to 
r— 1 instead of r. Formula (24) gives 


NyA 
J lalaan: f | log z | 9ds S C- N-*, 
0 1 


and hence by Lemma 1 the inequality (23) is established. 
This ends our proof of- Theorem IV. Moreover we learn from the in- 
equality (22) that the coefficients y;(x) are bounded functions of z; it would 
be quite easy to prove their continuity. | 
4, The singular series. The investigation of © follows the familar 
Hardy-Littlewood pattern. Simce x(q) has the multiplicative property 
x(q- g) = x(q) -x(¢’) for any co-prime g, 7’, the sum © is the product over 
all primes p of ar | 
EP) XR es 


A simple computation yields 
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Tueorem V. If d ts the greatest common divisor, of the numbers 


(25) k; t,’ * jar 
then 7 
(26) G(k3 tn’ ` dr) = d: (k/d; a;/d,- ` +, r/d). 
Assuming (25) without common divisor, we distribute the prime numbets p 
- over r-+1 classes, p being in the class T; (¢—=0,1,'--,r) if t+1 m the 
numbers (25) are prime to p. Then 
__1)t 
(27) 6-H N |1- it 
a , oper 0 (p—1)# g 


A formula like (26) was to be sale es the equation (1) coincides 
with | : 7 

(a:/d) «pie © + (a/d) + pr = kyd. 
It was also to be, expected, as (27) indeed proves, that S vanishes if there are 
prime numbers p which go into r of the numbers (25) (but not into all 
of them), or if 
d+ Hark (mod 2). 


In all other cases we deduce from (27): 
3 
S22 TI — 1/4} = 4/r. | 


5. Prime powers. For any given integral exponent 1 = 1 we may study 
this set of relations 
aT! +o oH atr = k, 


(28) T! < RN,’ 7 Tr! = BN.: 


and may ask for solutions in non-negative integers, or more specfically in 
positive primes vı. Let the numbers of solutions of these Waring’s and Vino- 
gradoff’s problems be A°(N, k) and A(N,k) respectively. If necessary we 
add the number 7 of terms as a subscript, or even give the full signature 


(nif es , 
Tis : i l 
Bist °° 4 Br = 


Put l 

oo(4/q) = (1/4) 2 e(at¥/q),  o(a/q) = (1/8 (0) `- 2 e(at'/q) 
where the first sum extends over all residues £ mod q while the second sum is 
restricted to the reduced residues é mod g. Neither sum changes if one 
replaces the fraction a/g by its reduced form a’/g’. Hence we may well say 
that they depend on the fraction rather than on a and g separately. The 
singular series 
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S(t) = Ex) à SEx) 
in Waring’s and Vinogradoff’s problems arise from these “ characters ” 
x0(g) = X oo(arm/q) ` - + ao(aem/q)-0(—k/g), 
° x(q) = & o(am/q) >: o(arm/q) : e(—k/9), 


respectively. The quantitative factors Ro and Rin the asymptotic formulas 


(29) A(N, k) ~S, (k)R(N, k), A(N, k) ~S(k)R(N, k) 
are 

Ee : 7 het (T neoa “a, )A y ‘de | =s 

l f (ay tr)"de and. Toga log ar S EE (A == 1/1) 
respectively. The first integral extends over the intersection of E(x) with the 
block | 
0=2,5 BW, Gans OST SBN, 


the second over the intersection of the same plane with the block 
VNS SBN, +++, VN Sar S8,N. 


The first integral equals N**-*- R°(k/N) where R°(a) is the same integral 
extending over F(s). (In computing these expressions we have made the 
substitution w,'—»2,. The asymptotic development of R(N,x) may be 
obtained in the same way as for 1==1.) We think the parallel is fairly 
instructive: the difference in the singular series is due to the fact that the 
residues of primes mod q are necessarily relatively prime to g (apart from the 
“few.” primes going into q) whereas integers leave all residues mod q. The 
difference in the quantitative factor comes from the fact that 1 is the density 
with which the integers z are distributed over the z-axis while 1/log 7 is the 
density of the primes (a fact which has to be combined with the uniform equi- 
distribution over the respective residues modulo any integer q). 

More irregular problems that can be tackled at all will oo to the 
same scheme. 

The main terms of ihe asymptotic formulas (29) are of the order of 
" magnitude N^- and N*-1/nr respectively. Of course. we may claim their 
validity only. for a sufficiently large number r of terms. The limit is set by 
the simpler of the two problems. Indeed, the efficiency of the method depends 
on two circumstances: 1) the contribution to (7) of part II of the circum- 
ference 0 y= 1 must be negligible; 2) the singular series must converge 
sufficiently well. The first is the main point. For our present prime number 
problem we have to set 
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; Kiln) = S e(a’) (pP' & BN). 


Suppose that by analyzing ENN problem We have ascertained an. even - 
number s == 2u = 4 such that E 


(30) A(N, 0) SON nk, | 

: l ® 
, the integral exponent K = 0 being independent of N. This is somewhat less 
than the assumption of the asymptotic formula of Waring’s problem for r = g, 
It is then maintained that the asymptotic formula for Vinogradoff’s problem 


holds good for r = 1 + 8, in the sense that the relative error p is of the type 
mentioned in Theorem J. Following Vinogradoff *. we use the relation 


1 ' 
J, | Si(n) ° ` Su (7) |? dy = Azu (N, 0) SS Ae’ (N, 0) 
where A refers to the signature 


fy, ° * >, du, — ah,’ á So 
gu Qu: 
( Bi + +, Buy l Bry + +5 Bs í 


and then by Schwarz’s inequality and (30) we find the relation | : 


1 x 
J, LSD + + + Salad] | Sonn) + + Bala) | dy SO Wink 
which forms the base for settling the first point : 
- The accessory point, namely convergence of the singular series, is taken 
care of by the following estimate for o due to Loo -keng Hua ®: 


(31) | Je(a/q)| = Ce g 


for (a,q) = 1 where e is any positive number < i and Ce depends neither 
on a nor q. The requirement of “ sufficiently good ”? convergence- of the series 
X x(q) means that it is majorized bya series C : 3g eth some exponent a > 1. 
Because of (31) this is obviously the case as soon as r = 5. 


4 I, 
UNIVERSITY OF SASKATCHEWAN, SASKATOON, SASKATCHEWAN, 
AND 
INSTITUTE FOR ADVANCED STUDY, PRINCETON, N. J. 


ë See Vinogradof, L.c.*. 
° Math. Zeitschr., vol; 44 (1938), pp. 335-346, Lemma 1. 3. 


| 


é 
| . 


LOCALLY CONNECTED SPACES AND GENERALIZED 
MANIFOLDS.* ) 


EDWARD G. BEGLE. 


In the course of his investigations into LC spaces (spaces locally connected 
in the sense of homotopy), Lefschetz introduced the fruitful notions of a 
realization and a partial realization of a finite compiex on a space [12].* The 
chief purpose of this paper is to give new definitions of realizations and partial 
realizations in such a way that the methods developed for LC spaces can be 
carried over to lc spaces. Since there are many definitions of cycles defined 
for abstract spaces, there are many definitions of homology local connectedness. 
We choose what appears to be the weakest type of cycle, the finite Vietoris 
cycles. We state in Section 1 a definition of local connectedness in terms of 
these cycles, due originally to Alexandroff [3], and give a new definition of . 
realizations. We find it necessary to restrict the coefficient group to be a ring 
with a unit. We show in Section 2 that the proofs of two important theorems 
carry over easily from the homotopy case. Using similar methods, we compare 
in Section 3 our definition of local connectedness with various others and show 
that they are equivalent in the important cases. We show in Section 5 that 
some of our results extend to compact-spaces. (We follow A. Weil in using 
compact rather than bicompact to mean that any open covering of the space 
contains a finite covering. All our compact spaces are assumed to be normal. 
In place of compact metric space we use the convenient term compactum, 
introduced by Alexandroff and Hopf). 

One of the more important applications of local connectedness is to 
generalized manifolds. These have been studied by Gech [5], Lefschetz [11], 
Wilder [20], and others. Since these papers appeared, there have been a 
number of advances in the study of homology theories of abstract spaces, and 
it is to be expected that some of these would permit a simplification of the 
discussion of these generalized manifolds. This is indeed the case. We show 
in Section 6 that one of the local invariants used in the definitions of these 
spaces, namely the local Betti number, can be phrased in terms of cocycles. 
Using this, we give in Section 7 a new definition of a generalized manifold 
and give a rapid proof of the Poincaré duality theorem for it, using cocycles 
and our previous results on local connectedness in an egsential fashion. For 


* Received January 23, 1941. 
1 Numbers in square brackets refer to the bibliography. 
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conveniehce we restrict ourselves to the case of an absolute, or compact, mani- 
fold. We show in Section 8 that our definition is equivalent to Cech’s. We 
conclude by giving in Section 9 a number of examples. ` 

The investigations undertaken in this paper were suggested by ` Prof. Lef- 
schetz. We are indebted to him for his constant assistance and eE 


1. Definitions. In this and the next two sections tho space © with 
which we deal is a compactum. With the points of © as vertices, a simplicial 
complex, which we denote by S, is constructed by letting any n + 1 points of 
©, distinct or not, be the vertices of an n-simplex. Given any e > 0, Sle] 
denotes the subcomplex of § consisting of all simplexes of diameter < e. Only 
finite chains on S, with coefficients taken from an untopologized abelian ring 
G with a unit, are considered. With such a coefficient group, a simplex can be 
considered as a chain. If y% is a chain of dimension q on S, then |y% | denotes: 
the set of g-simplexeg of S on which y% has non-zero coefficients plus all their 
faces. This is clearly a finite simplicial complex of dimension <q. The 
diameter of a chain y2 is defined to be the diameter of the set of Poe which 
are the vertices of the complex | ys |. 

As a matter of convenience, we make the convention that in any definition 
of local connectedness. a 0-cycle is understood to be a 0-chain y® such that 
KI(y°) = 0, where KI(y°) is the sum of the coefficients of 4°. 


Definition 1.1. © is said to be q-lc if for each e >.0 there exists a positive 
n — 7f (€) and for each £ > 0 there exists a positive a == œt (£, e) such that if 
g1 is a g-cycle on S[a] of diameter < y, then af — Fyt?, where y%! is a chain 
on S[f] of diameter < e © is lc? if it is q-lc for each q = p. It is i if it 
is g-le for all g. 

It is important to notice that y neni only on:«, while a depends on 
both 8 and e. 


Remarks I. A simple argument shows that if © is lc° it has-at most a 
finite number of components. If each of these is g-le, then © itself is g-lc. 
For if we choose (€) to be less than the minimum distance between any two 
components, then any cycle of diameter < 7f(¢) is on just one component. 
Since we are interested in © only when it is at least lc°, we can, and do, assume 
without any loss of generality that © is connected. ` 


II. We do not find it necessary to consider anything more general than 
simplicial complexes, so henceforth all complexes are understood, to be sim- 
plicial. Also, with the exception of S and its E S[e], all complexes | 
are understood to be finite. 
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Definition 1.2. A realization on S[a] of a complex K is a chain-mapping 
r defined on K with values on S[a],. i.e., a function which assigns to each 
chain F? on K a finite chain 7(¥%) on S[a] in such a way that 


1) 7(gs¥3% + gaY) == 9,7 Y1 +- ger¥ 24, Jo Jae G; 
È) rFYI = FY 
3) KI (Y°) = KI (Y°) 


In other words, r is a distributive mapping which commutes with F and 
preserves the Kronecker index, KJ, of 0-chains. The norm of r is defined to be. 
max [diameter 7(Z%)] for all simplexes Z< of K. 


Definition 1.3. If K’ is a subcomplex of K which contains all the vertices 
of K, then a realization 7’ of K’ on S[«]| is said to be a partial realization of K 
on S[a]. Let Z4 be a simplex of K and Z;",:--,Z,? all its faces which appear in 
K’. Then if for all Z4 and all q, max [diameter {r (Z) +: > -+ r (Z;?)}] 
<<, 7’ ig said to be of norm < e as a partial realization of K. 


Definition 1.4. If + is a partial realization and + a realization of K, we 
say that 7 is an extenston of +’ if r agrees with 7 wherever the latter is defined. 
_ We also say that the partial realization +’ can be extended to the realization r.. 


THROREM 1.1. A necessary and sufficient condition for © to be le? ts that 
for each e > 0 theré exist a positive 7 = 3P (e) and for each B > 0 there exist 
a positive & — àP (B, e) such that if vis a partial realization on S[&'].of norm 
<7 of acomplex K of dimension = p + 1, then r can be extended to a realiza- 
tion + of K on S[B] of norm < «. 


Proof. For the sufficiency let ya (e) — 47? (6/3) and a@(B, €) = æ (B, «/3) 
for any q S p. Let zl bea cycle on S[a] of diameter < 4). Let K be the join 
of | ¢ | and one of its vertices, 2°, and let r’ be the identity mapping on | a |. 
Then 7 is a partial realization of K on S|] of norm <7. Hence 7’ can be 
extended to a realization + of K on S[f| of norm < «/3. Let y™* be the join 
of za and 2° so that Fyt = zt. Let y,% == (y). Then y,% is on 8[f] 
and is of diameter < 2/3 +-7 < «. Since 7 is an extension of 7’ and 7’ ig the 
identity: on | 2@|, Fy! == Fr (yt?) = r (Fy) = (21) = 2%, which com- 
pletes the proof of the sufficiency. __ 

The necessity being true for p = 0; because of condition 3) in definition 
1.2, we may assume the theorem proved for p—1, so that we have the func- 
tions yP(e), a(8,«), P(e), and aP? (B, e). Choose y= (1/3)7?(e) and 
À == aP (B, e), and set WP (e) == 77> (y) and a? (8, e) = 4 (À, y). 

Now let K be a complex of dimension = p + 1, and 7’ a partial realization 
of K on S[a?] of norm < 7. Denote by K?’ the p-section of K, i.e., the set 
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of simplexes of K of dimension <p. Let 7” be 7 considered only on K?. 
Then 7” is a partial realization of K? on S[a?] of norm < P. By the choice 
of 7? and a, r” can be extended to a realization 7, of K? on S[A] and of norm 
< y. Let re be the mapping which is 7’ wherever the latter is defined and is rı 
_ otherwise, and let Z?*? be a simplex of K which is not mapped by rz} ’Z?** 
is mapped by r2 onto a cycle 2? on S[A], and diameter a? < W? (y) + 2y X 3y 
< P(e). Hence 2? bounds a chain y*** on S[8] such that diameter y?** < e. 
Define +(Z***) to be y?**, (2 giZiP**) to be 2 gir (Z), and v to be rz other- 
wise. Then + is an extension of r’ and is defined on all of K, which completes 
the proof. 

The functions (e) and & (£8, «) are called extension functions. 

Definition 1.5. © is le if for each e > 0 there exists a positive y= (e€) 
and for each 8 > 0 there exists a positive « = a (£, e) such that if 7’ is a partial 
realization on S[a] of norm < y of a complex K, then 7’ can be extended to a 
realization 7 of K on S[f]| of norm < «e. 

This definition is stronger than that of lc%. However, we have 

THEOREM 1.2. If © isle” and dimension? © <n, then © ts le. 

The proof is postponed to Section 5. . 

2. Properties of lc” spaces. ‘Two important properties of locally con- 
nected spaces can now be proved in essentially the same way as they are for 
the homotopy local connectedness case. It is understood that the homolgy 
groups, H? (©, G) and the Betti numbers for compacta are defined in terms of 
Vietoris cycles [18]. 


THEOREM 2.1. If © is le", then its homology groups H?(©,G), for 
pÆ n, are isomorphic with subgroups of the homology groups of a finite 
complex.® 

This theorem is a corollary of the more general theorem 5. 5, proved later. 

COROLLARY 2.2. If © isle”, its p-dimensional Bettit numbers, for p= n, 
are all finite. 

THEOREM 2.3. The Lefschetz fixed point formula is valid for le spaces. 

The proof is essentially the same as that of Lefschetz [13], so we omit it. 


Remark. Define © to be weak-lc* if it is le* and n-Ic except that the 
4 Menger-Urysohn dimension. 


* This theorem was proved by Alexandroff in [3] for the case of integer coefficients 
in the definition of local connectedness. See also [21]. 
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chain y™! of definition 1. 1 need not be of diameter < e. Then it is clear that 
Theorems 2.1, 2. 2, and 2.3 are true if © is weak-le™ [21]. 

In order to establish a connection between the type of local connectedness 
which we have defined and the ones in terms of Vietoris cycles and projection 
cycles, we prove the following lemma. We recall first that a projection chain * 
A? $ a sequence {y;?} of chains of S with the following properties: 1) y,? is on 
Ile] and e — 0, 2) for each i there is defined a simplicial projection m; such 
that miy? = yi”, and 3) denoting the compound projection mjirj2' © `m 
by rı, for each e > 0 there is an n such that for i >j > n, m4! is an e-pro- | 
jection, 1. e., no vertex of 44? is projected a distance greater than e. 


LEMMA 2. 4, If © ts le”, then for each p > 0 there is a A> 0 such 
that if P, p & n, is a chain on S[A], then it ts the first element of a projection 
chain A? such that diameter A? < 2u + diameter y? and such that for all 4, wi? 
is a d-projection. 


Proof. Given » > 0, choose a sequence {u} such that each u > 0, and 
2 pi <p. Then A= 7(y,) satisfies the conditions of the lemma. To 
AEA this, first construct an auxiliary sequence {vi}, v; > 0 such that 


> vg < à and also such ihai ve < J7 (uin). 


Now let y® be a chain on S[A]. The identity mapping on the vertices of 
| y? | is a partial realization 7, of | 4P | on S[G** (v, 41) ] and 71 is of norm 
< à — 7"! (m). Hence 7’; can be extended to a realization 7, of | y?| on 
S[v,] and of norm < py. 

Let z% and 2 be simplexes of | y° |. If | r,(z%)| and | 7:(2)| have common 
points, we wish these to be in a | 71(2")|, where 2” is a common face of z% and 24. 
If this is not the case, we replace the simplexes of r(z*) by nearby simplexes so 
as to effect this. Since © is connected, there are infinitely many points of © 
arbitrarily near any given point, and hence this shifting can be done in 
such a way as to keep norm Tı < p. The new mapping we continue to call rı. 
Without further mention the mappings r; now to be constructed are modified, 
if necessary, in the same way. ‘The’reason for these rane will appear 
presently. 

The chain y? = rı (4?) is now on S[v,] and its diameter is < 2g, + dia- 
meter yP. We repeat the above process on yP. The identity mapping on the 


-3 , 

“These chains have been studied by Alexandroff [3] and Lefschetz [14]. The pro- 
jection cycles do not form a group and do not give rise to a homology group. In order 
to obtain a homology group, it is necessary to use M- chains [14], which are classes of 
projection chains. 
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vertices*of | y,” | forms a partial realization 7’: of | ya? | on S[8™t (vs, ze) ] and 
norm 1, < vı <7" (h). Hence 1’, can be extended to a realization r: of 
| ys? | of norm < pz on S[va]. 72(ys?) is therefore a chain ya? on S[v2] and 
diameter ys? < 2p: + diameter yo? < Rpa + 2u: -+ diameter 4P. 

Proceeding in this fashion we arrive at a sequence A? == {yP}, y? == YP, 
where y? is on Siv] and vı —>0. The diameter of A? is < diameter 


oO ; 
y+ 2 m < diameter y? + 2p. 

To show that A? is actually a projection-chain, we must define projections 
a, such that mi (Yi) — yi. Starting with the simplexes of dimension 1, 
for any z* of | ys? |, we map each vertex of | 7: (2*) | into the nearest vertex of 2*. 
Then for any 2? of | y;? |, we map into the nearest vertex of z? those vertices of 
| 7<(2*)| which have not already been mapped. Proceeding in this way, after 
p steps we have mapped all of |7;(ys”)| into | y? |. Because of the modifica- 
tions made in each +;, there is no ambiguity in this definition. This mapping 
is mı. The amount of r is clearly < vi, 80 that for any t, the amount of 


4 o 
mit omg’ mam is L ÈL Dn À. 
1 1 


To see that ina (Yeu?) = yY, we note first that the sub-chain of Yis”. 
which mays into 2 is r4(2). Suppose mirta (2?) == gz”. If the vertices of 2? 
are Áo t © *, Åp, denote by Zx the simplex whose vertices are Ax, ` >, Ap. 
Since r; and ri both commute with F for chains over G, we have, 


gı +. ee om Foe = Fryar (2) ere +: 


Hence 
F gı = FiTi (Z) 
and 
gZ +: + me FgZ, = Friar (Za) = reri (Z) +° °° 
gZ + + = FgZ = Frari (Z2) = minti (Za) H> i 
gAp+:-::= FgZo.1 = Print (Zp) = TiTi (Ap). 
But ' a 


gAp = mists (Ap) == Áp, 


since mı and 7; are the identity on the vertices of |y? |. Therefore g = 1, 
and ri (Yi?) == ys?, which completes the proof 


| 


3. Equivalence theorem. By means of Lemma 2.4, we can show that 
-our definition of local connectedness is equivalent to the usual one in terms of 


j 
1 
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Vietoris cycles and also to the one in terms of projection cycles. These are 
defined as follows: 


Definition 3.1. © is said to be ley*[lep™] if for'each « > 0 there ig a 
positive n = yy"(e)[yp"(e) ] such that a Vietoris [projection] cycle of dimen- 
sign =n and of diameter < yy*[np*] is ~ 0 in a set of diameter < «e [bounds 
a projection chain of diameter < «].° : 

Denote the class of all compacta which are lc” or locally connected in 
dimensions = n with respect to Vietoris or projection cycles by {lc}, {lcy"}, 
and {lep"} respectively. 


THEOREM 3.1. {lc} = {ley} — {lcp*}. 
_ Proof. a) {lc*} C {ler*}. 


_ Let T” == {x,*} be a Vietoris cycle of diameter < nP(c/3). For any 
8 > 0 there exists a number kg such that for i > kg, 2," is on S[.a*(B, «/3)]. 
Then 2," = Fy", where y™* is of diameter < «/3 and is on S[f]. Hence 
I —~ 0 is a set of diameter < 2/3 + q” (€e/3) < e, which proves the inclusion. 


b) {lep"} C {e*} 


This is proved by induction. It is obviously true for n —0, so we may 
assume it true for n— 1. Hence © is lc™t and ley". Given e, B > 0, we let 
nt (e) = qy” (e/38)/3. Let p< "(e) and take A< p by Lemma 2.4, and 
< 8/3. Set a*(B,«) =A. 

To show that n*(e) and a*(B,«) are aires, let z” be of diameter 
<7” (e), and let it be on S[a"]. Then by Lemma 2. 4 there exists.a projection 
. cycle A* = {a,"}, .2,*== z", of diameter < yy"(e/3)/3 + 2u < ny*(€/3). 
A”, considered as a Vietoris cycle, is therefore ~ 0 in a set of diameter < €/3. 
Hence, for ¢ sufficiently large, zı” —= Fy,”™!, where gor is on [8/3], and is of 
diameter < «/3. p 

Now let 8; be the deformation chain ê associated with ~;!, so that F842," 
= 2,"—a,". Then yt = 3,2," + y;™! is on S[B] since A < 8/3 and r;! is 
a d-transformation. Also, diameter yr < e/3 2A <e Finally, Py" 
— z,” == 2", which completes the proof of the inclusion b). - 


c) {Iep*} C {Ie*}. 
The proof of b) applies to this case also. 
d) {le} C JW 
5 It is not hard to see that local S with respect to P-chains is equivalent 


to local connectedness with respect to projection chains. 
¢ For the delnition and properties of such chains, see [14]. 
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Set yp” (€) = "(€/3) and let A* = {z;"} be a projection cycle of diameter 
< np*(e). It is sufficient to show that a subsequence of A” is the boundary of 
a projection chain. Hence we may assume that z,” is on’ S[.a*(A, «/3) |], where 

A is given by Lemma 2. 4 for »—/3. Then m,” = Fy, where y,”* is on 
S[A] and is of diameter < «/3. The procedure used in the proof of Lemma 
_ 2.4 can be appliéd with 7’; now being the identity mapping on | Z” | plus*the 
vertices of | ra (21) F ys"? | not in | ou. |, S44. being the deformation 
associated with wi,:. In this way a projection chain A" of diameter < e is 
constructed such that FA»! = A”, The proof of thie, differs only in details 
from that of Lemme 2. 4, so it is omitted. 


4, Extension to compact spaces. The definition, of q-lc is in terms of 
finite chains and cycles defined on the infinite complexes S[e]. Paralleling 
this there is a definition due to Cech [8] in terms of chains and cycles defined. 
on finite complexes, namely the nerves of coverings of ©. 

. Since the homology theory of non-metric spaces is usually in terms of Cech 
cycles, this latter definition is more suitable for any consideration of spaces 
more general than compacta. Below we rephrase our definition of g-lc in terms 
of the open sets of the space, instead of the metric, so: that it has meaning for 
any space and then show that if the space is compact, it is equivalent to Cech’s. 

The notation used is as follows: All coverings of © are understood to be 
finite. Open coverings of © are denoted by M, Y,- - -, and their nerves by 
-A,B,- +--+. The covering consisting of the closures of the open sets of W is 
denoted by W°, and its nerve by A’. If N and B are coverings, Uv B is the 
covering consisting of all the open sets of A and $ together, and its nerve is 

denoted by A v B. . 
i We write I < B if W is a refinement of B, an eee 
ment of B. 

If P is a subset of & and M is a covering, St (P; N), the star of P in Y, 
is the set which is the sum of all the sets of Y which meet P. IY and % are 
coverings, St (B; M) is the covering whose elements are the stars in & of the 
elements of %. 

We write Y * < B if St (W; A) < Brand say that N is a star-refinement 
of B. 

If A < B, we denote by na any one of the simplicia] i of A 
into B. ! 

Homology groups of © are of course defined in terms of Čech cycles. We 
use the Lebesgue type of dimension for ©, i.e., © is of dimension =n if any’ 
covering has a refinement the dimension of whose nerve is no greater than 


n [6]. 
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A simplex of A is said to be on a set when its kernel (the intersection of 
the open sets which are its vertices) meets the set. If Y°% is a chain of A, we 
write diameter F€ < Œ if there is one set of Œ such that every simplex of | Y° | 
is on this set. Note that if Y < B, and Y€ is a chain on A of diameter < G, 
then zg°¥% is also of diameter < €. 

° The infinite complex S is defined as in Section j but the subcomplexes | 
S[e] are now replaced by the subcomplexes S[N], a simplex of S being in 
S[NA] if there is one set of Ù% which contains all its vertices. If y% is a chain 
of S, we write diameter y1 < € if there is a set of e which contains all the 
vertices of the complex | 4 |. 

With each covering % is associated a subcomplex a of S as follows: the 
vertices of a are distinct points, one in each of the sets of W. That such dis- 
tinct points exist follows from the fact that © is connected. Any n- 1 of 
these points are the vertices of a simplex of a if the corresponding sets of Y 
intersect. Thus a and A are isomorphic complexes. If Y is any chain of A, 
there is a corresponding chain y of a, and eee Aiea) Beat > then @ is a ` 
subcomplex of S[%]. 

We now have two kinds of realizations of a comple K. Formally, these 
are defined as in definition 1. 2, but in one case the image under r of a chain 
on K is a chain on a nerve A, and in the other the image is a finite chain on 
_§[9]. The norm of 7 is defined in the obvious way, as is the norm of a partial © 

realization of either type. : 

In the following, whenever we write functions M(B, - -) it is understood 
that Y < B,- -- | | 

With the above notations, we can’now rephrase definition 1.1 as follows: 


Definition 4.1. © is q-le if, given coverings © and %, there exist 
coverings $%— §7(€) and Mı — Mı(V, €) such that if 2? is a cycle on 
S[M2] of diameter < §%, then 27 = Fyt, where yt is a chain on S[%B] of 
diameter < &. : 

Using the fact that attached to each open covering of a compactum there 
ig a number y such that any set of diameter < v is contained in a set of the 
covering, it is easy to show that deffnitions 4.1 and 1.1 are equivalent in such 
spaces. 

For a compact space, the definition of Cech can be stated as: 


Definition 4.2. © is g-Cle if, given coverings © and %, there exist 
coverings Q1 — $2(€) and Mı — M(B, €) such that if X4 is a cycle’on A? 
of diameter < 9%, then ae XI = KY, wage Yat ig a chain on B of dia- 
meter < &. 
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For some purposes it is more convenient to have this definition in the 
following form: 


Definition 4.3. © is g-Cle if, given coverings © and %, there exist 
coverings $7 == §7(E) and We = Y7(B, E) such that if X4 is a cycle on 44, 
of diameter < $1, then X4 == FY,%', where Y,** is a chain on A? v of 
- diameter < &. 

To see that definitions 4. 2 and 4. 3 are equivalent let Y% be mat Y% and 
Dea let Y0 == Yo +. 8X4, where § is the deformation associated 
with Ta? A 

It is clear that in definitions 4.2 and 4.3 §¢ can be replaced by any 
© < $4 and M can be replaced by any M < Me. Also, if these definitions are 
satisfied for any Œ and $ chosen from a complete family of coverings, then 
they are clearly satisfied for arbitrary © and B. | 

We shall need the following facts about compact spaces. 


4.a) Every covering B has a star-refinement, 1; W*< B [5, p. 625]. 


4.b) If B is any covering, each set of B contains an open subset such 
that these sets form a covering Y, and A << B [2, p. 78]. 
4.c) . I£ X << B, there is a covering: © such that St (A; €) < B. 


The proof is trivial. 
We say that © is a Lebesgue E of M if a < A and if whenever a 
collection of sets of Y meets a set of © they have a non-vacuous intersection. | 


4.d) Each covering ®© has a refinement W which has a Lebesgue re 
ment &. 


The proof is as follows: By 4. b) tie ig a séquence, {Mi}, Wo = B, 
WU, << Wy, such that A,° is isomorphic. to a subcomplex of Ais. Since B isa 
finite complex, there is a least integer k such that Ax° is isomorphic to Ay. This 
means that if the closures of a collection of sets of Ms have a non-vacuous inter- 
section, the same is true of the sets themselves. Let Y = Ty. 

Denote by {1z} the collection of all refinements of M, and suppose that A 
has no Lebesgue refinement. Then for some collection J of sets of W, and for 
each {, there is an open set Mg of Ug such that the sets of J all meet My and 
at the same time these sets, and their closures, have a vacuous intersection. 
_ Let sz be a point of My. Then {sc} is a directed system.’ Since © is compact, 
{se} has a cluster point s. Let N be any neighborhood of s. By the definition 
of cluster point, it follows that there is a { such that Ms is in NV. Hence there 


7 For the definition of directed systems and cluster points, see [17]. 
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are points of each of the sets of J in N, and so s is a limit point of each of these 
sets, and the closures of these sets have a non-vacuous intersection, which is a 
contradiction. Therefore one of the Uç is a Lebesgue refinement of YW. 


5. Properties of compact ic* spaces. In this and all the following 
secfions, © is understood to be compact. 


THEOREM 6.1. If © és q-lc, it is also g-Cle and conversely: 


Proof. a) gq-le implies g-Cle. Denote refinements of € and % given by 
definition 4.1 by a; and Wi). Given any covering €, there is a covering 
©, << ©. Also, there is a covering § << $.1)7(E1). Given B, by 4.c), 4.d) 
there is a covering B, < B such that S¢(€,;%B,) < € and such that B, has a 
‘Lebesgue refinement, Ba. By 4. a) there is a covering Mı < Wea (Ba, €,) such 
that 8¢($13; Mı) < §%1)(@1). Finally there is a covering U,* < Mı. Now 
the coverings $2(€) = and M(B, €) — M, satisfy the conditions of 
definition 4, 2). 

For let X° be a cycle of A, of diameter < §. Then'z? of a, is on S[M] 
and is of diameter < §%1,;(€,). Therefore zt = Fyt, where y@*" is on 
S[B.] and is of diameter < €,. We map y** onto a chain Y,%" of B, as 
follows: for each vertex of y?** which is a vertex of z? there is an open set of 
A, which contains it and an open set of B, into which ‘the latter is projected 
by ma”. This vertex of B, is chosen as the image of the vertex of 27. Any 
vertex of y4" not a vertex of z€ is mapped into an open set of B, which contains 
it. By the choice of %8, this mapping is in fact a simplicial mapping, ¢, s0 
(y) = Y,%" is a chain of B, and FY, — (2%). But by construction 
(zt) = Ta X1 Finally, diameter Y,9* < ©, so mp? Y0 = YO ig on B 
and is of diameter < €, and FYC == ma’ X9, which completes the proof of a). 


b) g-Cle implies q-le. 


Given any covering ©, there exist © << € and $a) << 7(G,). Given 
B, there is a covering B, < B such that 8¢(€,;%B,) < ©. Also there is a 
covering Be * < %, and a covering Ba.such that Bs < M (B2; Ga), such that 
S8t(Ga);Bs) < (E) and such sthat B, has a Lebesgue refinement, Wi). 
Now the coverings Kia; (E) == Say and Ma (B; €) = Way satisfy the con- 
ditions of definition 4. 1. 

For let 2% be a cycle of S[M.1)] of diameter < Kı. Mapping each vertex 
of 2% onto a vertex of B, which contains it defines a mapping y of 2% onto Bs, 
and since a) is a Lebesgue refinement of Bs, y is simplicial, so y (2%) == X,¢ 
is a cycle of B;. Also diameter X17 < $2(€,), s0 X, — FY,%*, by hypothesis, 
where Y,%* is on B, {v B, and is of diameter < ©). _ 
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To ¥,% there corresponds a chain y,%* of 8[%,], and diameter y,% < €. 
Let Fy,% == 2,0", But corresponding to the mapping w there is a simplicial 
mapping ¢ of z1 onto 2%. The corresponding deformation chain being ôr! 
and setting y,%t + 8¢% = yt", we have Fyt = 29, where y% is on S[B;] 
C 8[%] and is of diameter < €, which completes the proof. 

One of the important consequences of this theorem is that the large bèdy 
` of theorems developed by Čech for Clc” spaces now: applies, in the case of 
compacta, to the types.of local connectedness defined in Section 3. 

_By the same procedure as was used in the pee of Theorem 1.1, the 
following theorem can be established. 


THEOREM 5.2. A necessary and suficient condition that © be Cle is that 
for each covering Œ there exist a covering S$? — (E) and for each covering - 
B there exist a covering VW? —%?(B,E) such that if K is a complex of 
dimenston = p+ 1 and r 18 a partial realization of K on A of norm < §?, 
then 7’ can be extended to a realization r of K on Av B of norm < €.. 


The ‘functions 6? = §°(€) and Mr — Mr (V, E) are called extension 
functtons. It is clear that the statement of Theorem 5.2 is true for any 
Š < $ and for any Y < W. 

The definitions of le%®, Cle™, le, and Cle are now as in definitions 1.1 and 
1.5 with the obvious changes. By the same method as Was used in the proof 
of Theorem 5.1, a proof can be found for 


Tuxorem 5.3. If © ig le, it is also Cle and inate 


Čech hag shown that if dimension £ G < n, then Gi is g-Cle for all q >n. 
Hence if dimension © =n and if © is Clc*, then it is Cle. However, we. 
can establish the stronger | : 


THEOREM 5.4. If dimension © <n and © is Cle, then it ts Cle. 


Proof. By Cech’s result, © is Cle****. Given ©, let Œ, be * < Œ. Given 
any covering % choose a refinement B, of B of dimension = < n and let Y be a 
similar refinement of Mena (B, €). Thpn the extension functions § (©) 
— (E) and M(B, €) — A satisfy the definition of Cle. 

For let K be any complex and 7’ a partial realization of K on A of norm 
<§. We may assume that 7 is also a partial realization of K***?, the 
(2n + 2)-section of K. Hence 7’ can be extended to a realization 7, of K?**? 
on Aw B,, of norm < ©. It follows from the fact: that both A and B, are of 

8 Lebesgue dimension. | 
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dimension n at most, that Av B, cannot be more than 2n -+ 1 dimensional. 
As a consequence of this, r, maps any (2n +- 2)-chain on K?**? into the null 
chain. Hence 7, can be extended to a mapping ra defined on K by defining 
72(Y?"***) to be the null chain. Thus r: is a realization of K on A u B, and 
7218 of norm < ©. Now let a be the projection of A v B, into Av B which is 
obtained by projecting each vertex of B, into the corresponding vertex of B, 
leaving the vertices of A fixed. Then mr = 7 is a realization of K on Av B 
of norm < &. 

The above two theorems, together with the fact that in a compactum the 
Lebesgue definition of dimension is equivalent to the Menger-Urysohn defi- 
nition, give a proof of Theorem 1. 2. 

Because of the theorems of this section we can now drop the notation of 
q-Cle and use q-lc to mean that any one of the definitions 4.1, 4.2, or 4.3 is 
satisfied. 

Of the results in Section 2, Theorem 2.1 generalizes easily to compact 
spaces. However Lemma 2.4 depends essentially on the separability of © 
and does not extend. Hence we have no proof that if © is locally connected 
in dimensions < n with respect to Cech cycles then it is lc". The converse is 
trivially true. For the case where the coefficient ring is a field, this equivalence 
has been proved by Cech [8], and this is sufficient for our later applications 
to generalized manifolds. The non-field case, however, remains open. 


THEOREM 5.5. If © is lc", then its homology groups H?(©, G)>p =n, 
can be mapped isomorphically into the corresponding groups of a complex. 


Proof. Let Œ be a covering and let U, be * < §"(E). To each Cech 
cycle, I? = {X}, let correspond the cycle XP = (I?) which is the coördi- 
nate on U, of TP. The correspondence ¢ clearly induces a homomorphism © 
of H? (6, G) into H? (U, G). | 

Now suppose (I?) = XP ~0 on Uy. Any Uy < Uy, has a refinement 
Up < A” (Uz, €). Let 8 be the deformation chain associated with rp’ so that 
PBX pP =X pP — rp Xp. Let Yo? and YY’?! be chains of U, such that 
BY PO we Xp and FY = rp Xp — XP. Then Yr — 8X,’ -+ Yr 
+ Y’.* is a chain of Up v Us such that FY?! — Xp, 

Let 2°o,4 be a vertex of | Y?*/ on Uy and let 2%, be a vertex of Up con- 
tained in it. Define a partial realization of | Y?" | on Up by: 7Y" = Ye if Ye 
is on | Xp? |, 72% ,4= 2%. It is clear that norm r < St(Uy3;lh) < §"(G). 
By the choice of Up, 7’ can then be extended to a realization r of | 7" | on 
Up v Us and r¥?** is such that PrY?** == Xo”, Now let m be the obvious pro- 
jection of Upu Uç onto Uy. Then wr¥?*" is a chain on Uç and FrrY” 
= rp X? ~ XP ~ 0. Hence I? ~ 0 which means that © is an isomorphism. 
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6. Local Betti numbers. In the definition of generalized manifolds two 
local invariants are used, local connectedness and local Betti numbers. In this- 
section we study the latter and show that they can be expressed in terms of . 
cocycles. For this it is necessary that the coefficient ring be a field, F, which 
we now assume. | 

For the definition of cocycles of ©, we need the fact ° that if o is a sfm- . 
' plicial mapping, then the inverse of o, which we denote by o*, defines a cochain- 
mapping which commutes with the boundary operator. Using this, a Čech 
cocycle }° Ty is defined as a collection {X,‘} of cocycles on the nerves of some - 
family {Uç} of coverings of © such that if Up < Uç and if T, has codrdinates 
. on both Ug, Up, then rp" Xg ~ XP on Up. By definition, ro~ 0 if on some 
Up, mp" X ~ 0. The cohomology groups H,(@, G) of, S are defined in the 

usual way. : | 
| Let Ty be defined on Us, but cob on Up. Then if we,add to the codrdinates 
of Tg the codrdinate wp!"X;,', this new collection of cocycles is a Cech cocycle, 
and is homologous to Ty. Hence we can always assume that if Tg has a coördi- 
nate on Uç, it also has codrdinates on each Up, for Up < Ue. 

We say that a cochain on a nerve A is in an open set if the set contains 
the kernel of each simplex on which the cochain is defined. A cocycle 
Tg = {X4} is said to be in an open set if each X,'’is‘in the set and if also 
each of the cochains involved in the cohomologies rp?’ Xg ~ Xg is in the set. 
Note that if Up < Uç and if Xg is in an open set, then: rpX,* is in the same 
set. Hence if Ty is in an open set and if we add new codrdinates to Ty as - 
above, the new cocycle is in the same set. | 

Local Betti numbers have been studied by Alexandroff [1], Gech [7], and 
others. For our purposes, Cech’s definition is the most convenient. Let 
PD Q be open sets of 8 which contain the point s. Denote by H! (P,Q, 8) 
the group of q-cycles mod © — P reduced by those which are ~ 0 mod S — Q, 
and let R¢(P,Q,s) be the rank of this group. For Q@’C Q, RU(P,Q,s) 
= RI(P, Q’, 8), so there is a greatest cardinal number R9(P,s) = R4(P, Q,8) 
for all neighborhoods Q of s in P. For P D P’D Q, R4(P, Q,s) = R(P’,Q,8), 
so there ig a least cardinal number R2(s) = RP, s) for all neighborhoods P 
of s. The number #%(s) is called the local Betti number of © at the point s. 


° See, for example, [19, p. 401]. | 

10 We follow Lefschetz [16] in considering cocycles to be cycles in the dual complex. 
The chains on the dual are called cochains, and their dimensional indices are written as 
subscripts rather than superscripts. F is used for the boundary operator on both the 
complex and its dual. 

12 For a further discussion of Čech cycles see [10]. 
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| Now let the group H¢(P,Q,s) be replaced by Hg(P, Q, s), the group of 
q-cocycles in Q reduced by those which are cohomologous to zero in P. Let 

Ra(P, Q,8) be the rank of Hg(P,Q,s8). Then it is easily seen that Ry(P, s) 
< R,y(P, Q, 8$) exists as above, and also Ry(s) = Ra(P, 8). The number R,(s) | 
is called the local co-Betti number of © at s. | 

®A pair of neighborhoods, P and Q, of s such that R,(P, Q, 8) = R,(s) is 
called a canonical pair. It-is clear that any neighborhood of s contains ‘a 
canonical pair if Ry(s) is finite. Hence if © is any covering of ©, and if B,(s) 
has the same-finite value, Ry, for each point s of ©, then there are refinements 

= 6, (E) and a = a(€) where each element of Ka is a Q of a canonical 
pair and each element of ©, is a P corresponding to one of the Q’s of $g. 


Definition 6.1. © is g-co-le if for each covering © there is a refinement 
Sq = Sq(E) such that if T, is a cocycle in a set of Ka, then Ta~ 0 in a set 
of €. If S is g-co-le for all q <n, we say that © is len. 

This definition is clearly equivalent to 


Definition 6.2. © is q-co-lc if Rg(s) = 0 for every se©. 


In order to compare local Betti numbers and local ‘co-Betti numbers we 
make use of an intersection between cycles and cocycles defined 1? by Lefschetz 
[15]. This is an extension of the intersections defined on complexes by Cech 
[9] and Whitney [19]. If T? and Ty, gp, are a cycle and a cocycle, the 
intersection, denoted by (1? T4) is a cycle of dimension p— q. 

If T; is defined on Uç, then the coérdinate on this nerve of (T°; T4) is the 
intersection (— Whitney’s cap product) of Ty? and T. This is a cycle of Us. 
Since we may assume that I’, has codrdinates on a cofinal family of coverings 
of G, we have the intersection defined on this cofinal family and hence, in the 
. ugual way, on every covering. That this collection of cycles is actually a cycle: 
of © follows immediately from theorem 6 of [19]. 

Lefschetz has proved the following:?> 


12 The definition makes use of a generalization of (5.14) of [19]. 

18 For field coefficients, this theorem can be proved as follows: Suppose that there 
is a T? mod © — 9 ~ 0 mod © —Q. Then on some U,, Typ 0 mod G — 9. Hence, by 
the theorem for complexes, there is a cocycle T? on Da in Q such that KI (T Ty 5 
But I$ is also a Cech cocycle, Ty in Q and KI (IP. DA ) #0. 

ow suppose that there is a PERA T, in Q0 in Q. Then tiere is a Ue such 
that T p 0 in U.. Let Up be a normal rentent [4] of ür- On Up we have To PI L9 
~ 0 in Q. Hence, by the theorem for complexes, there is a cycle T pnd S—G such 
that KI (Top. ToT oo) =1. Then KI(x, T-T oo) =. Since Up is a normal refine- 
ment of ü: ae r, aut p is a coordinate of $ Sach cycle, I”, of © mod & — Q, and 
KI (T?. r, ) = o 
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THEOREM. For any open set Q in ©, a necessary and suficient condition 
that a cycle T? mod S —Q be ~0 mod S — Q, is that for every cocycle Ty 
in Q, KI(I?-T,) = 0, and a necessary and suficient condition that a cocycle 
Tp in Q be ~ Orin Q is that for every cycle T? mod S— Q, KI(T? Ty) = 0. 


An mediate consequence of this theorem is that mS, F) — H (SaF). 
. Also, by means of this theorem we prove 


THEOREM 6.1. For any pair P and Q oy neighborhoods of 8, oar Q, 8) 
— Ry (P, Q, 8). 


Proof. Denote these numbers by R4 and Ra- Let Ti%,- - >, be a set 
of cycles mod © — P which are independent mod S —Q. Considered as cycles 
mod © — Q, aoe are still independent. By Lefschetz’s theorem, there exist 
cocycles Tat, > +, Tof in Q such tai the determinant | ass fe is not zero, where 
q? atts KI (T; Ta). í 

Considering these -cocycles as one in P, the intersection numbers 
KI(T:4: Tf) remain the same. If T,- -, Tg! were not independent in P, 
then the determinant | yt | would be zero, which is impossible. Hence there 
are at least ¢ cocycleg in Q which are independent in IP, i. e, RS Ra 

But an interchange of P and Q and of cycles and i in the above 
argument shows that R? = Rg; i.e. R= Ray | 

An immediate consequence of this is | 


THEOREM 6.2. For each point s of S, R%(s) = Rg(s). 


7. Generalized manifolds. The definition of a generalized manifold 
which we now introduce is similar to Gech’s [5, 7], except that we use cocycles 
and local co-Betti numbers instead of relative cycles jand local Betti numbers. 
Tt is this that makes possible the rapid proof of the Poincaré Duality Theorem. 


Definition 7.1. A compact space Pè is said to be a generalized n-manifold 
over a coefiicient field F if | 
a) dimension Jt =n; b) Ut is le”; c) M is len d) Ra(s) = 1 for each 


point s of Mt. . ` 
Since P? is compact and Ic°, it has at most a finite number of components, 
and each of these has properties ae -d). Hence we can assume without any 


loss of generality that St is connected. 

‘The easiest way to define orientability of a manifold is mG require that 
there be an n-cycle on the manifold ~+ 0 and that oh any proper closed subset 
all n-cycles are ~ 0. However, for any applications it is better to have a 
definition with a more local character. This is done as follows: 


: 
Í 
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Let Œ be any covering of Yt and let G©,(€), a(€) be the refinements of 
(© introduced in Section 8. In each set Q; of §* there is an n-cocycle Tat + 0 
in P; of Gy. Suppose Q, and Q; have a non-vacuous intersection. At any 
point of this intersection a canonical pair P D Q can be chosen such that P 
is in the intersection and in Q there is an n-cocycle I, #0 in P. Since T, is 
them in Qi, Tn‘ and T, are dependent in Py, so we have fiTn* ~ Ta in Py. 
Similarly fT ~ Ty In Py. s 

We say that M is orientable if for each © and for each pair of refinements 
Gn, Ox, the cocycles Tat can be so chosen that for any choice of canonical pairs 
in the intersections of the sets of n, the ratios fi/ fi are all +1. The Tat so 
chosen are called fundamental cocycles. 


. THEOREM. Y, 1. If Ut is an ortentable generalized n-mantfold, there is 
an n-cycle I" on M which is not homologous to any cycle on any proper closed 
subset of W. Conversely, if such a cycle exists, Vt is orientable. 


Proof. Let € be any covering of M and let Y = §,(€). By 4(b) 
there exists a covering © << QH. Let U be such that S#(S@; U) < §%, 
and let {ll} be a complete family of coverings which are refinements of U 
and are n-dimensional. All cycles and cocycles are to be considered only on 
this family. 

Now let Q; , Q;' be two. sets of §® and let Ta‘ , Fna? be the fundamental 
eocycles in these sets. Let Q,?, Qj? be the corresponding sets of 9 and 
suppose that Q,79Q,;7=40. At any point of this intersection there is a 
canonical pair, P  Q, such that P is in Që ^ Qr, and in any such Q there is 
a cocycle Ty. Since W is orientable, ra may be so chosen that Ia ~ Tat in Fy, 
Pa ~ Ta in E;, where FE, Ej are sets of Œ containing Q, Qr. 

By Theorem 6. 1, there is a cycle T;”'mod W — E4 such that KI (T;” - Taf) 
‘== 1. Ty" is also a cycle mod M — P, and since ',4 ~ Da, we have KI(T,"- Ty) 
= ]}. Similarly, there is a cycle Ty* mod M — E; such that KI(T;*-T,) = 1. 
Since P and Q are a canonical pair, it follows that Ty" ~ F;* mod M — P. 
Furthermore, each Uç being n-dimensional, homology for n-cycles means 
identity, so we have 'y*—T'y* mod M— P. This is true for each point of 
0,7 9 G;?, so that we have T4” =— Tj” on this set. 

Now we can proceed to the construction of T". For this we need coverings 
HH) << <Q. We assume that U is < Q and such that St(9™; 
u) << S$ and St($™;U) <°. We first define on each Uy an n-cycle 
Xç” as follows: Let Z™% be any n-simplex of Uç. It is on some Q. In 45" 
let it have the coefficient which it has in X", where X"; is the codrdinate of 
T,” on Uy. That this assignment of coefficients is without ambiguity results 


8 
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from the fact that if 2", is on Q’ and on.@,°, then it is also on Q+ ^ Q’, 
because of the choice of U and of §@, and on this set Ty" = Ty". 

To see that X¢” is a cycle, let Z"-*¢; be any (n — 1) -simplex of Uy. It is 
‘on some Q,* and every -simplex of which it is a face is on Qè by the choice 
of $) and U. These simplexes have the same coefficients in X;* as they have 
in X”; 4, and FX™, is on M— E. Zs; has therefore a zero coefficiemt in 
FX”, so Xe" is a cycle. | 

Let T” == {X;*}. To see that I* is a Cech cycle, Wwe see meee notice 
: that if Wp < Ug, then rpi X”p 1 = X i, 80 mp Xp” = XY". . 

Finally let M be any proper closed subset of M. |In WM — M ie ig a 
canonical pair P > Q, and in Q an n-cocycle, Tn 0 in P. If T” is on M, 
then KI(T™-Ty) 0. But by construction, KI oe Da) 3E 0, and so T” 
cannot be on M. 

For the converse, all that is necessary is to choose the Tat so that 
KI(1-1T,*) = + 1 for all +. ! 


THEOREM 7.2. IfM is rade orientable, then every n-cycle on W is ~ 0. 


Proof. It is sufficient to show that every n-cocycle on Dt is-~™0. Now if 
M is not orientable, there is a covering € and one of sits refinements $.(€) 
such that there is a sequence Dat ~ Ty? ~ > - > ~ Ta? ~ fT", f 1, -where the 
T„* are given by 7(d). Then, sincè the coefficient group is a field Tẹ ~ 0 in 
Mt and hence, since Yt is connected, every Tat ~ 0 in Pi, 
_ Now let Ta be an arbitrary n-cocycle on W. T, has a codrdinate X,* on 
_ the nerve of an n-dimensional Uy which is * < a(€). Since Uç is n-dimen- 
sional, each n-simplex is an n-cocycle, Wa), and X,f'——_%fiWaht, But also 
each W,,5* is a Čech cocycle, W,'*, and we have Tn ~ 2% fiWat. Since each. 
W,* is in a set of $a (©), each Wat is homologous to a I+ and hence is ~ 0 
in Mt. But then T, ~ 0 in M also, which completes the proof. 


Tarorsm 7.3. If Mt ts orientable, the Poincaré duality theorem holds in 
` Wè, i. e., HP (M, F) wm H" (M, F) 


Proof. Let Tp be any cocycle on D, „Tren ur. iy) — TI"? is a cycle on 
Pe. Set p (Tp) =T”. Since (Tp) ~ 0 if Tp —~ 0,'¢ induces a homomor- 
phism @ of H (M, F) into H**(M,F). Since H (M, F) = He (M, F), 
there is a homomorphism ®, of H? (WM, F} into H “e (DM, F). Itis shown below 
that this is a homomorphism “onto.” But'this means that rank H? (M, F) 
=> rank H=» (W, F). If p is replaced by n— p, the inequality runs in the 
“other direction, so-that these two groups have the same rank. Hence ra are 
isomorphic. 


t 
1 
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To show that 6 maps Ha (WM, F) onto H* (Ht, F), it is necessary to show 
that for any I"? there is a Tp such that (I™-I,) ~I**. Before proceeding 
to the construction of such cocycles we first note that by an argument analogous < 
to that used‘in proving Theorem 1.1 we can show that any covering © has a 
refinement §,(€) for which the following statement is true: Let r’* assign to 
eacif vertex of a complex K of dimension < n a codrdinate, on a fixed nerve Us, 
of one of the fundamental cocycles of WM in such a way that if 2,°,- ©, Z° 
are the vertices of a simplex of K, then 7'*Z,°-++- - --+7*Z;° is in a single 
set of §.(€). Then there is a r* which assigns to each g-simplex of K an 
(n — q)-cochain on a Us, where U, < U, in such a way that 1) r*F2Z,% 
== H'r*Z,%, 2) for each simplex Z,% of K there is a set of © which contains 
7*Z,%, and 3) for each vertex of K, +*Z 4° = mtr tZ. . 

Now let Œ be any covering of Nt and choose &,* < §*(E). Let U, be 
the refinement of © introduced in the proof of theorem 5.5, and let U, be an 
n-dimensional refinement of U, which is * < §,(€) and < Q” (Uo €). In 
each set of U, there is a fundamental n-cocycle of M. There. being only a finite 
number of vertices of U,, we may assume that all of these cocycles have coördi- 
nates on a Uz, where U, < U.. Let +’* assign to each vertex of U, the corre- 
sponding = on U». ‘Then 7* satisfies the conditions above,.so that there 
exists a r* with the above properties. — 

Let T”? == {X;"P} be any Cech cycle on DA Then 7* X," — X; is a 
cocycle on Us- This generates a Cech p-cocycle Tp== {X,'}, where Xp 
ax mg * Xp for any Ue << Us. Let (T”- r3) = {Wz}. 

To show that (I"T) ~T", it is sufficient by Theorem. 5.5 to show 
that the coordinates on U, of these two cycles are homologous on Yo. Let L be 
the cartesian product of U, with a 1-simplex, subdivided simplicially in such 
a way that all the vertices of L are among those of the base and the top. We 
identify the base of L with U,. We note that if X¢ is a cycle on U, and if Ye 
is the corresponding cycle on the top of L, then there is a chain Y9 in L such 
that FY? == X4 — Za. 

We define a mapping r as oloni: On U, 7’ is the identity and for any 
chain Y? on the top of L, 7° ¥% = wf,(X,"-7*Y%) = r, 5%, where X,” is the- 
coordinate of T” on U3. v is clearly a partial realization of L on U2, and norm 
7 < §"(E). Hence +’ can be extended to a realization r of L on Uy v Uo. 
= Let Yr” be the chain on L such that FY*?! = X,"? — X,"?, where » 
X,"-? is the codrdinate of I? on Uy. Then Pr¥r et == Xj"? — m Wa, 
and rY"! is on -U,v Uo. Lf mås the obvious projection of U u Uo onto Ug, 

then r¥* ig on Uo and Fery = m} X,” P — myn W". But this 


B72 .. EDWARD G. BEGLE. 


suffices to show that ry Wo? on Uo, ena hence that er ue Tp), 
which completes the proof. 


l 


8. Cech manifolds. A compact." epa © is a Čech n-manifold if. the 


following axioms are satisfied : 
8. a) dim C =n. 
8b) © is ler. 
8.c) R¢(s) = 0 for all q < n and for all se €. i 
8.d) R*(s)=1 for each point s of €. : 


l 
© 


| 
l Ld 
| 
i 
} 


| 

8.e) If M is any proper closed subset of © and if s isa rein on the 
boundary of M, then Ra” (s) = 0, where Ru” (s) 18 the local Betti number of 
the space M at the points. . ! - 


© is said to be orientable if there exists an nye on © which is not 
homologous to any cycle on any proper closed subset of G. 


THEOREM 8.1. A Cech n-manifold is a generalized n-manifold and con- 
versely. . 


i 


Proof. By Theorem 6. 2, 8. c) ae 8.d) are equivalent to 7.c) and 7. a). 
Hence we need only show that 8.e) holds in a generalized n-manifold. By 
Theorem 6.2, Ru” (8) == Ry“ (s), where the latter number is the local co-Betti 


number of the space M at the point s. It is sufficient therefore to show that. 


any neighborhood N in M of a point s on the boundary of M contains a neigh- 
borhood such that any n-cocycle Ta in the amaller is homologous to zero in the 
larger. N is the intersection with M of an open set in ©, and in this open set 
there exists a canonical pair PO Q D s. Let P, and Q, be the intersections 
of P and Q with M, and P, = P — P,, Qz—Q—Q,. We show that any 
n-cocycle of M in Q, is ~0 in N. Since M is closed, P, and Qs are open. 
Hence in Qe there is a canonical pair containing an n-cocycle Tn, such that 
KI(™-Ty,.2) —1. | 

Let Ta == {Xx} be any cocycle of th€ space M in Q,. We note that ae 


M is not necessarily open, I, may not be a cocycle of the space ©. Let Uy be 
an n-dimensional covering such that both F, and Ta,2 have coérdinates on Uy. | 


Since Uç is n-dimensional, X,! is a cocycle not only of M Uz, but also of Us. 
Since Xp? and 5, 2 are both in Q, and Tn,2-% 0, we have Xn —fXan2~ 0 in P. 


14 Čech also assumes that the space is perfectly TE but this is not necessary 
for the i ae i 


t i 
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Hence there is a Up < it such that ott (X, i 7X, 2) = FY?,,, where 
F’ri is in P. Let Y°,1,2 be the part of F’w in Pz, and Yq11—= Fn 

— Y'a, Since: P: is open, FY*,.2 is in Pz and so is mp* Xine. Let Xn. 
mn FY Png + api tf Atna Then FY?’ w112 == mpi tAn — X'y,. But then the 
part of FY’, in P; is ase pt Xn 5, Hence Fa ~ 0 in P, C N, which com- 
picks the proof. 


9. Peines There is a well-known example to show that homology 
local connectedness is weaker than homotopy local connectedness. This con- 
sists of a sequence of Poincaré spaces [16, p. 218] converging to a point and 
joined by simple arcs whose diameters converge to zero. This is locally con- 
nected in dimension 0 in.any sense. Since the fundamental group of a Poin- 
caré space does not vanish, there are arbitrarily small continuous 1-spheres in 
this space which cannot be shrunk to points, and hence the space is not locally 
connected in dimension 1 in the homotopy sense. However, the 1-dimensional 
homology group of a Poincaré space conte of merely the null element, so 
this space is Ict. : 

To see the effect of different odia rings on local connectedness consider 
a sequence of projective planes which converge to a point and are connected 
by simple arcs as above. A projective plane is a 2-cycle mod 2, and so this - 
space is not 2-le for mod 2 coefficients. However, there are no integral 2-cycles 
on the space, and so for integer coefficients it is 2-lc. Each of these projective 
planes has a 1-dimensional torsion cycle, and so for both integer and mod 2 > 
coefficients the space is not 1-lc, while for rational coefficients it is 1-le. 

The following, example, due to van Kampen, shows that a generalized. 
manifold need not be either a topological or a combinatorial manifold. Let # 
be Euclidean 3-space, made compact by adding the point at infinity. From # 
remove a sequence {A,} of open 3-cells which converge to a point. Then from 
each of a sequence {P;} of Poincaré spaces remove-an open 3-cell, By. Now 
identify the boundary in Æ of the cell A; with the boundary in P; of the cell 
B,;. The resulting space, which is a compactum, is a generalized manifold. 
However, it is not, locally connected in dimension 1 in the homotopy sense, and 
so it is neither a topological nor a eombinatorial manifold. 
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ON CONVERGENCE AND SUMMABILITY OF TRIGONOMETRIC . 
. SERIES.* 


_ By Orto Szász. 





1. It is well known that a Fourier cosine series 


i 


co 
p(t) ~ È an cos nt == F, dn cos nt 
am, 


can be integrated termwise, 1. e., 


t ; 
(i) = f, p(u) du = $, n a, sin nt, 


and the series on the right is uniformly convergent; ®(¢) is absolutely con- 
tinuous. This gives rise to the following definition of summability: 

We say that a series X an is summable to the value s by Lebesgue’s 
method, if the series 


(LAY 2 dn an sin nt = F(t) - 
converges in an interval 0 < £< to, and if 
(1. 2) i F(t) s as tL 0, [Cf£. 6, pp. 272, 308, 304]2 


We then write L > a, = s. l 

It is known that convergence does not imply anun and, con- 
versely, the latter does not imply convergence, Thus an additional condition 
is needed in order to deduce convergence from L-summability, and conversely. 
This condition may be imposed upon the terms as, or upon the function F(t), 
or upon both; the problem is of the well known Tauberian type. Similar 
problems arise, if. we replace convergence by bounds of oscillation, or just by 
boundedness. - 

If $, an cos nt is a Fourier serjes, and the corresponding even function is 


i : 
denoted by (t), then F(t) -=Í ¢(u)du; thus in this case L-summability 
i 0 ` 5 
of Sia, means continuity in the mean of ¢(t) at t == 0, 


Note that the summability method .L is a series to function transform 
` with the convergence factors sin nt/nt, n==1,2,3,--.-. 


* Presented to the Society, April 12, 1941; Received June 1, 1941. 
1 Numbers in square brackets refer to the bibliography at the end of this paper. 
z 
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We can increase the scope of L-summability by associating with the series 
(1.1) a function F(t) in a different way, e. g. instead of convergence assume 
summability by Abel’s method [Cf. Verblunsky 4], or assume that (1.1) is a 
Fourier series. 


2. In this section we collect some known results concerning the problems 
‘under consideration. The following result is due to Hardy and Littlewood 


Pld: 


THEOREM bec, IF 


CO 
(2.1) > Gn cos nt ~ e(t) 
1 
1s a Fourier series, and if 
(2. 2) Nay, > — C, n == 1,2,3," °; 


C a posttive constant, then the necessary and sufficient condition that F, dn 
converges to s, 18 that 


(2.3) 1 f p(u)du—>s, ast} 0. 


In other words: if (2.1) and (2.2) hold, then L-summability implies con- 
vergence, and conversely. The assumption (2.1) is equivalent to saying that 
F(t) in (1.1) is absolutely continuous. 

T have generalized this result [3], by replacing (2.2) by the more general 
assumption : 


(2. 4) lim lim sup Š (Ja | — a) = 0; ? 


ALI n00 
i. e. the series X (| an | — 4x) is slowly oscillating. We have thus 


THEOREM 2. If (2.1) and (2.4) hold, then convergence of a än tmplies 
L-summabiity, and conversely. 


Note that if (2.2) holds, then 


| dn | — an < 2C/n, n= 1, 
hence ; 


Si (| av | —ay) < 20$ 1/7 < 20(1/n + log a), 


and (2.4) follows. 
Another result of Hardy and Littlewood is: 


* Slightly more was proved there. 
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` 


THEOREM 3. [2, theorem 14]. If 


(2.5) an — O(n) for somè 8 > 0, as n> 00, 
and tf l S 

(2. 6) in — 8 = + a + --+ ay — 8 = 0 ( 1/log n), 
as R — œ, then 

(2. 7) LS On = 8. 


Note that here > a, cos nt id not be a Fourier series. 


, 8 In this. paper we eee each of the Theorems 1-8. The main 
Tesultg are: : 


THEOREM 4. If 
, 3 | 
(3.1) lim liiminf min }a=0, 
AJ1 n> n<ckSin n 
and if L > an = 8, then F, an converges to 8. 
Note that 
: 2a = dy — | av |, 
hence ; 
2 lim inf min Š a= im int $ (a — | av [) i 


n> nceSAR n 


It now follows that (2.4) plies (3.1), i.e. (3.1) is more general than 
(2.4), and a fortiori more’ general than (2%. 2). 


THEOREM 5. If 
(8.2) 0 | Š (| a |—av) = 0 (1) as n= œ, 
and if : | l | 
(3.3) S00) ase, 
then a i 
(3. 4) tF (t) = O(1) ast} 0. 
THEOREM 6. Assume again 43. 2); suppose further that 
(3. 5) — o < lim inf sp = 15 lim sup sn = u < + o0; 


Writing for any A> 1 | 
(3.6) lim sup max | s— Sy | — w (À), 
BEAN 


n>% nrz 


evidently w(A) <0. Suppose 
(3.7) . 2 oe) apes. as ‘ee 
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_then 
l 5 lim inf t~ F(t) S lim e p P(t) = su. 
E10 t40 
We shall see that the proof of Theorem 5 is much T than tbat of Theorem 
6; the latter however is essentially sharper. In particular, if uy == | — $, Le. 
if $, &n converges, then obviously w (A) == 0, and we get: e 


Tueorem 6’. If (8.2) holds, then: the AO of Daa imples L- 
summability of that series. 


| 


THEOREM 7. Suppose that for some postiwe § < 1 


2n i 
(8.8) (| av | — av) = O(n?) as n> o, 
„and 


(8.9) — œ o< lim ini (Sn — 8) log n =p 
| Slim sup (84 —8) log n =n. < + 0; 


then : 
(3. 10) Fe — n) log 57 £ lim int [1 F(t) — s] | 


= Sa [i= F(t) —s] 5 TE, A 
t40 g 


_ 
(3.8) is satisfied if in particular | 


| an | — an == O (n?) a8 N—> 0, 


which generalizes (2.5) to a “ one-sided ” condition. EA if p = 7 then 
we get L-summability, thus generalizing Theorem 3. | 

Another interesting case occurs when (3.8) holds for every è< 1; for 
. then, letting in (3.10) 871, we get | 
TwroreM 7. If i 


S| ay | av) = 0) 


for every positive 8 < 1, and if $ 
Sy — § == O(1/log n) 


as n -> œ, then LS dn = 8. 


This ‘is in a sense the “reciprocal” or “transform” of the following 
theorem due to Hardy and Littlewood [2, nate 7]: s 
If o(t) ~ È an cos nt is a Kona series, and it Gn == O(n) for every 


l 


i 
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positive 8 < 1, if moreover $(t) = O (1/log t) as t| 0; then $, @ converges. 
The following is a generalization of Theorem 3 in another direction: 


THEOREM 8. Suppose that. for some positive 8 < 1 

am Sle 0e) ane, 

and that there exist two numbers s and œ such that i 

(3. 12) >| Sy — 8 — [w/log (» + 1)] | — o(nflog i asn- 0 ; 

then L Sida = 8. cn | 

Again, if (3.11) holds for every 8 < 1, then in (3.12) o can be replaced by O. 
4. For the proof of our theorems we introduce ‘ni lemmas. 


Lexa 1. Suppose that 0 < 8S, - 


N . 
(4.1) D (| av | —av) = O (n?) as n> œ, 
n i 
and l 
(4.2) l Sn = O(n'*) as n> œ, 
then | 
(eas 
Sy | ay | 
1 


converges, and ! 

(4.3) S| a | = O(n), as n = 0. 
f n 
Proof. From (4.1) and (4.2) 


2n on . i 
(4.4) > > | av | = E av 4 O(m?) = O(m), as n> o, 
hence 

2n no E 

Sr |ar| S nF |a | = O(n). 

n n 

Thus for any k = 0, ` f 


pk+l-1 


S y | av | =.0(2), as k> œ, 
2» R 


` 


and summation over k yields 


Sy] av |= 0 | Z2 | = O(1) as 1-3 d, 
1 k= 
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Hence X r | a | ane ca and | 

n oO nak : 

Peed ae 2, W | | = O(n? $2) — O(n"), as 1 —> o. 


This proves the lemma. | | | 


Lemma 2, Sales and if | o 


| oo ; i 
(4. 5) Er’ |a| = O(n"), as n> œ, 
then i 
ro l 
(4. 6) Svla|—O(n) as n> o, 
: | 


and conversely. 
For the proof let 





vi | av|= fan ni; 


4 . . { 


a Mg 


then 
| On | — Nn (Ta — Tan), n=], 
and 


n n ' 
Èr [ay | =r +E (2r — U ty — nines, | nE. 


. By aeuesaae Ta == O(n), and the last formula yields the first part of the 
lemma. Conversely, if (4. e holds, let 


a 


Dv | ay | =e, 
1 . 





then va =—= O(n) as n— œ. Also n |a | — Un — Un. for n= 2, hence 


| 


Sy | a |= Sv — Sy tty < toy + ED — (y+) Io, 
8 00) -OSr) 00). | 

Thus Ey? | a» | converges; furthermore i 

$lel Sry — Sr 1) am 8 Š — 0+9 


= Tes v?) = O(n"). | 

This proves the lemma. 
Dana ere 1, and 
(4.7) 7 Sn = Sa (A) rE N 8p — sy | <y for nN; 


= t 
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‘let NS u <v, and suppose that the se alas 


duti F v. 


ts monotonic, then 








ter vt log À 
Por the proof mane 


ee ee ee 


` , 2, uw<cr ucr . ive ee APu <y 
where p is the smallest exponent such that 


ke t 3 
Say |< foen 85" 


(4.8) vsSrMu, ie. mr <oS wn, or. p< Espn 


To each sum apply Abel’s summation by part; thus if 
sin vt sin (v + Di ‘sin vt 
vÉ (v+1)t ve 7° 


8 
Zo HF (esa = szi gin ct 


yt a (8 — 8») ct a , 
Here N Sb < cb, and (4.7) yields 
























































c gin vt sn(b-+1)¢ sinct 5 
È W» "a e (b+ 1) ct | Oe 
hence, in view of (4.8) | 
E sin vt : 
2 < Sey < = À oe x8 a" 
Lemma 4. For 0 < PE ae 
sinyt -sinvt reat + DE: vt? 
(4.9) nean ae eye a 
and if vt > 1, then , 
i siny] 1, 1I 20, 
wt) ja GE ts 
Proof. We have obviously’ f. | 
ae . 
aera Se i i 
yt u’ 


rt 


but from the mean-value theorem . 


# 


ToT [Bator 0< u< 1/8 


1 


582 OTTO SZÁSZ. 
hence 
. (»+1)t ` , r 
a yt me oe, a 
0 < A — < (1/8) f u du = (1/6) (2ri+ 1)t < vt?/2; 





rt 


‘for 0 s (v d 1)¢ < 7/2. Furthermore for vt > 1; 


a Sinvt sin vt — sin (v + D y sin EET : 
vb = vw v(y-+1)t 7 
sin (y+ 1)t o COS (2v + 1)t/2 sin t/2 
| agi gee 
hence | 
gin vt |. 1 Í 
a eR 





5. We proceed to prove the announced results. 


Proof of Theorem 4. It is known [Zygmund, 5], that L-summability 
implies Cesàro-summability of some order ; furthermore by a known Tauberian- 
type theorem Cesaro-summability and (3.1) imply convergence.® This proves 
Theorem 4. _ 


Proof of Theorem 5. From (3.2) and (8.8) 


j 


> | ay | — 0(1) F $ a — O (1) T Sen — Sna — 00), n —> o. 





It now follows ion Lemma 1 that > v* | ay | = 0 (m +); and from Lemma 2, ` 


that $v | av | — O(n). 











a 
iF (t) -e+ ła (57 — 1) 4 Sas gin vt 
. ‘S58. 8s Sas ia | 
from (3.3) Sı = 0 (1) as n> œ.. 
From 
(5.1) o< = < (1/6), 


|9] S (opga | ay | S (1/6)nt? > v | av | = t0 (nê). 


Furthermore 





| Ss | S ee | ay | /v = 0 (n); 


“on ¢ choosing n ==. = [1] for 0 < t < 1, our theorem follows. 


- >A more general theprem has been proved by R. Schmidt ih 1925. 


, 
| 
I 
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Remark. We can replace the eaten (3. k in Theorem 5 k the more 

general one: 

(5.2) ME as rîl 
1 l i 

We need only show that (3.2) and (5.2) imply (3.3); but this (and bome- ` 


whfit more) has been proved-in Lemma 2 of my paper [3]. Note also that | 
conversely (3.3) always implies (5.2); in fact it implies: 


> av” = O(1) uniformly for 0 <1 < 1 and for all n= 1. 
1 ` ʻ 


This follows from To a 
" n-li 
S av” = (1 — r) E sr” + 8n", 
1 1 
and | 
n -1 ae l 
| San?” |S (1—r) E | sv [1 + | sa | oS 2 sup |s |. ~ 
1 7 1 ; 
Proof of Theorem 6. Subtraction of the term $ (u + 1) sin tfrom (1. 1) 


shows that we can assume without loss of generality : | == — u S 0; we shall - 
proe then that 


lim inf C(O Z— t 











t} 0 
We write 
OO ` H a-l ao 7 E 
TORMEN, snyt me LU i Sen 
1 vt vt n+l yt Kn vt 
=2 + Z + + Za 


where n and xn > n + 1 willbe fixed presently. 
To a given positive e < 1 choose N; = Ni(e) > 2 so that 


(5.3) . —u—ecZ,<ute for n=; 
by (3.7) we can choose mies and Na > N, so that 
| Sn = 9 Go| <eloga trn BN, ; 
h f 


From (5.1) and lemma R 


KIE joye Sy ' w| S (n/6) 4 È v | av | = CO (n°); 
similarly, | 


f oo s 
|Z| St Dv |ar| = tO (Kr), as n> o. 
Ka ' 
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We now choose a positive t < «/Ns, and put n == fett], so that 
| 


N,—1< d'?—l<nSad". | 
ane 

Furthermore put x, == [2i], so that 3 

nE A <2 L a Se 


© it then follows that 
(5. 4) Z, = «O(1) and Z, = 20(1) a5 é U0. 


It remains to estimate Z3; ; subdivide the range n e v < Kp into ie 
parts in each of which (sin vt)/vt is monotonic. The function (sin s)/s is 
monotonic between two consecutive roots of the equation x cos s — sin z =e 0; 
denoting the positive roots by z, Ze, Zs,:°-, we have Zy = yr + ay, where 


0 < ay < 7/2. The sections for the index v are | 


[et] <vS [nt], [ni] <vs [est], 


Denote the aai of these sections by p, then p is ie smallest integer such 
that xa — 1 S [zp], thus [ait*] < rn — 1, and: z Byatt L an SPU 
This ales | 


(p—l)r <2, p—1<2/e Si pSV 2/r et < Pet, 
We next estimate the corresponding partial sums: `' | 


-1 $l 


p St 
Sai = by P Sx,2 = ooo 
: [et] <p [at] <y | 


To this end we use Lemma 3, which ii with y == ¢ log à; 








| Sur | < 3E log a < 3e log -———— ra ia 3e tog, 2 T < Be log 3r/e 
Similarly 
| Sna] < Be log te = Eana 


ef 
and the same estimate holds for Sn.23 `- +... Thug, as p< 2et 


(5.5) |Z| < 3e {log Sale 2e -1 log 5} < Be (ir + Blog 5). 
Collecting the estimates (5. 3), (5.4), and (5.5), we get 
lim inf ¢1F'(t) Seam 
pun ! 
| 


{ 
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but e is arbitrarily small, hence | 
lim inf F (t) = — u, 
t 10 ee 


lim sup (F(t) <u. 
è tio 


and similarly 


i 

| This proves Theorem 6. This in turn yielded Theorem 6’, a generalization of 

| which is: 

THEOREM 6”. If (3.2) and (3.1) hold, then the Abel-summability of 
Xan implies tts L-summability. 

| 


By a theorem of R. Schmidt, Abel-summability and (3.1) imply con- 
vergence, and Theorem 6” now follows from 6’. , 
Note also that (8.1) is more general than (3.7). 


6. Proof of Theorem Y. We introduce the funciton 


3, 


and from J, a, < œ it is easily seen that 
1 


AOE SFr sio nts (1— Og + 3 ra mee 
sorta 

Ga 0, g = 1 — (1/log 3) gre ees ee 
| Be i logn log (n+ 1) = 
Let for n = 1 

= 1 
a aaa ee I 
| hence 
(6.1) A,— 1, and (4, — 1) log n —> — 1, asn— œ. 
Furthermore 
log (1 + 1/n 1 . 

| ee) On ET) ~ ween’ > o; 
| 


(6.3) tth(t)—->1 as ¢] 0. 
We write : ' 


tate) =e, S+B=8, mt parmin Šas sa; 
then from (3.8) and (6.2) l 
(6. 4) S (a's | ws) = 0 (m) +0 (F- : -c ) 
log? v 


1 
er i-6 
O(ni-®) + (sar 
Furthermore from (3.9) and (6.1) 
9 


a nan e A a eiia 


)— O(n), as n— œ. 


586 | E OTTO gZABzZ. 


(6.5) lim sup (3'x— S) log n = q — B= (n — p) 7/2 =g, 
and | 
(6.6) lim inf (sn —s’) log n = p — B= — o. 
n=>0 ` ,} a l 


We now consider 


F(t) + Bh(t) = È (a4/») sin vt, 


and write 


S a's (sin vb) vt — 9 — E A +$43- Dirt U: + Us. 


We choose an r such that Ta 
rô > 1, le >"; 





to a given t < + choose 


(6. 7) n= [i], hence 1<¢*?#—1<nSr, 
and let l | 
(6.8) xn = [t"], hericen+1S14+<t—leomst, 


. fort<t(8) <4. Now 


(6.9) U= È (sv —s)A(sin vt) /vt + (sa — s) (sin nt) /nt 
| +#((sin #)/t—1), 
and from (3.9) and Lemma 4, 


n= 0(1) 3 +0 aes) + 
thus from (6. 7) 


(6. 10) D= 00m È i; +0) =oD as tJ 0. 

Next from 6 4), (6.5) and (6. 8) by Lemma 1, 7 | 

(6.11) | U, | < roe | ay | = t- * O fen”) — 0 (t-*) A as t} 0. 
Finally : | a 

(6. 12) U: =o (s'y — 3’) A (sin vt) /vt + (8'r, — 3) (sin xut) /xnt, 


and, using (4.10), (6.5) and (6.6) we get for t < to(e) 


l l 
Pal < eton È gF 








+ ep a (5 Togs * Taga) 
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thus from (6.7) and (6. 8) 


(6. 13) [m| < SEIOE FY (L L4 2 (o + e) 


| og (8-1) fog @ 1) - 
. ) + (ot +S of ane 
<H + oto (oglog#*—tog log) 

e Seta ee (o + €) log r. 


Hence, e being arbitrarily small, 
lim sup | U: | Sclogr; 
t 10 


but r is arbitrarliy close to. so that 
lim sup | U: | So log &* — 4 (y — p) log", 
tl) 0 . 


and, in view of (6.10) and (6.11) 


lim sup |Ù e’, (sin st) ot — # | £ 4 (4 — p) log 8, 
t}0 2 
OT ; 
lim sup | HF (E) — s + BRC) —B [5 Ha — o) low 


Now (6.3) yields 
—$(n— i log $8? < ois ila — 83) 5S AT (t7 F(t) — 8) 


oe —SH(q—p) log 8+. 
This proves’ Theorem ie 

T. We proceed to prove Theorem 8. It follows from (8.11) and (3. 12) 
that sn —= O(n’), and from Lemfna 1 that > vt | ay | < œ, and that (4.3) 
holds. We write as in Section 6. 


> a's (sin vt) /vt — f = (2 Bynes +34 3=0.4+ U: + Us, 


Atl 14K, 


where now, using (6. 2) 


On = An FH 002, La = Sn + o —o/log (n1), g =sto. 
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In the first place from (6.9) and (5.1) | | 
| 
n-i - 
` |0,| SS ]s—s | | A(sin vt) /vt | + N | +19 28; 
1 
now (4.9) yields l l | 


* i nol | 
u= eas | +12 [P+ Be — sve 
g 1 





Sjj ins] Hne ls |. 
- But from (8. 12) 
(7.1) i n= | sv — y | = o (n/log n) as n= 00, 


hence : , 
(7. 2) |T1| < | n — y | + | 8 | + t0(n?/log n)| as n— o. 
a 


| 
To a given e > 0 choose N (e) such that 





| fy —s' | < e(n/log n) for n > N(e). 
i 
© Denote by vm the number of those indices y <n for which 


; | *v— 3’ | Ze, 
then 





e(n/log n) > È | dre | = eva, 


| 
| 
| 


v, < (n/logn). ; | 


hence 


Thus: in the interval 1,2,---,n there are at least n(1 a /log n) indices for 
which | s’, — 8’ | < e Choosing now t < to(e), we can always find an n in the 
interval t? < n < 2t for which | s’,—# | < e, and from (7. 2) 


(7. 8) © |U] <e+o(1), as ty 0. | 


a q 
Next from (6.12) and (4.10) í 


D ERÈ] | vt | seg — 8 | b/t. 
n+ | 


We now choose an r such that 78 > 1, and a x, >n 1 in the interval 
iT < «Kx < 2t7, such that | 3k, — L | <e Then 


| 
1/xnt | Se — 8’ | < O(t) = 0(1): 
| 
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a a a | | i 


NTE E aoe ee nei 


—0(S 1/vlog v) + 0(1) = 0(1), 


(Cf. the estimate in (6.13)). Thus 


(1.4) Poy at 1 
Finally, as in (6.11) 
(7. 5) |T| SE | a, |= o(1) avd Lo, 


Summarizing, (7.3), (7.4), and (7.5) yield, letting e4 0, Theorem 8. 
If we replace (38.11) by the sharper assumption: 


i 2n 
(7.6) > | av | = O(m?) for every positive 8 <1, as neo, 


and (3. 12) by the weaker assumption 
(7.7) | S| sy —s| = O(n/logn) as 1 —> 00, 
A 
then write l 
Sa (sin vt) /vt — 8 = (È a vt) /vt— 8) . 
i 


+343= Var Vat Va 


ntt 14k, 


If i is the number of those indices v << n for which | sv —s | = «, then by 
(7%. 7) for a constant y | 
y(n/log n) > 2 | Sv— s8 | Z ety, 
or, n 
cy (n/log h) <n/3 for n> N(e). 


. ‘Thus: for any n > WN in the interval 1,2,---,n there are at least [2n/3] 


indices for which |s»—s|<.«. We then find as in (7.2) with an n in 


bien < ae, 


“er 


| Vil <+ O(t) + O(n7#/ogn) < «+ o0(1) aœ t40. 


~ and 


Furthermore 
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Similarly 
|F| < «O (t=) + O(1/log Kn) + 08 1/v log v) 
< O(1) + 6(1) of dx/z log x) 
< <O(1) $0(1) + O(G) log, 


— H0 (ra?) = 0 (1%). 


We now choose r == 1 + e, and (1 +)8> 1, ise. 8 > 1/(1 + e). Then as 
tl] 0, : En | 


iim sup | Say (sin vt) /vt— | < «0 (1) + 0(1) log (1+ 0). 








This gives, letting e4 0, 
, Turorem $. If (7.6) and (7. D eee LE ams, This is an 
analogue of Theorem Y. : 
(Added March 1942.) | i l 


In Theorem 8 we can replace assumption (3. 11) by assumption (3.8). 
We need only to show that (3.8), and (3.12) imply in = O(m). We have | 
from (3.8) co 


n an 2ta 2-*y, 
È (| ay | — av) =’ D (lav | — a) S 2 ean > (| ay | — ar) = O(n? E 2% 


ae O (n°), 
and from (3.12) 





S| sv | = O(n), as 1 —> o. 
1 te 
Put non = 38, then og =O (1), and 
1 r 
— (n+ 1)sa=— (m + 2a +: H nan) S 4D v(| av | —ay) 
f è ! 1 


23 4 
<n", a8 n—> ©, 


hence 
(n -l-- LYS» > = Ien. 


n Bg 4 
Sn = On — 3(oan — on) =n > (Sav — 8n); 
l pal 


‘ Cis Og, + '. . are constants. 


ki 
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and 


Aty 
— (Sn — 8n) EF D (| ae | — ar) < eam 
; At+1 ' 
hence 


/ 


Sn < cant, 


whRh proves & = O (m). The rest of the proof remains unaltered. 


Accordingly in Theorem 8’ (7.6) can be replaced by: 


> (| av | — av) — O(n) for every positive § < 1, as n—> œ. 
" | . 


i 
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REPEATED LINEAR FACTORS OF FORMS.* 


By Rufus OLDENBURGER. 


1. Introduction. We consider a form # of degree n, given by 


m 
F = S, 4j.. KTT Le, 
i 


where the a’s are elements from a given field K, and are understood to be such 
that any permutation of the subscripts of an element does not change the 
value of the element. 

With # is associated the completely symmetric n-way matrix @ == (ai;,..x), 
unique if the characteristic of K does not divide the multinomial coefficients 
in the expansion of (2, -+--:--+-2m)". It is assumed in this paper that the 
characteristic of K has this property. We can arrange the elements of Q in 
ordinary 2-way matrices @o, Qa: - -, Zs, where for each o the matrix Qo is 
obtained by choosing o indices of @ for the multipartite column index of Qo, 
' and the remaining indices for the multipartite row index of Cc, the values of 
‘the indices varying in some prescribed order. Thus the values of o indices 
of @ vary with the columns of Co, and the values of 'the remaining indices 
vary with the rows. | 

The matrices Co, Qa - -, Qo have been used by Walther Mayer, Thrall 
and Chandler, Hitchcock, the author, and others. These matrices are of some 
importance in the theory of forms because their ranks are invariant under non- 
singular linear transformations on the variables in F. The rank of Q, has a 
simple interpretation in that it yields the number of essential variables in F, 
where it is understood that r is the number of essential variables in # if F 
cannot be brought by a non-singular linear transformation into a form &#’ 
with less than r variables. In the present paper we. shall show how these 
matrices and their ranks are connected in a direct and very simple way with 
the linear factors of F and their multiplicities. We shall prove that F has a 
linear factor $ repeated r times "7 and only if £7" 45 a covariant construc- 


tible from the matria Qnr. ` 


2. Matrices and derivatives of F. Except for rational factors all s-th 
derivatives of # are of the form 


m 
(2.1) D Ua pta ' ` Tp, 
1 
* Received June 14, 1941; Revised Sept. 5, 1941; Presented to the American Mathe- 
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where 7 is a fixed set of s T of @. The matrix of the forms (2. 1) is e 
We have the following lemma. 


Lemma 2.1. The form F has the factor T" +f and only af Ceca. E- = Î 
has each vector = (£a... g) as a solution where é is a vector with Éa.. p = o 
when at least one subscript is 1. 


” Lemma 2.1 follows from the property that if F has z,” as a factor the. 
derivatives (2.1) with s =r— 1 vanish identically in 7,- - -, 2m» when we 
set z, = 0, and conversely. | 

In the following corollary “ singular on its'columns” means that the rank 
of Qara is not equal to the number of distinct columns in the most general 
matrix of the type Cnr; that is the column rank is not a maximum. 


COROLLARY 2.1. If F has a linear factor repeated at least r times the 
matric Qn- is singular on its columns. 


We consider the equation py = 0 where the column vector y has p indices 
a, B,- < -y varying in the same manner with respect to the rows of 7 as the | 
column indices of @p vary with the columns of Gp. We write y as (mas...y), 
and assume that (nag...y) is completely symmetric when considered as a p-way _ 
matrix with the indices a, 8,---,y. ‘We introduce the form Fp given by 


(2. 2) È Ma8.. yhapg ` ` ey 


The forms {Fp} obtained by taking the various solutions {ņ} of Q@pn == 0 
form a linear space of forms, which space we shall denote by dp. 

The direct product of spaces D and @ is obtained by multiplying all . 
elements in D by the elements in B. A space D ig undereood to contain a 
space B if B is D or is a subspace of D. : 

If F has z" as a factor, by Lemma 2.1 the space Bury contains the 
space R of all forms in pe,- : `, pm of degree n— 1- 1. Since z,” is a factor 
of #, by the same lemma the space J of all forms in py,° ` -, pm of degree 
n—r +2 is contained in Sr+r42. Since J contains the direct product of R 
by the space of all linear forms in pe,' + -,pm the following theorem is 
suggested. 

THEOREM 2. 1. if a> p and the space 3p has dimension at least 1, the - 
space Bo contains the direct product of the space dp and the space of all 
forms in js1,° © `, um Of degree o — p. 

We can write the matrix Cp as 
Eur A Eup 


3 














Emmy Émy 
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where the €s are column vectors with n — p — 1 indices k with the rows | 
of these £s, while Qp is given by 


[at + Gp Gass Sp | 
Theorem 2.1 follows from the relation indicated between a and Cp,:. 


COROLLARY 2.2. If the matric Qp ts singular on tts ae the mat®z 
Qo ts singular on its columns for each o such that o > p. 


38. Adjoints and linear factors of forms. We consider any form written 
as (2.2) where (nag...) 18 completely symmetric and me zero, and we con- 
struct a form p of degree p given by 





ee re ` Wy, | 
1 3 


where the coefficients (par...p) in Bp are the elements in a solution (daa...y) of | 


(3. 1) (È nee. par.. y) =0, ` 


and further (d¢aa...y) is understood to be a pompletely symmetric p-way matrix. 
If (aa...y) 540, we say that Sp is an adjoint form of the form (2.2). 

The forms of type $p which are adjoints of forms in the space dp form 
a space Jp of forms. We term Sp a p-adjoint of F. Under a non-singular 
linear transformation bringing ¥ into a form F’ the forms in Jp transform 
covariantly into the p-adjoint forms of F’. For this reason we write z; in 
place of w; for each +. : | | 
In the following theorem “ E ”? means 
form.” | 


“‘containg a non-zero 


Yo. 





THEOREM 3.1. If p ts such that the space Jp ts nop- VACUOUS, ve each o 
greater than p the space Jo ts non-vacuous. 





If Jp is non-vacuous there is a p-adjoint Bp in Jp ia to a form Fp 
in 3p by the equation (3.1), where fp 5340. For (3.1).to have a non-zero 
solution (¢ar...p) it is necessary that the rank of the matrix Hp be less than m - 
where Mp is an ordinary 2-way display of the symmetric p-way matrix (yap...) 
obtained by letting « be the row index of Mp and £, . ++, the multipartite 
column index. It follows that Fp is a form in r essential variables, where 
r < m, which can be reduced by a non- singular linear transformation to a form 
in r variables. We may therefore assume to begin with that F p 18 a form in 
1,‘ ° ‘pr. By Theorem 2. 1 the form Fp is contained in p, where Lis a 
linear form in p,'' ', pr not identically zero. If we construct the matrix 
Np. of LF p which corresponds to Mp for Fp we find that p.n is at most 


| 


{ 
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of rank r. Since £Fp 360 the matrix Hp is not zero. It follows that we - 
can solve the analogue of (8.1) with Fp =LF p and $ pn replacing Fp and 
& p respectively, and obtain ‘an adjoint pu of LF p. — | 

We remark that the linear space of forms {$p} adjoint to a form Fp is a 
space of dimension m — r, and that the linear space of forms {$ pn} adjoint 
to & Fp is of dimension at least m — r. 


THEOREM 3.2. The form F has Las a linear factor repeated at least r 
times tf and only if the space Farsi. contains the form £=, and all forms 
of which "t is an adjoint are contained in-D n-r. 


Theorem 3.2 follows from Lemma 2.1 and the relation (3.1), with 
p=n—T +. 1, defining Barats 

It is evident that if £” is contained in Jp, the form Lo is contained in Jo 
for o>p. That Jp exists when Jp exists was already brought out in 
Theorem 3.1 above. 

A form nry is the (n—r-—+ 1)-st power of a linear form if and only 
if the analogue of GZ for Bar: has rank 1.. Thus the multiplicities of the 
linear factors of F can be expressed in terms of ranks of matrices of adjoints 


of F. F 


4. Determinants. If §, is a quadratic the condition (3.1) is one satis- 
fied by the classical adjoint of (2.2), as defined in the literature, when the 
quadratic form (2.2) is singular. In this section we shall show that we can 
associate a space of forms with ¥ defined differently than Jn- such that 
this space contains the form £*7* if F has the factor £7, where £ is linear. 
Although this definition has the disadvantage that Theorem 3.2 must be’ 
modified to obtain a substitute in terms of this space, on the other hand the 
forms in this space are closely connected with higher dimensional determinants. 
If the forms in dp are singular in a certain sense the space J p is a subspace 
of a space to be defined here. Pe 

We replace condition (3.1) by the condition 


(4. 1) (È nap...) = (Šat), 


where (èag) is the Kronecker delta whenever -there is.a non-zero completely 
symmetric solution (¢tg...y) of (4.1) with. (&¢) as the Kronecker delta. 
Jf there is no completely symmetric solution (é...~) of (4.1) with (st) as 
the Kronecker delta, it will be. understood that (¢gs...y) is the completely 
symmetric solution of cs 1) with (at) — 0. We: shall consider forms {$p} 
so defined. 

We apply to (2.2) the drengi linear ao Ha = Žbatti, 
and the contragredient transformation to a form $p defined as in the preceding 
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paragraph. We let the new forms be designated by R jand & respectively. 
The matrix for @ and 3 corresponding to the left member of (4.1) for (2. 2) 
and %» reduces after some preliminary computation to | 


(Mts) = S MaB.. vPtB..vbai Bto), | 


l 
. where (Bta) is the inverse of (bai). By (4.1) we have | 
(4. 2) | | (Mia) = (8:0). 


Thus $p transforms contravariantly. | 
We let the form (2.2) be an arbitrary form of eyen degree. In what 
follows we assume that all indices are signant in the higher dimensional 
determinants involved. We replace each element by its:cofactor in (nag...y)- 

We thus obtain a matrix (Mee). If a= € the sum | 

| 

(4.3) | È Nag.. E | 
is the determinant A of (nag...y). If a34 ¢ the sum ke 3) vanishes. Thus 
(pes...v) = (Mes...) /A satisfies (4.1) when A0. Ít is readily seen that 
if F has the factor £", £ linear, the form grr belong to the space of forms 


oe: Heg.. TEER 


obtained by letting (2.2) vary over the forms in Snr: 
| 
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SOME PROPERTIES OF BANACH SPACES.* 
‘By D. Q. Bourar. 


* 1. Introduction: This paper is concerned with various topological , 
characterizations of Banach spaces and their subsets [1]. The main concepts 
are those of the weak topologies, weak compactness and completeness of order 
Na, the property (Q), weak convergence, the generalized Helly property and 
reflexivity. 

We indicate briefly some of the conventions we shall use. The sphere of 
radius M, {x | | x || = M} is denoted by MS. The symbols z, f (or F) and z 
always refer to elements of the Banach space FE and its first and second con- 
jugate spaces, H* and H** respectively. The letters w, w* connote the weak 
topology of a space as elements and as functionals respectively [2, 3,4]. The 
generic w(#) neighborhood of breadth e of the element 2 is U (£o; f1,°-- fn3 €) 
-= f)e, {2| | fi(e—ao)| <e}. The typical w*(H*) neighborhood of fo of 
breadth e is U(fo;%1,° ` © £n; €) = 11", {fo | | f(t4) —f(7o)| < e}. Where a 
set may have several limits, these are sometimes referred to as cluster points 
[5]. The term sequence implies denumerability of a collection. A family of 
non null closed sets has the finite intersection property, abbreviated F. I. P., 
if the intersection of any finite number of the sets is non empty. The symbol 
ø is used for the null set; @ and 6* denote the zero elements in E and E* 
respectively; ==> is the symbol for implication and I is the unit interval 
O<t<1. We employ ( ) and [ ] to distinguish between single valued and 
multiple valued functions. Thus, 7(y, p) is the unique value of.7 determined 
by a given y and p while [y] is a typical element in a set determined by y. 
A ig the complement of A. Compact is used in the sense of the older term 
bicompact [5]. Sequential w(#) (conditional) compactness of A requires 
that any sequence {z"} C A contains a subsequence converging weakly to an 
element in A(F). A set is compact of order Na if the F. I. P. for any family 
{Aa} of closed sets, of power at most Na, implies (\ada* 9. For Na == No we 
have countable compactness. A det of the form Hy = {x | fy(x) Z dy} is a 
section and A is w(F) sectionally (convex) compact if the w(A) closed sets 


* Received April 10, 1941; Revised July 26, 1941; Presented to the American Mathe- 
matical Society, May 2, 1941. The principal results of this paper are stated in D. G. 
Bourgin, “Some properties of real linear topological spaces,” Proceedings of the 
National Academy of Sctences, vol. 27 (1941), pp. 539-544. 

1 Numbers in brackets refer to the bibliography. 
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in the definition of compactness are restricted to the form H.* A (convex sets) 
while the restriction on the cardinal numbers of the family is dropped. German 
capitals denote directed sets, thus Y — {A, >}. «Where the meaning is plain 
we often write {29} for {a*| ae} or {2*|M}. If zee E (E°) is uniformly 
bounded for each ae 2 and for each Pe H*(#), F(2*) converges to a real 
number dy in the Moore-Smith sense [6], then {z*} is a Cauchy system. for 
- dr = F(z), {2} converges w(E)(w*(E*)) to the w(E) (w*(E*)) limit zo. 
If every Cauchy system in A C E with YN arbitrary and of power = Ne is w(#) 
convergent to an element of A, then A is w(H#) complete of order No. Let 
{f} | le L}, where L has power No, be a fixed family in #*. If for every f « E* 
there is a directed set %, whose elements are members of L such. that 
{fe | ae Wy} is w*(H*) convergent to f then {f'} is w*(H*) c-dense of order a. 


2. Preliminary lemmas. | 
Lemma 1. If dpe UNE Ap j, where Anj is w(E), (w* (E*)) closed and 


Ny ts finite, and if {Ay} has ‘the F.I. P. then for each p one can choose Ap scp), 
a set in {Ay ;} so that lams} has the F.I. P. 


This lemma is essentially a special -consequence of Zorn’s ae and is 
originally due to Wallman [7, 8]. 


Lemma 2. The collection of all sections constitutes a sub-basis for w(E) 
closed sets. 


If A is. w(E) closed, 


A = Å = Up U (Tp; fpu © +s fpk3 €p) Tp eÅ 
eab DFe yp. l 


Here fose —— fps and Hyp— («| fo (2) — foi (2p) = e), 15S} S 2k. 
Evidently Hj is a convex, w(i/) closed set. 


fzt 


Lemma 3. For bounded sets the w(H) (w*(H*)) topology is equivalent 
[9, p. 55] to that defined by w(E) (w*(H*)) convergence. 
This result is obvious. We observe further that an unbounded set A may 


have a w(H) (w*(H*)) limit which is not {limit of a w(E*)(w*(E*)) con- 
 vergent system contained in A [4, p. 380]. 


3. Property (Q). 


THEOREM 1. Let {f#| peN} have 6* as a w* (E*) cluster point, and let 
A be w(E) compact, Then for arbitrary p «A and e > 0 there exrsts a finite set 
wa), j= 1,- - -Ni such that w(j,p) +h and A= UNE (0; fA ; e) e A. 


t 
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- If y'eA then U(0*; r;e) contains {f7 |w eW cofinal in M}. Hence 
| fe (7)| < e for some p” e W with K rg. That is 1o sayr eA U(O; fe’ 5). 
_ Hence . 


J A= Ua vay TOt), 


afd since A is w(E) anual the open covering in (1) may be replaced by a 
finite subcovering and this is the assertion of the theorem. l 

We shall say that A has property (Q) if, whenever {f¥* | pe Wy} is w* (E*) 
convergent to fy, then for arbitrary p eW, and e > 0 there exists a finite set 
{a(7, R) | (2B) FB j=l, Nya} such that A = Uyu (6; foem 
—fy;«) ^ A. If the property (Q) holds for w*(E*) convergent systems of 
power 5 Na we write property Qae. Evidently Theorem 1 may be extended to 
assert that w(E) compactness of order Na implies property Qa. 

In the expression for property (Q) assume that e is replaced by eg, A 
by S and eï — 0 in the sense of Moore-Smith convergence. We define By,; x by 
By j p= 5% {x | fre (r) = fy (zy) + «— eq}. The following theorem is 
used in the proof of Theorem 22. | 

THEOREM 2. If S has property (Q) then Ma By, j= Ky, where 

Ky = 8a {x | falz) = f(y) + ey). 


Let 2’ Ks, For fixed a, property (2) implies that for some 7, denoted 
by J, 1S J S Nyi 


(2) | f(a) — FORDE (27) | < ei, 


that is to say either felt) (a) > f(a’) or a = fylg) — Pr (g) = 0. 
On making use of the definition of it follows that f” me (7 = fy (ty) 
-+ ey — ep. Hence . 

(2.1) U Nyra Brat En. 


Denote the left side of the theorem’s asserted equality by Py. That 
Py D K, follows from (2.1). Suppose that w e Py; then, by the definition 
of By,;4, for each p there is a value of 7, denoted by J (a, y),1 =I (Boy) < Ny jp 
such that 


(2. 2) Pra) (a) = fy (ty) -H ey — eae 


For arbitrary 8, a exists such that | fr"(2) —-fy(x0)| < en <8 for all 
ptp and atg. Since (J (a, y) A) +a (Cf. (Q)) the set {u(J (a, y); 2)} 


a ' i 
t 
: n E 
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is cofinal in Wy and accordingly | PASEN H (m) — fy(xo)| < ei < 8 for all 
P } p. Hence e ) implies fy (20) = fy (2y) + ey OF To € ie y and Py Ke 


THEOREM 3. Let C(B) be the Banach space of continuous ee 
z(b|B) on the compact Hausdorff space B. Let V be q bounded subset, of 
` C(B) with property (Qy. If {2| A} C V converges poetei for the se T 
` dense in B then it converges pointwise (on B) to za(b)« n) 


Let y(b | T) dengie the limit function of {2* | W} on T. We must show 

(a) that y(b | T) may be extended to the continuous function y(b | B) and 

(b) that {z*(b | B)| N} converges pointwise to y(b | B) = zo (b | B). Suppose 

boe B—T and let {by | by e T, y e ©} converge in the Moore-Smith sense to bo. 

If (a) is untrue, for some e > 0, there are sets G and g” cofinal in © such 
that for each y’ « @ there is a y” = y” (y) 8” with y” t y’ for which, 


(3) lyr) ybr) >e | 
Now . | l | 
(8.1) | y(by) —y(by) |S | ybre) — (br) 
+ Jae (By) — 28 (br) | + | br) —y (by) 


Evidently Ai '} — ga (by) == fY (s) is a linear. funtioa on C(B). Since 
( | sby” ) — gT (by) | / sup | æ(b)| ) S 2, it is clear that {fv} is uniformly 


bounded and is w* (C* (B) ) convergent to 6*. Property (Q) implies that there 
is a cofinal set @” in @ such that | fr’ (2*)| < ¢/3 for a set YL (associated 
with each y” ©% ) cofinalin Y. By hypothesis the first and last absolute values 
on the right side of (3.1) are dominated by «/3 for a ta. Thus for 
{a | a e Wy», a } do} the left side of (3.1) is inferior to ein contradiction with 
(3). Hence y(by) converges in the Moore-Smith sense and we denote the limit 
by y(b»). That is to say the extended function y(b | B) is continuous. 
Assume that (b) is false. Then for some set W cofinal in 2 


(3.2) "| 28(bo) —y(bo)| >e Mor all a eY. 
Now | 
(3.3) | 2#(bo) —y(bo) |S | 2*(bo) — z (by) | 
+ | 24(by) —y(by)| + | Oy) SA 


By the continuity of y(b | B) we T | y (by) — y (bo) | < J3 for y }yo. 
` Now F(s) == 2(b,) — (bo) is a linear functional’ and {FY} converges 


SOME PROPERTIES OF BANACH SPACES. 601 


w*(C*(B)) to 6*. Thus | 2*(bo) —2*(by)| <«/3 for ye@, cofinal in © 
and a e Wy cofinal in W. Let yı e ©, with yı >y. and choose de Ay, so that 
| Te (by) — y (br) | < €/3, then for a = å the left side of (3.3) is dominated 
by e in contradiction with (3.2). (The boundedness condition on V is super- 
fluous in view of Theorem 8). | | 

The following two theorems are stated without proof by Sirvint [10]. 


THEOREM 4. AC C(I) is w(B) sequentially, conditionally compact tf 
and only tf A has-property (Qo). 


THEOREM 5. For separable E, A C E is w(E) sequentially, conditionally 
compact tf and only tf A has property (Qo). 


Since we make use of these theorems it seems worth while to give proofs. 
Suppose that either necessity assertion is false. Then for some sequence {f*} 
converging w*(H*) to 6* and some e and ñ we can find 2*eA to satisfy 
ames _U(0;ff5«). Let 2 be a w(H#) cluster point of {2"}. Manifestly we 
can select fF, m >ñ, from {f*} and æ, p> m, from {a} to satisfy 
| FP (To)| <«/2 and | f™(aP?—2)| < 6/2. Hence | f*(2*)| <e in contra- 
diction with the definition of <P, For the sufficiency argument in Theorem 4, 
we take T in Theorem 3 as the set of rational points ef. If {e"} C A, an 
obvious application of the Cantor diagonal process yields a subsequence {a* (t) } 
converging pointwise on T. By Theorem 3 {s"(t)} converges pointwise to 
y(t) «C(Z). Since w(H#) sequential convergence is the same as pointwise 
convergence in C(I) [1, p. 134], the proof of Theorem 4 is complete. 

Concerning Theorem 5: F is equivalent to E, C O(I) [1, p. 185] under 
‘the linear operator V. To every #eC*(Z) there corresponds an fe #* for 
which 
(5) f(z) = F (y), 


where y = V (2) and z, y belong to Ẹ and C (I) respectively [1, p. 100]. Hence 
w*(C*(I)) convergence of {F"} ymplies w*(H*) convergence of the corre- 
sponding {f*}. Hence property (Qa) for A implies property (Qo) for 
Ai == V (A) and therefore by Theorem 4, A; is w(C(Z)) sequentially compact. 
Let {2"} C A and {y"} C A, correspond. We know that for some subsequence, 
F(y™) > F (yo), ye V (E) [1; p. 57], for all F and therefore by (5). and 
[1; p. 188] f(2™) + f(a), toe E, for all f. Hence A is w(#) sequentially, 
conditionally compact. l ` 
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4. w(E) compactness. 
THEOREM 6. (a) A ts w(H) compact <=) A is w(E). conver compact.? 


(b) A i w(H) compact <—> A is -w(E) sectionally 
compact. ! F 


The direct implications are trivial. The inverse, implication in (b) 
includes that in (a) and follows at once from Lemmas '1 and 2. 
! 
THEOREM 7. If K ts bounded, convex and strongly closed, then K is 
Di ) compact <—> K ts transfinitely closed. 


The proof is a straightforward consequence of Theorem 6 part (a) and & 
result of Milman’s [11]. 


p i 
| 


Taeormm 8. If A, AC E, ts w(E) compact, conver compact or sec- 
tionally compact of order Na or has properiy Qa, then a is bounded. 


If A were not bounded then we could find a sequence {x} with 
| z” || == Ma fT œ. For some f, say fo, lim sup fo(s"). == co [1; p. 80]. This is 
easily seen to be inconsistent with property Q, when the sequence {f./N | V 
—=1,2,-- -}— 8* is used. ; 

THEOREM 9. If AC Eis DCE) compact of order Ra, then A 1s w(E) 
complete K order Na. 

Let es | peL} be an arbitrary Cauchy system in A i with B of power < Nz. 
Let Fi = {z* | u >a} and write Fy for the w(A) closure. Then since {Fy} 
has the F. I.P. and A is w(#) compact of order Na, there is at least one 
common point, say To By the definition of a Cauchy system: f(a") — dy. 
Hence for each e > 04 pe such that |f (2) — f(2*”)| < e for all successors, 
vw and p”, to pe Let zë eU (to; fje), ktp Then clearly {2} e U (293 f; 2e) 
where, m, | a. Thus {m} is a residual set [5, p. 10] in B. Manifestly, then, 
. every w(F) neighborhood of ze contains a subset .of {z“} corresponding to a 
residual » set in B. This is precisely the condition for w(#) convergence to 2» 


2 Theorem 6a is apparently known (at least under the superfluous restrictions on A 
of boundedness and closure) and so is Theorem 7. However they are not given in the 


literature. 
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bail the fact that # is a Hausdorff space in its w( FE) topology implies that 2, 
is a unique limit). 


l 
“ 


5. Iterated limits, 


o Txexorem 10. If (a) {f#} is total [1, p. 42] and (b) {2°}, pe BW a 
` directed set of power Na, is contained in a w(E) compact (of order No) set, 
and (c) f#(2*) converges in the Moore-Smith sense as a set of real numbers 
to f*(xo) for each u, then {2°} ts w(E) convergent to £o. 


Let Ag be the w(A) closure of {z? | p }p}. Condition (b) implies common 
elements for {Aj}. Suppose that one of these common elements, say #, differs 
from zo. Write e for ({p | zP eU (£; f*; e}, }) where we assume the ordering in 
Weto be consistent with that in Y&. Since Z is a w( Æ) cluster point Y, is cofinal 
in Œ for every e > 0. This is possible only if PE — To) == 0. However {f#} 
is total wherefore Z == 2p. 

In view of Theorem 8, {2°} is uniformly bounded. We have yet to show 
that {z°} is w(H#) convergent to zo. If this were not so, then for some « > 0 
there would be a neighborhood U (23 f1, :.-,fn3«) (fs need not be. in {f#}) 
such that W, = ({p | r EU (z0; fist - -,fn3«)}, +), under the ordering im- 
posed by 28, is cofinal in W. As a consequence of (b), {a | p e X81} has a w(E) 
cluster point, say 2’. It then follows, just as for Z, that zo =z’. That is to 
say, for some p « %, we have | fi(2) — fi (T0) | < «/2, i= 1, - +, n, in con- 
tradiction with the definition of W,. Hence W, cannot be cofinal in W and 
the theorem is established. l 


Ge If in Theorem 10, condition (a) tw changed to (a) 
{P} © {f#} converges w*(H*) to fy and {f#} is total, the other conditions 
remaning the same, then LoL (2°) — InLpf? (2?) = Fo(t0); where the limits 
are taken in the M oore-Smith SENSE. 

I . 

COROLLARY. If A isaw(E) sequentially compact subset of the separable 
Banach space E and if fi(a™) — fi (zo) j= 1,- - - where {f!} is total and 
fam C A, then {2™} is whe) schuentially convergent to T, and zeA. 


Teas 11. Let A and B have elements a and b respectively. H A, 
contained in E, has property (Q) and if (a) {2*| X} C A converges w*( E**) 


* The condition N, = N, in Theorem 10 implies that A is w(H) countably compact. 
However, by Theorem 13, this is the same as w(#) sequentially compact. 


è 
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to Žo and (b) {f° | B} converges w*(E*) to fo then InLaf? (2°) = LeLnf*(2°) 
== Xo (fo), where the limits aré taken in the Moore-Smith sense.* 


Suppose that the conclusion is untrue. Then ~ 


(11) | Zo(f) —Xo(fo)| >e be cofinal in B. 


_ In view of property (Q) there exist b’ «W and a set Wy cofinal in XY such Phat 
| FY (2°) — fa (22) | < 6/3 for all ae Ay. For a ao, | N — Xo (fo) | <6/3 
by reason of (a). Again because of (a), | Xo (f) — f” (27) | < «/3 for some 
a’ e Ay with a’ >a. On making use of the triangle Serui we derive a con- 
tradiction with (11) for b = V’. ' 


6. w(E) sequential compactness. l 

 Tmxorem 12. If E is separable, AC E is w(E) ‘sequentially compact 
and T = {F"} C E* is w* a dense in E* [1, p. 124] then, (a) {Va(%o)}, 
where Vu(%) = AU (2; F sF”; 1/n); constitutes a w( E) neighbor- 
hood. basis of ry and (b) A ass the second denumerability axiom. 


Suppose that (a) is untrue. Then there is a neighborhood U’ == U’ (zo, 
ftt *,fn3¢«)®A not containing any neighborhood of the asserted basis. 
Hence for each n J t*eVn(%)U’. A subsequence {2} converges w(E) 
to Z since A is w(H) sequentially compact. Moreover | Fi (a™ — To) | < 1/n; 
for j < n. Hence FI (z™) — FI (z) for each j and by the second corollary 
to Theorem 10 Žž == 2). Accordingly U” contains elements i in {z**} in contra- 
diction with the definition of {z”}. | 

Let the denumerable set {2°} be strongly jae in IA. Consider Vn (zo). 
Let a” e {2} satisfy || 2° — za || <1/2nmax (|| F" ||), 1—1, „2n. Then 
it is easy to show that To e Ven(a?) C Va(a). Accordingly the collection of the 
bases for all elements of {z"} one a basis for all | open sets in A and is 
plainly denumerable. . 


THEOREM 13. For subsets ofa separable Banach mace E, the concepts 
of w(E) sequential compactness and w(E) oe and countable com- 
pactness are equivalent. 


Suppose, then, that AC E is wk MPE T compact and let 
{G*} be a denumerable open covering. If z*«\J*_,G* then there is a w(E) 
cluster point £o. If a «@™ then some w() neighborhood of To is included in 
G" and contains an infinite subsequence of {2}, that'is to say G” contains 


t Condition (a) is to be understood in the sense that if Xa is defined by Aelii 
== f{wa) for all fe B*, then {Xo} converges w*(H**) to Xo 


i 


` 
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z” where n’ > m which contradicts the definition of A On the other hand 
if A is w(E) countably compact, it has property (Qo), and hence, in view of 
Theorem 5,:‘A is w( E) sequentially conditionally compact. In view of Theorem 
12(b) it now follows that w(#) countably compact seta are w(H) closed. 
Thus A is actually w(#) sequentially compact. 


© THEOREM 14. If A, AC E;isw(E) compact of arder Xa then A ts w(E) 
sequentially compact, while if A is w(E) sequentially compact, then A is w(E) ` 
countably compact. 


Let {2"} be chosen arbitrarily in A and let FE, be the smallest closed linear 
manifold spanning {z*}. Write A, for A- Eo. If {A o™} C Ap is.a sequence 
of w(A,) closed sets with the F. I. P. then since Fy is necessarily w (Æ) closed 
[1, p. 57] it follows that Ao” is w(A) closed and mA" 34g. Therefore A, 
is w (Eo) countably compact. By Theorem 13, A, is w(H,) sequentially compact. 
Hence {x} C {2"} converges w(Hy) to Toedo Hach fe #* determines 
f’ e Eo* such that f(z) = f(z) for all ze Ey. Hence L ioo (2") = f (T0) and 
therefore {s™} is w(E) convergent to To e Ao C A. 

The second half of the theorem is covered by the demonstration given for 
Theorem 13. 


7. The extended Helly property. The Helly theorem [12, 3’] provides 
a powerful tool for treating many of the problems of separable Banach spaces 
in a unified manner. It is therefore natural to attempt to remove the count- 
ability restriction. We show that the validity of a natural extension of the 
Helly theorem is closely related to the compactness and completeness charac- 
terizations central in this paper. By the extended Helly property of order 
8, for E we shall mean that under the condition (H), | EX Amcu | 
<M || EN Au fet ||, where (Ap, |t—1,---N} is any finite set of real 
numbers, the system f#(z) = cy consisting of at most Na equations has a 
solution Tee (M + €) 8 for each e > 0. 


THEOREM 15. If Sis w(H) compact of order Xa then E has the extended 
Helly property of order Na. i 


For fixed e > 0 let Ap be aoe of (M + e) S consistent with the single 
equation f(z) = c”. Plainly Ay is convex and strongly closed and is therefore 
w(H#) closed:[13]. Moreover, {Ap} has the F.I.P. for Helly’s theorem 
guarantees solutions, interior to (M + «)S, e > 0, of any finite set of equations 
fe! (z) = cH, i= 1,---N, when (H) is satisfied. Since S, and therefore 
(M + e) S also, is 3 (B) compact of order Na, it follows that páp 5E Ø which 
is tantamount to the conclusion sought. 


$ 
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Tuuorem 16. If E has the extended Helly property for all orders then 
E is w(£) complete. 


Let {2° | W} be a Cauchy system which is uniformly bounded by M. Let 
{f#} be w*(H*) c-dense in E*. Consider the system, 


(16) (FF (£) = dy}, dp = lim f,(2*). 
_ Now | | 


(16. 1) | SM Ande | S | EX Ap (du — f (at) | + | EX An ft (24) | - | 


For arbitrary è > 0 and prescribed Ap,, t==1,- - -, N, we can choose e > 0 to 
satisfy e N max {Àp} < 8. In view of the convergence of f#*{a*) to dy, for 
t—1,2,--°,N, we can find ase for which | EN Apm (du, — fet (am) | < 8. 
Hence the right side of (16.1) is dominated by 


S-+ sup | Ee Anfee) Sd + MI Be And” |], 


and since § > 0 is arbitrary, condition (H) is satisfied by the system (16). 
Accordingly a solution 2, «(M -+-«)9 exists, for each «> 0. Moreover since 
{f#} is obviously total, £e is independent of e and its uniqueness ig connoted by 
writing Te == To A familiar argument now guarantees that f(z.) == lim f(2*) 
for arbitrary f. Indeed our previous reasoning shows that the augmentéd 
system consisting of (16) and f(x) == d; must have a solution which, plainly, 
is again zo. This concludes the proof. 


COROLLARY. If E has the extended Helly property of order Xa and E* 
contains a total set of power Na then S is w(E) complete. 


The proof given above for Theorem 16 obviously carrieg over. 
8. Sets in E*. 
TuEoreM 17. If T C E* ts strongly compact then T ts w*(E*) compact.’ 


Since metric compactness implies boundedness and bounded, w*(#*) 
closed sets are w*(#*) compact [2, 3’] we need merely show that F is w*(#*) 
closed. Suppose that foe where I is the w*(H*) closure of T. Let 
U — {U+} be a w*(E*) neighborhood basis at fe where we YW and the ordering 
in A is given by p dp’ <=> UEC Ur. For ach U” let f# be any element in 
Urar. Then {f#} is w*(#*) convergent to fo. In view of the total bounded- 
ness of T there is a closed sphere o, in T of diameter e, containing {f#’ | w eW 
cofinal in X}. Similarly oC cı, oz of diameter e/2 contains {f#" | p? e W? 
cofinal in W}, ete. A unique element f e T is defined by Macon. For arbitrary 8 


5 This theorem was suggested by somewhat similar results obtained by Kakutani 
for the space F. 


- 


5 
SOME PROPERTIES OF BANACH SPACES. 607 


and any finite collection {2;} t= 1, © n, 8È | fe—f] | zl Z | fe (z) 
— f(z;)| for all we om (84243), Hence any w*(H*) neighborhood of f con- 
tains a sphere ome {øn} and this implies that f is a w*(H*) cluster point of 
{fe} and hence of {f# | A} also. Since w*(#*) limits of convergent systems 
in the Hausdorff space E* are necessarily unique, it follows that f= fp. 

® The following two theorems are generalizations of Banach’s Theorem 2, | 
p. 213. 


THEOREM 18. Let T be a linear subspace of E*. A necessary and 
sufficient condition for È = E*, where T is the w*(E*) closure of T, is that 


for arbttrary z, f(z) = || z | for some f «T.° 


Assuming To > 6, if f(z) = c= 0 then {| zo |/c)f =f er and f (zo) 


= | zol. Tf f(a) = 0 for all f eF let fo e È with fo(z) = | zo || [1; p. 55]. 


However | fo(£o) — f (T0) | < e for some f eT, since -= H*, and accordingly 
we have the contradictory implication fo(Zo) == 0. On the other hand assume 
that Ī' 4 E* under the condition stated in the theorem. Since I’ is a w* (E*) 
closed linear subspace it is also regularly closed [3]: Hence if ar ef there 
exists an T for which 

(18) fo(to), == 1 | 

(18. 1) | f(t) = 0, fel. | E 


Since || 2 || £0, by (18), it is clear that (18.1) contradicts the assumption 
that f (£a) = | Zo || for some feT. 


Turorem 19. Let T be a linear subspace of E* and denote by IY ss 
w*(E*) convergence closure. A necessary and sufficient condition for T” == E* 
is that there exist a fixed sphere os MS* aT suen that for each x and some 


feTu, f(z) = || z f. 


To establish aufficiency a assume the conclusion untrue. Let fo be absent 
from I”. Then Fo— (fo/ lifo ||) €I’ar For bounded sets the w*(E*) and 
the w*(E*) convergence closures are identical by Lemma 3. Hence I’ is 
w*(EH*) closed and is obviously convex. This implies that I“ is regularly 
conver [14]. Accordingly for vo Tı l 


° The second condition in Banach’s theorem, namely that f(#) = || # || holds’ for f 
restricted to MS*oT for some fixed M, is unavailable here. Indeed if we were to. 
attempt to establiah such a condition by the analogue of Banach’s demonstration of 
necessity, we should have, with RA = [To n8*, Us EC (JT, = #* and the inclusion may 
be proper (Cf. the comment on Lemma 3). Hence to preserve complete analogy with 
Banach’s statement a closure operation involving bounded sets alone, is required (Cf. 
Theorem 19). 
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| z | = | Fo i I z | > sup f(a.) = sup f(a), 
tela’ rele 

This contradicts the hypothesis of the theorem. | 
The necessity proof may be obtained from the argument of Banach, pp. 
218-215, by formally replacing w*(#*) sequential pony raence by w*(H*) 


. convergencé, ! à 


9. An example. Sequences ultimately of the form Ce E - +) are 
termed trivial. There is a classic example, due to von Neumann [4, p. 380] 
of a sequence in 7, with a-w(H) limit point which is not a w(/) sequential. 
limit point. This example pivots on the non-boundedness of the sequence. 
We propose below to construct a bounded w*(H*) set which is even compact 
and yet contains no non-trivial w*(H*) convergent sequences. | 

We first summarize in slightly different guise some known results [15, 5]. 
Let TCI, im1,--- denote the set (J37 {t] (2k — 1) /24<t < k/2*} 
LJ {1} and write g 2) for the characteristic function of T4. Let G = {g*(t)}. 
Then G is a sub-space of the Boolean product space I fy: | teI, ye = 00r 1} 
denoted by 2!l, which is the space of all characteristic: functions b(t) on Z: 
The generic neighborhood of ba(t) e 2!/l is {b(t)| b(t) = bo(t:), t= 1,--- N}; 
Moore-Smith convergence of {b#(t)| peA} <= Moore-Smith pointwise con- 
vergence of b(t); and 27l is a compact Hausdorff space. Hence G, the 
closure of G in 2Ul, is a compact Hausdorff space in which sequential conver- 
gence is equivalent to pointwise convergence. The elements of G are denoted 
by g(t)" Finally G contains no convergent eee [18]. 

Let 0(G) be the space of continuous functions x( 4) on @ with the usual 


norm, namely | æ | — max |(g)|. Define fy < 0* (G) by falz) —=2(9), Ct 
[3]. Then Ife 1 — sp | fo(2)| = sp [201E ‘We assert that {fy} is 


a w*(H*) M aie of ge Tenno tó G. Evidently z(g) 
== g(t) «C(G). Now {f,} and G are in one to one correspondence for 
fo Æ for => g Kg” while if g 4g” we may choose t)eZ so that g' (to) 
9" (bo) and hence, if 2(g) == g (to), (9) A2(g’") or finally fy A fy. 
We indicate the correspondence between G afa {fo} by fo = y (g). Since G is 
compact and y is easily seen to be continuous it is clear that y defines a homeo- 
morphism. Hence {f,} is w*(#*) compact. . : 


* The writer conjectures, incidentally, that the effective definition of an element of 
Gag (in Sierpinski’s sense) is tantamount to the effective construction of a non- 
measurable (Lebesgue) set.’ Since this was written Professors Kakutani and Hilenberg 
have communicated a proof to the writer which shows that such elements are charac- 
teristic functions of non-measurable sets. 
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Suppose that {f,,} is w* (E*) convergent to {fo} for a non-trivial sequence 
- {gn}. This implies that 2(g.) > 2(go) for all eeC(G), and in particular 
for each z of the type x(g) == g(t). for an arbitrary fixed teI. Thus {g.(t)} 
would be pointwise convergent to go(¢) which is impossible since @ contains no 
non trivial convergent sequences. The set {f,} defined above is then an 
example of a w*(H*) compact set which contains no non trivial w*(H*) ~ 
sequential limits. 


10. Reflexivity. The results in this section are consequences of the 
foregoing work and involve reflexivity of the Banach space E. 


THEOREM 20. If E ts reflexiwe then E has the extended Helly property 
for all orders. 


This is an immediate consequence of Theorem 15 and the fact that 
reflexivity implies w(H) compactness for S[16]. 


THEOREM 21. A. necessary and sufficient condition for E to have the 
extended Helly property is that E be refleaive. 


According to a result of Goldstine’s [17], w(/) completeness implies 
reflexivity. The present theorem thus follows from Theorems 16 and 20. 


COROLLARY. If E has the extended Helly property of order Xa and Be 
contains w*(H™) c-dense set of power Xa then E ts reflexwe. 


This is an immediate consequence of the ee to Theorem 16 and 
Goldstine’s theorem quoted above. 


THeoREM 22. If (a) Sts w(B) compact of order a and (b) E* — 
a w* (E*) o-dense set of power <= Ng, then E is rofteatve. : 


Let Uge = {U#(6*)| peA} be a wt(E*) neighborhood basis at 6* with 
pte <==> UP D Ur, The basis Uy at fy is obtained by a translation of Ug. 
preserving order, of amount fy. Let {f'} be the w*(H*) c-dense set of power 
Xa With each U# e Uy associate an element f”# e {f*}. By condition (b) such 
elements exist and may be chogen sd as to be uniformly bounded. Then 
{fre | pe WM} — fy in the sense oÑ w*(E*) convergence. i= 

Consider the family {Aa} of w(8) closed sets with the F. I. P. By Lemma 
2, Aa = N KE Kipa Ki p.a Hi p.a ^ 8 where k depends on p and a. Hence, . 
by Paar 1, we can select a family {Kicp,c), paa) with the F.I. P. In the. 


3 The topological nature of the proof is perhaps of greater interest than the theorem 
itself. The writer has recently observed that an alternative proof follows easily from 
some results of Alaoglo on tharacters of certain subspaces [2]. 
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interests of simplification we replace the ordering according to p and a by an 
ordering according to y and write Ky for Kicp,o),p,a- The crux of the proof 
lies in establishing that (Aa = @. | 

- In view of Theorems 1 and 2, Ky = Me U RreBy, si We apply Lemma 1 
again and obtain the family {By} with the F. I. P. where 


B YP we By jey, i p = {T PDD (x) = fy (2y) r ey — ei} a 8. 


The various values of »(j(y,@), R), for which the associated freU (rs). B ig the 
game element of the well ordered collection {f*}, are identified and their 
succession is determined by their position in {1}. They are now given a natural 
ordering by v,v—=1,2---< a, preserving this succession. 

We well-order the pairs (y, p) and denote the typical ordered pair Sby w. 
Let dw — fy (zy) + ey— e. For each y there is, in general, a multiplicity of 
values of w, indicated by writing w[v], for which {x | P(x) 2 do} is one of 
the sets Byn. Hence the sets Byw = {2 | f(x) = dom} 9 S constitute 
(except for possible changes in order) the family {B,,j}. 

Let dy, =.lim sup {dwt}. Suppose provisionally that 


(22) dy, >de for all values of wv |. : 


We select a monotone increasing sequence {dwn} C (dema) which converges 
to dv, Manitestly 


By, wy > Brwi <=> dwr] = dro’ tvs} 
Thus ° ! 


I 


Bry wao = iwf] | dopa S doning) Peru, 
! 


and more generally | 


j 


== Dow By, oo = Bren) 


Manitestly Cy,  & for Sik cal is a monotone decreasing sequence of w(8) 
closed sets in the w( E) compact, of order Ng = No, sphere S. If (22) is not 
valid, dwp, assumes a maximum value, say for w— w. : Then Cr, = Br, w'tv:)- 

We now establish that {Cy} has the F. I. P. Let y be given the finite set 
' of values vı, * ‘ve. Consider the families { By, wmi} o {Bvt}. Suppose 
that (22) holds for ,:--v.. (The trivigi modifications when this is not 
true for some or all of v,- > * v, are obvious from the remarks in the previous 
paragraph). For each + let {dwm} be the monotone ascending sequence 
defined, as before, which converges to d», We write 


Bm = Bnwa 1° N Beware | 
Since {Bv wm} has the F. I. P., Bu 9. Moreover {Bm} is plainly a monotone 


+ 


. BOME PROPERTIES OF BANACH SPACES. 611 


decreasing sequence of w(S) closed sets. Hence, by the compactness condition 
(a), : | | 
g af Ca Ben 34 ene s By, atv) = ee Oy, 


Thus {Cy} C S, is a family of w(8) closed sets with the F. I. P. and since- 
1 Evy < w, the w(E) compactness of order Na of S implies 


ø Æ rO» 


or 


$54 Ne Mor Br, wr == [)yn By C 4K y C Made. 


We have established that any family {4a} of w(S) closed sets in S with 
the F. I. P. has a non-empty intersection. Therefore 9 is w(#) compact and 
this implies that Ẹ is reflexive [16]. The proof is complete. (From the fact 
that By wp) and Cy are easily shown to be sections, it is evident that S need 
only be w(E) secttonally compact of order Na). 


COROLLARY. If (a) Sis w(E) countably compact and (b) E* ts w*(E*) 
separable, then E is reflexiwe, . 


_ This is a slight generalization of a theorem of Ghantmacher and Smulian 
[17] where the conditions are w( E) sequential compactness of S and separa- 
bility of Æ. | | 


COROLLARY.: If (a) S* is w(E*) countably compact and (b) E* is 
w*(E*) separable then E ts reflerwwe. ; 


By a simple: extension of a theorem of Ghantmacher-Smulian Eke 
Theorem 4] condition (a) is equivalent to condition (a) of the previous 
corollary. | : 

Following Milman [11] we shall understand by a face corresponding to f,. 
the point set {z | | æ | = 1, f(x) — I f I}. 


COROLLARY. If (a) Sis w(E) countably compact and (b) the closed 
linear manifold M, determined by a face of S always has a w* separable con- 
jugate space, then E is reflexive l 


Indeed the unit sphere of \ is S; = Myo 8. Now as a by-product of 
the analysis in Theorem 22, S; is w(M;) compact. Since E is a Hausdorff 
space in the w( E) topology it follows that S; is absolutely closed in Æ and 
accordingly is w(#) compact. Evidently the face corresponding to f is a 
strongly closed convex subset of S and so is also w(H) compact and hence by 
Theorem 7 is tranfinitely closed. This fact together with (a) may be shown 


i 
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to imply that F is reflexive by the same reasoning as given by Milman tor 
his theorem. 
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UNIFORM LOCAL CONN: 
By Samusnt Ei 


e 

Although we shall be concerned chiefly with uniform local connectedness 
in the sense of homotopy, we shall make contact frequently with the analogous 
notions as defined in terms of homology and contractibility. The definitions 
of these and other concepts are given in Section 1. 

In Sections 2-5 we investigate the properties of uniformly locally connected 
subsets of a metric separable space with particular reference to the relation 
between the set and its closure. The substitution of local connectedness of a 
set tn relation to-the space is of course a device to avoid Imposing compactness ; 
in-the compact case, as, for instance, when the imbedding space is the euclidean 
n-sphere 8", the notion is equivalent to that of uniform local connectedness. 

In Sections 5 and 6 applications are made to the subsets of euclidean space. 
We find, for example, that if a domain complementary to the homeomorph of 
an S$" in §* is uniformly locally connected in the homotopy sense? in all 
dimensions 0 to n, then the domain is a singular n-cell. 


1, Let X be a metric separable space, A a subset of X, and f(Z) CX a 
continuous mapping of a space Z. Then we call f nullhomotopic over A if 
there is a mapping ? 


(1) g(4XE)CA E = [0,1] 
such that 

g(z,0) = f(z) ee | 7, 
(2) Gia 1) = contani for every z € Z. 


We also define [7] a number b (f, A) as follows: b(f, A) = œ if f is not 
nullhomotopic over A; b(f, A) =g. 1. b.8ê[g(Z X E)] if f is nullhomotopic 
over Á and g varies over all mappings (1) satisfying (2). The number b (f, A) 
may be called the homotopy bounX of f over A. 

Let Q**? be the (n + )-cabe\ nå 8” its boundary. We easily verify the 
following lemma: 


* Presented to the American Mathematical Society, April 26, 1940, under the title 
“Uniform local contractibility ”; Received August 11, 1941. l 

t It is known that such a domain is always uniformly locally connected in the 
homology sense in all dimensions [8]. (We use numerals in brackets to refer to the 
Bibliography.) 

* All mappings considered in this paper will be assumed continuous without explicit 
statement of the fact hereafter. 
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(3) Given a. mapping f(S*) C X and a subset AC X, we have b(f, A) <e 
if and only if there is an extension ? f*(Q**1) C X of f such that f* (0) CA 
and 8[f*(Q"**)] <<. | 


, Let ve X and let A be again a subset of X. We: “say that A is locally 
p-connected in the homotopy sense al z (== p-LC at g) if for every æ> 0 
there is an 7 > 0 such that every mapping f(S?) C A> g (z, 7) * is nullhomo- 
topic in A: S(x, e). Clearly A is p-LC at z if ze X — A, We say that A is 
locally p-connected in the homotopy sense (A is p-LC) if A: is p-LC at every 
ve A. If the same holds at every ze X, then we say,that A is locally p-con- 
nected in relation to X (A is p-LC rel. X). If Ais p-LC for p=0, 1, --,%, 
then we say that A is LO”. Similarly we define LO” rel. X, | 

Using the number 0(f, A) introduced above, all: these definitions can 
apparently be stated without the “ e, y” procedure. In fact, it is easy to see 
that A is p-LC at x whenever, given a sequence f,(S*) C A of mappings such 
that Lim, fe(S?) = z, we have lim, b (fe A) = 0. | | 

If A is p-LC and if, for any given « > 0, the choice of y does not depend 
on the point z, then we say that A is uniformly locally R in the sense 
of homotopy (A is p-ULC). If the same holds for pi= 0, 1,: --,n, we say 
that A is ULC". Using the number b(f, A) we find that A is p-ULC if and 
only if, given e > 0, there is an y > 0 such that if f(P?) C A and 8[f(S*)] <4 
then 6(f, A) <e ! 

The following statement is easily verified : l 


(4) If A is ULC” then A is LC” rel. X. If A 1s compact then ie two 
concepts are equivalent. | | 


Concepts similar to the above may be defined fot local connectedness in 
the sense of homology using Vietoris cycles and chains” on compact carriers. 
In the latter case we shall use lower case letters in the corresponding symbols; 
for instance, locally p-connected in the homology sense will be designated by 
the symbol p-le. 

. Finally, we shall gay that A is locally c tractible atreX (A is LE at x) 
ie given e > 0, there is an 7 >0 such fe A-8 (z, n) is contractible in 
A-S(«,e) to a point. Definitions of *A is £@ 7” “A is L@ tel. X” 
and “ ULG ” are obtained by replacing “ p-LC ” in the corresponding defini- 


*Given a subset B of a space Z and a mapping f(B) C X, then a mapping 
f* (2) C X will bo called an extension of f if f*(e) = f(e) for geB. . 

*By (m,n) we denote the set of all points y such that p(#,y) < 7. 

5 It should be recalled here that the “le” concepts depend on the abelian group 
chosen as coefficient domain. Where it is essential to do so, we designate this group. 
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tions above by “ £6.” - Clearly A is ULE if and only if for every « >-0 there 
is an y > 0 such that every subset of A of diameter < y is contractible to a 
point over a subset of A of diameter < e. Corresponding to (4) we have: 


(5) If A is ULE then it also is LG rel. X. If A is compact then the two 
cogcepts coincide. 


2. Throughout this section X will denote a , metric separable space and 
A a subset of X. 


THEOREM 1. A ts LC" rel. X if, and only if, given any closed subset B 
of a metric separable space Z such that dim(Z — B) Sn + 1, and given a 
mapping f(B) CA, there is an open set U-D B and an eztension * P (U) CA 
of f such that f (U — B) CA. 


Proof of necessity. We may admit that A = X. | 
According to a theorem of Kuratowski [6, Th. 2] X can be imbedded in a 
metric separable space Y such that 


(1) <Æ is a closed subset of Y ; 

o (2) Y— X = P* is an infinite polyhedron of dimension Sn-+ 1; 

(3) the mapping f(B) CX has an extension y(Z) CY such that 
OC Ae B) C Pr”, 

In view of (3) it is therefore sufficient to prove that 

(4) tHere'is an open set V such that YC VC Y and a mapping 
r(V) C X such that r(z) == g for ze X and r(V-—X) CA. We proceed to 
construct the set V and mapping r. 

Let P* denote the k-dimensional skeleton of P**; i. e., the subpolyhedron 
of P*** consisting only of the simplices of dimension x k. To prove (4) it is 
sufficient to prove that for k—0,1,--+-,n Je 1, l 

(5) there is an open set Vg such that X C VC Y and a mapping 
1(X + Vr: P) C X such that r(x) =z for ve X, te( Vr: P) CA. 
Hence we may proceed by induction. For k = 0, P° is the set of all vertices 
of P™, Since A is dense in XY 4@ 4, we can find for every vertex x, € P? a point 
y; € A such that p(z 41) < 2pNei,X). Defining Vo = F and (2) = z for 
TEX, folz) = y; for z; £ P°, w&verify (5) for k = 0.. 

Suppose. that V and frs of (5) are given for some k <n 4 i Let . 
A,*, At, - -, be the (k + 1)-dimensional simplexes contained-in Yg: P”. 
Denots ig: Dir the boundary sphere of A. The mapping 7 (Si*) C A is 
therefore defined. Denote this partial mapping by fi: fi(Si*) CA. H 
b(fi, 4) < œ then we can find a mapping gi(A:***) C A such that gi(2) 
_ == fı (£) = 7% (x) for ze 8 and such that d[g,(AP")] < 2b(f1, A). Now if 


616 ; SAMUEL BILENBERG AND R. L. WILDER. | 


the subsequence {A,,***} converges to a point d €X then af) 4(S1,*)] > 0 and 
SLf4,(Si,)] > 0; and since A is k-LC at a we must oat Meee and 
therefore g;,(A;,**") converges to a. 

Consequently there ig an open set Vrn such that X = Tuc Y and 


l 


b(fı, A) is finite whenever A - Vyn £ 0. Taking | ° 


| 
` Tear (@) = re (z) for ze X + Vrn: PRS frale) == gi (x) for ve Vey AF, 


we verify (5) for k + 1. 


Proof of sufficiency. ‘Suppose that at some ae X the set A is not p-LC 
for some pn. There is, therefore, a sequence fs(8°) C A of mappings 
such that Lim, f;(S?) =a and (fi, A) > for some e > 0. 

' Consider a space Z consisting of a sequence of disjoint (p+ 1)-cubes 
{Qi} and a point z such that z = Lim, Qe. In Z ‘consider the subset 
B =— z + X; 81°, where 9,” is the boundary sphere of Q4°*". The sequence {fi} 
clearly defines a mapping f(B) C A such that f(z) = aand f(B—z) CA. 
- Since dim (Z — B) <n + 1 there is an open set U such that BC U CZ and 
an extension /*(U) CA of f such that F*(U—B) CA. For sufficiently 
large 1 we then have ee C A and 8[f*(Q.*) | < €. ons contradicts 
. b (fas A) > & 


Remark. If A is compact then Section 1, (4) a Theorem 1 give A 
nécessary and sufficient condition for A to be ULO”. | 

If A=-X then Theorem 1 furnishes the Eevee theorem ax to 
Kuratowski [7, Th. 1]: 


THEOREM la. X is LO” if, and only if, given ane closed subset B of a 
metric separable space Z such that dim (Z — B) Sn +- 1, and given a mapping 
f(B) CZ, there is an open set U D B and an extension fU) DX off. 


Both Theorems 1 and- la can be restated for Z metric compact, a the 
space Z used in the sufficiency proof was compact metric. 


THEOREM 2. Let B. be a closed subset of a compact space Z such that 
dim(Z —B) S n+ 1. If A is LO” rel. X fren given a mapping F(Z) CA 
there is a mapping f*(Z) CA such that a CA and f*(z) = f(z) 
for ze B. 

Moreover, given any e> 0, we can choose f* so that p[f(2), f*(z)] <e 
for every 2eZ. 


Proof. Consider in the product space Z X E a: — - [0, 1) the sets 


Z*=ZX0+5Z X (1/n) ; BY =Z X045 BX (1/n). 
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Clearly B* C Z* and dim (Z* — B*) S n + 1 since dim (Z — B) Sn +1. 
Define the mapping g(B*) C A as follows: 


g(z,0) =f(z) forze Z; g(z, 1/n) — f(z) for z £ B. 


Since A is LC” rel. X we may find, by Theorem 1, an open set U such that 
BeC U C Z* and a mapping g*(U) CA such that g*(z) — g(x) for z e B* 
and g*(U — B*) CA. For sufficiently large n we then have Z X (1/n) C Ọ; 
and taking fn(z) = g*(z,1/n) we have f (Z) CA, fx(Z2—B) CA and 
fn(z) = f(z) for ze B; and, moreover, p[fn(z), f(z)] < © 


Remark. If A is LO” then the conclusion of T Denem 2 is a necessary and 
sufficient condition for A-to be LC” rel. X. 


The following theorem is an immediate consequence of Theorem 2: 


THEOREM 3. Let Z'be a compact space such that dim Z=n. If A ts 
LC" rel. X then every two mappings f,(Z) C A and f- (4) CA which are 
homotopic in A are also homotopic in A. 


THEOREM 4. If A is LO” rel. X then so is every set A* such that 
ACA*CA. In particular A is LO”. 


To establish Theorem 4 it is sufficient to note that if the condition of 
Theorem 1 holds for A then it holds a forttort for A*. 


Remark. Let us also remark that it easily follows frem Theorems 2 and 3 
that A and A* have the same homotopy and homology groups for the dimen- 
sions 0,1,- °°, 2. 


3. In this section we again assume that A is a subset of a metric separable 
space X, but with the additional assumption that dim Å =n. 


THEOREM 5. The following properties are equivalent: 


(a) Ais LE rel. X. 

(b) A is LO” rel. X. 

(c) Ais LO” and there \a mapping h(A X E) CA such that h(z,0) 
=q, h(z,t)c A fort > 0. 
(The deformation h will be frequ¥ntly used in the sequel.) 

Proof. That (a) implies (b) is obvious. 

(b) implies (c). Clearly if A is LO” rel. X then A must also be LO” 
(rel. A). We now proceed to construct the mapping h. 


Define Z =A X FE, B= A X (0), and f(z,0) =x for ze A. We have 
then B CZ, dim (Z — B) Sn+1 and f(B) C4. Since A is LC® rel. X 
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there are, by Theorem 1, an open set U such that BC U CZ and an extension 
f*(U) CA of f such that f*(U—B) Ca. | 

Since X is metric, Z is metric, and we may demne a function Er 
= tpl (z,0),2—U] for ve A. Clearly r(x) is continuous and > 0. The 
mapping A will be defined as follows: 


iat)" ate ee), 


Since 0 S t- r(x) S r(e), h(x, t) is well defined and satisfies all the require- 
ments of Theorem 5. 

(c) implies. (a). Since dim A S n and A is LO", it follows that A is 
Le (rel. A) [7%, §8. This can be easily deduced from Theorem 1a of the 
present paper]. To prove that A is £6 rel. X, consider a point zeA and a 
sequence {A;} of subsets of A such that Lim, Ai = 

Given any e > 0 there is an open set U containing v and an y > 0 such 
that if ye A- U and 0S / Sy then p[z,h(y,t)|] <e For sufficiently large i 
we must have 8(4;) < eand A; CU. Tt follows that 


Te i(4e i] < 3e 


and Meela A, is deformed into #(A,,7) over a subset of A of diameter 
< 3e. Because of continuity we have Lim; (Ai, 7) =/(1,9), and since 
h(x, ņ) € A and A is 6 it follows that for sufficiently large i the set h(Ai, 7) 
can be contracted toa pomt over a subset of A of diameter < e Combining 
these two deformations we see that for sufficiently large i the set A; cam be 
contracted to a point over a subset of A of diameter < 4e. This proves that 
A is £@ rel. X. 


THEOREM 6. If A is L6 rel. X and AC A* CA then (a) AF is L6 
rel. X and (b) A and A* have the same homotopy type [4]. 


The first part of Theorem 6 is an immediate consequence of Theorems 4 
and 5. In order to establish the second part define the mappings -gi (A) G AF, 
gx(A*) C A as follows: 


gi(v) =x forve A; gale) fe h(x, 1) for ve A*, 


where A% is the mapping of Theorem 5. It follows from the properties of A that 
9ig2 is homotopic to the identity mapping of A* into itself and that 929: 1s 
homotopic to the identity mapping of A into itself. 


THEOREM 7. If Aw LC" rel. X and A 18 eoulvacnible in Ñ then there is 
a mapping g(A X E) CA such that g(z, 0) = z, g9(2,t) eA fort > 0, and 
g(a, 1) == constant. | 
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Proof. Let f(A X F) CA be a mapping such that f(x, 0) =s and 
f(z,1) = constant. Then, A being the mapping of Theorem 6, let 


gls, t) = A[h(a,t),t] for se 4,0St<], 
g(x, t) = h{f[h(z, t), 2t — 1], t} for ve d4} SiS1. 


e In this section we shall assume that A is an open subset of a metric 
separable space X. We shall denote by M the boundary of A; M == A — A. 


Lemma. Suppose that M is LC and that every mapping f(S!) C M is 
nullhomotopic in A. If O CA ts a set such that every mapping f(S') C C is 
nullhomotopic in X then every mapping f(S') C C ts also nullhomotopic in A. 


Proof. Let Q? be a closed disc bounded by S*. Consider a mapping 
f(S1) CC. Since f is nullhomotopic in XY there is an extension f,(Q*) C X 
of f. 

Consider the subsets B, = A` (M) and B = f(A) of Q° Clearly — 
B,C B, S, C B, and B,, B are closed subsets of Q*. Also consider the mapping 
f:(B,) CM. Since M is LC* and dim (Q? — B,) S 2, there are, by Theorem 
la, an open set U such that B, C U C Q? and a mapping fe(U) C M such that 
fi(q) —fe(q) for qe Bı. Define ` 


V—B+U; fa(q)—filq) forge B; fa(q) = felg) for q £ U —B. 
The set V is obviously open and SC BC V. The mapping f,(V) CA is 
` continuous and has the following properties: 
fa(q)—=f(q) forge S; = fa(q) £ M forge V—B. 
Since B is a closed subset of Y* containing its boundary and V is an open 
set containing B there is in Q* a finite set of disjoint discs Q1°, Q2, °°, Qn? 
bounded by simple closed curves 9,', S3*,- + +, Sa” such that 


Q +H: ' -+ Qn? + V == Q?; S++ St +: i -4 Sa C F — B. 


Since S C V — B we have fa(8;) C M, and since this mapping must 
be nullhomotopic in A there\is a mapping gi(Q.?) CA such that fs(q) 
= gi(q) forge Sr. If we de 


fa(q) = f (q) for ge Y — (Q? +H Rh); 
f(a) == gi (9) for ge Qi’, 
we obtain a mapping f,(Q*) CA such that fi(q) ==f (q) for qe St. This 
proves that f is nullhomotopic in 4. , 
THEOREM 8. If (a) M is LC, (b) A is LO rel. X, (c) every mapping 
f(S‘) CM is nullhomotopic in A and (d) every mapping f(S') C A is null- - 


‘'¢@ 
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homotopic in X, en 2, (A) = 0,° and more ee ni(A") = 0 whenever 
AC ACÀ. 


Indeed, let f(61) C A*. Applying the Lemma for C == A, we find that f 
is nullhomotopic in A. Since A* is LO! rel. X it follows from Theorem 4 that 
' f ig nullhomotopic in A*. | 
As a corollary of Theorem 8 we obtain | l 


è 
THEOREM 9. Jf (a) M is LC*, (b) A ts LC rel. X,- (e) m (M) = 0, 


(d) mı (X) = 0 and (e) AC A* Z A, then mı(A*) = 0! 
| 
5. Although the previous theorems were proved for quite general spaces, 


their intuitive. geometric content becomes clearer if they are applied to 
euclidean spaces. In this section we shall assume that A is an open subset of 
the euchdean n-sphere S». As before we shall denote by M the boundary 
A—A of A. 

Since 4 is compact every local connectedness oe of A i S’ isa 
uniform local connectedness Broad: of A ($1). From Theorem 5 we 
therefore get e 


f 
! r 


THeoreM ba. The following properties are equivalent : 


(a) Ats ULE, 
(b) At ULC, 
(c) there is a mapping h(A X FH) CA such that h(a, 0) — 2, and., 
h(x, t) eA fort >0. | 


Following R. L. Wilder L9, “ A-deformable ”] we n that M is deforma- 
tion-free into A if-there is.a mapping f(M X E) CA guch that f(z, 0) =z, 
and f(z,t} cA fort>œ>0. It follows from Theorem a that if A is ULC" 
then M is deformation-free into A. On the other hand it was proved by R. L. 
Wilder [9, 10] that if such an M is deformation-free into A then A is ule" and 
consequently Af is the sum of a finite number of disjoint pee (n —1)- 
manifolds. 


| 


PROBLEM 1. Jf M ts a continuum segirating 8°, is it true, that M is 
deformation-free into A tf and only if A isfU LO" (== ULE since A C 8") ? 


Since +, (S*) == 0,° Theorem 8 gives the following | 
THEorem 8a. If M is LCt, A is ULO and every, mapping f(S*) C M 


* x,(A) denotes the fundamental group of A, and the relation r,(4) = 0 means that 
every mapping f(8*) C A is nullhomotopic. . 
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is nullhomolopic in A, then 7(A*) = 0 whenever dC A*C A. In particular 
(A) =0 =m : 


. THEOREM 9a. If Mis LO, A is ULC and mi (M) = 0, then m, (4*) = 
whenever AC A* CA. In particular mi( A) = 0 = m (Å). 


è We do not know if the condition tbat M is LC* is necessary. In general, 
as may be shown by examples, A may be ULC? without M being LO. How- ` 
ever, there is the following 


PROBLEM 2. Find conditions which A must satisfy in order that M 
be LC*. And if A is ULC", is M an LO”?' 

We remark here that R. L. Wilder [11] has found necessary and sufficient 
conditions on A for'M to be lœ over a finite coefficient group. For k == 0 all 
classes lc? and LC® coincide, so that for k == 0 a solution of Problem 2 follows 
from Wilders theorem. For k > 0, we know from a theorem of Hurewicz [5] 
that M js LC* if and only if it is Zœ over the ring of integers and LC}. 


6. In this section we assume that M C 9” is a homeomorph of S*-* and 
that A is one of the two components of S*— M. An example was constructed 
by Alexander [1] to show that m, (4) ° does not necessarily vanish. We shall 
see from the following theorem that this cannot be the case if 4 is ULC". 


THEOREM 10. Jf A ts ULC then both A and A are contractible and A . 
as an absolute retract. 


Since M is an absolute neighborhood retract [2] it is clear that 
A == A-+ M is one too. Since A is ULC it follows from Theorem 8a that | 
mı( A) = 0 =m (A). Since also all the homology groups of A and A vanish, 
it follows from a theorem of Hurewicz [3] that both A and A are contractible. 


- Turnorem 11. A is ULC" if and only if there is a mapping h(A X E) 
CA such that h(x, 0) = tah (x, 1) == constant, and h(z,t) eA for t > 0. ` 






In fact if A is ULC" them by virtue of Theorem 10, A is contractible and 
the existence of h is guarantee by Theorem 7. If a mapping. h exists satis- 
fying the conditions of Theorengll, then A is ULC™ because of Theorem 5a. 

Let Q” be the n-dimensional cube and 8" its boundary. Since S** and 
M are homeomorphic the following theorem is an immediate consequence of 
Theorem 11 and elementary properties of linked cycles: 

7 Since A C £”, the second part of Problem 2 can be reformulated as ene If A 
is ULG, is M an LE (= absolute neighborhood retract) ? 


+ 
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integers? 8 


è 
l 


: 


THEOREM 12. If A is ULO" then there is a mapping f(Q") =A such 


that F(Q" — 8">) — A and which maps 9" homeomorphically onto M. 


PROBLEM 3. Is the converse of Theorem 12 true? Tt is easy to see that 
a positive answer would follow from a positive solution of Problem 1. 


Since M is a manifold it follows from the results of R. L. Wildér |$] 


‘that A is ulo". It follows from the example of Alexander [1] and- from 


Theorem 10 that A may not be ULC. .We do not know whether A can be 
ULC! without being ULC*. This question is part of: ‘the following more 


general ; l 


PROBLEM 4. Let A be an open subset of a compact metric space. Is it 
irue that A is ULC” tf and only a tt is ULC and ulo" over the ring of 
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"If A is the whole space the answer iy positive in view of Hurewicz’s results [5]. 
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ON THE UNIFIED THEORY OF EIGENVALUES OF PLATES 
AND MEMBRANES.* 


By NATHAN ÅRONSZAJN and ALEXANDER WEINSTEIN. 


1. Introduction. In a previous paper‘ one of the authors hag shown 
that the problem of the vibrations of a membrane and the problem of the 
vibrations of a clamped (or partially clamped and partially supported) plate 
are two limiting cases of a sequence of intermediate problems. A similar 
relation holds between the membrane problem and the buckling problem for 
plates. The eigenvalues of these intermediate problems (which were called in 
W the modified problems) give a non-decreasing sequence of lower bounds for 
the eigenvalues of plates. 

The consideration of these intermediate problems was of interest because, 
while the differential problems of the theory of plates are of the fourth order, 
the differential equations of the intermediate problems are of the second order; _ 
moreover their solutions can be ‘expressed in terms of the solutions of the 
membrane problem. | 

In a subsequent note in common ? we ere the conditions for the 
convergence of the sequence of lower bounds to the exact eigenvalues of the 
plate. In the present paper we develop the proof of the convergence theorem 
already sketched in our note. Moreover we give proofs of the existence theorems 
for our problems and we discuss.the question of the equivalence of the different 
formulations which can be given to the eigenvalue problems of the clamped or 
partially clamped plate. 

For definiteness, we deal chiefly i in die following with the problem of the 
vibrations of a clamped plate and we consider this problem from the variational 


* Received May 25, 1941; an\abstract of this paper, under the title, “ Existence, 
convergence and.equivalence in th\ unified theory of eigenvalues of plates and mem- 
branes ” appeared in the Proceedinys of the National Academy of Sciences, vol. 27 
(1041), pp. 188- 191. X 

+A. Weinstein, “Etude des spec res des équations aux dérivées partielles de la 

théorie ded plaques élastiques,” Mémorial des Sciences Mathématiques, 88, Thèse, Paris 
` (1937). This paper will be referred to as W. Cf. also A. Weinstein, “Sur la théorie 
unitaire des valeurs propres des membranes et des plaques encastrées,” Comptes rendus 
de VAcadémie des Sctences, Paris, 210. (1910), p. 161. - 

= IN. Aronszajn et A. Weinstein, “Sur la convergence d'un procédé variationnel 
d’approximation dans la théorie des plaques encastrées,” Comptes rendus de VAcadémic 
dea Sciences, 204 (1937), p. 96. SO | 
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P 


point of view. The corresponding differential problem will be discussed in 6. 
The case of a plate partially clamped and partially supported, which requires 
only slight modifications, will- be treated in 8. ey in 9, the theory is- 
adapted to the case of the buckling of a plate. | 

_ Let 8 be the domain of our plate in the (2, PENA The boundary C 
of S is supposed to satisfy certain conditions of regularity which will late® be 
formulated explicitly. | 

‘The following notations will be used throughout this paper: 


Haa f J, w*dedy,  I(w)— SJ, (Aw) "dedy, 


(v, w) = Jf, vw dzdy. | 


i 


We have obviously i 
I(w) = H(Atc) = ees Aw). © 


| 


Using these notations we can formulate as follows the variational problem J) 


which gives the eigenvalue am (n = 1,2,: > -) in the problem of the vibrating 
clamped plate. | 

Prosptem I‘), To find a function minimizing the ewpression I (w)/H (w) 
among all functions w continuous in S+ C, possessing continuous first and 


‘ second derivatives in S, the Laplacian Aw being of integrable square in S. 


Furthermore w must satisfy the following boundary conditions 
(1.1) w = 0 on C 


3 (z, y) tending to C. Moreover, for n > 1, we musi pons the following 
n— 1 orthogonality conditions 


(1.3) (w, wD) 0 9 jor j= 1,2 sn, 


where the notation w is used in a general way for a luko of yo 
(i — 1,2, :). The minimum in I™ is cad the eigenvalue ™ of the 
clamped plate. 


`- In line with the general theory of eigenvalues it will be useful to consider, 
for n > 1, a Problem f*) generalizing I (oh The formulation of £‘) differs 
from that of J™ only with respect to the conditions (1. 3) for which we alls 
to substitute the n — 1 orthogonality conditions 


(1. 4) (w, ġ) =0 ` for j == 1,2,- ,n— i, 


where ¢1, ġa,” © `, Ọn-1 are n — 1 arbitrary functions, bounded and measurable 
in 8. o. <a 
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The solution of £( depends on the choice of the ¢;. For this reason a 
minimizing function in this problem will be denoted by w™[¢;] or more 
briefly by #). For the corresponding minimum we shall use the symbol 
AMT bs] or Vln), 

In order to. define the intermediate problems giving lower bounds for A‘”) 
we @ntroduce, as in W, an arbitrarily given sequence 


(1.5) Pi(Z,Y), pelt y) > | 


of harmonic functions of integrable square in 8.3 Let us consider the following 
problem. 


PROBLEM In. To find a minimizing function for the expression 
I(w)/H(w) among all functions w continuous in S + O, possessing in S con- 
tinuous first and second derivatives and a Laplacian Aw of integrable square 
in S. Moreover w must satisfy the following conditions 


(1. 6) w = (0 on C, 
(1.7) (Dr, Aw) == 0 for k = 1,2, >m. 


The m conditions (1.7) express the orthogonality of the Laplacian Aw with 
respect to the linear manifold Pa of harmonic functions spanned by the m 
functions Pis nae 3 Pm. 


For nœ 1, w is required to satisfy the n—1 additional orthogonality 
conditions 
(1.8) (Ww, Wa?) = 0 for 4 == 1,2,- >, n — 1, 


where the notation w»") is used in a general way for a solution of Im ®. The 
minimum in Im will be denoted by Am™. 


For n > 1 it will be useful to consider a Problem J,,'") generalizing Im™. 
The formulation of fm™ differs from that of Im) only in respect to the 
condition (1.8), instead of wiÑgh the following n — 1 orthogonality conditions 
are required : 
(1. 9) l (w, bj) = 0 for j == 1,2, --,n— Í, 


where the ¢; denote, as in 7, arbẹtrary functions bounded and measurable in 
8. We denote by Wm ™ [;] a solution of f,, and by An‘ [¢;] the minimum 
in this problem. The abbreviated notations m” and A,‘ will sometimes 
be used. 


3 We consider in the present paper only harmonic functions which are regular in $. 
A harmonic function of integrable square can therefore have singularities only on the 
boundary of S. 


e 
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The membrane problem can be considered as a limiting case of the 
problems Zm“. In fact, by cancelling the conditions (1.7) or, what amounts 
to the same, by substituting for (1.7%) the condition (Po, Aw) —0, where po 


is the harmonic function 0, we obtain, for n = 1,2,:- +, a set of problems J,‘ 
giving us the eigen-functions and the squares of the eigenvalues of the mem- 
brane (see W. p. 19, footnote 2). : 


Another limiting case—which will be denoted by Iao'?—will play an 
important part in the present paper. 


PROBLEM Io), The formulation of Ico can be obtained from the 
formulation of In? by the following changes. The index m is to be replaced 
by the index œ everywhere except in (1.7) which is to be replaced by the 
condition 
(1.10) ~ (p Aw) =0 


expressing the orthogonality of the Luplacian Aw to any harmome function p 
of the set R of all harmonic functions of integrable square in §.* 


Here again we shall have to consider a Problem f oo) generalizing Jool” 
in the same way as f,, generalizes J, ™. 

The following inequalities are obviously true for any given set of arbitrary 
functions ¢;: 


(11) Am [by] E Ann M [$y] So [yl]. 


It is known from the general theory of eigenvalues that the maximum of the 
' minima in 2), obtained by varying the ¢;, is equal to the minimum in J“) 
and that this maximum minimorum can be obtained by taking for the ¢, the 
solutions w‘P of the problems J‘) (j= 1,2,- - - n— 1). For this choice of 
the ¢; the problems f‘) and J‘) become identical. A similar statement is true 

for the problems f,(") and Joo") disclosing their connection with Im™® and 
Io. As an immediate consequence of these wgll-known facts we can deduce 
from (1.11) the inequalities 


(1. 12) Am CP = Xira < oo f*), 


In 3 we shall prove the existence of te solutions in I, and Too) (as 
well as in the important auxiliary problems f,,'* and Loo'")) for any bounded 


“Tt is known that a strong limit (see 2) of harmonic functions of the Hilbert space 
of all harmonic functions of integrable square in S is itself a harmonie function. Hence 
the set 93 is identical with the closed linear manifold spanned by all harmonic functions 
of integrable square in S. Cf. S. Zaremba, “Sur Vintégration de Véquation bikar- 
monique,” Bulletin de Académie de Cracovie (1908), pp. 1-29. l 
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domain. § of finite connectivity under the assumption that none of the boundary 
components of S consists of a single point. 

In 4 we prove that Aw (a) tends to Aco”) in the case where the sequence . 
(1.5) of harmonic functions ps, of integrable square in S, is complete in this 
domain with respect to.8. (The terminology used here is the following: A 
sjuence {¥n} is said to be complete with respect to a certain class K of func-. 
tions if the conditions (y, Ya) = 0 imply y = 0 for every y of K.) 

In 5 we shall see that, for a very general class ©, of domains, the limiting 
problem Ico*) is equivalent to the classical problem /‘*).5 In this case we have 
Aco") == A") so that A), Ag, 2+ > is a non-decreasing sequence of lower 
bounds for the eigenvalue A‘). 

The intermediate problems Jn‘) (or Ím) differ from the modified 
problems introduced in W (§5) only in the assumption that the harmonic 
functions px belong to the more general class of functions of integrable square 
in §.' This assumption will lead us in a natural way to a geometric interpre- . 
tation of the problems In, fn ™, Loo'”?, ae in Hilbert space, which will 
prove useful in several ways. 


Remark. As may be seen in W, § 14, a special sequence of harmonic. 
functions, called “ suite privilegiée réguliére,” has been used for the integration 
of the differential problem corresponding to Im™®. It has been recently proved 
that this sequence is complete in the space $8.°. From this follows that the 
convergence theorem remains valid if (1.5) is the “ suite privilegiée réguliére.” 

In 6 we prove for the domains of the class ©, that the variational problem 
1) jg equivalent to the differential problem of the vibrating clamped plate. 
Using the results of 5 we see at once that an equivalent differential problem is 
obtained if instead of the conditions (1.1), (1.2) we postulate the conditions 
(1.6) and (1.10). Let us note that as far back as 1909 Zaremba introduced 
these last conditions in the theory of the bending of a clamped plate.” How- 
ever he did not investigat& the connection between his problem and other 


5 The existence theorems for tke problems J(") considered in a domain of the class 
©, is an immediate consequence of ‘this equivalence. 

° N. Aronazajn, “Sur une propriété de la fonction de Green et sur une suite de 
fonctions harmoniques introduites par A. Weinstein.” This paper was intended to be 
published in the Bulletin de la Sootété Mathématique de France. Let us mention that 
it has been already shown in W § 14 that the “suite privilegi¢e ” is complete on the 
boundary O of 8 with respect to the class of functions continuous on O. 

The notations A(s), A, (1), wm), w (1) used in the present paper correspond to the 
notations A’ s W? am? On and Oo, in W. 

7§. Zaremba, “ Sur le problème biharmonique restreint, ” Annales de V Hoole Normale 
supérieure, 26 (1909), p. 337. 
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problems of a more elementary nature. The reader may be imda that the 
differential problem corresponding to Im differs from the one corresponding 
to Iœ(® not only in the substitution of the orthogonality conditions (1.7) for 
the condition (1.10), but also by an additional natural boundary condition. 
This condition plays an essential part in the integration! of the intermediate 
. problems in terms of the solutions of the membrane problem (see W, § 6 and 
.§ 7, as well as the footnote 9 of the present paper.) 


2. Summary of some facts concerning the.Green’s potential. In the 
following a functional operator will be frequently considered. Its definition 
involves the notion of the Green’s function. We assume that the Green’s 
function g exists for our bounded domain S in the (z,y)-plane, It'is well 
known that the existence of g is proved for domains of finite connectivity pro- 
` vided that the boundary of the domain does not contain isolated points. 

Let f(z, y) be a function of integrable square in B Let us consider the 
operator 


Gf — G(a, y; n-- Sf 9 (2, isin Gn 


ar considered as a function of q, y, is usually called the Gr een’s potential of f. 
It is well known that G(z,y;f) is a continuous function of (z,y) ia 84+ C, 
vanishing on C. If f is bounded, G possesses continuous first derivatives in 8. 
If the first derivatives of f are bounded in S, G possesses continuous second 
derivatives in J. | 

Let us now consider GF as a linear operator in the space § of functions f 
of integrable square in S. Gf defines a transformation of © into itself, i.e. 
Gf is, for an f of integrable square in S, also a function of integrable square. 
It is easy to see that Gf is a completely continuous operator, i.e. that if a 
sequence {fx} converges weakly to f, the sequence {Gfx} converges in the strong 


converge in the weak sense to f if lim (fx, $) f,¢) holds for every function ‘ 
d in §. {fx} is said to converge in the strong sense to f if we have lim 
(f — frs f — fx) = 0. 6 

Let us also recall the following properties of the scalar product which will - 
be used in this paper. | 


sense to Gf. . 
Let us recall the definitions used here: a feas {fx} in § is said to 
( 


1. Let {fk} be a sequence weakly converging to f and {¢x} a sequence 
strongly converging to ¢. Then we have lim (fr, dx) == (f, ¢). 


2. If {fx} is a sequence weakly converging to f, lim inf (fe fe) & Cf, f)- 
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. The operator Œ is symmetric, i. e. we have for any two functions f and ¢ 
the equation (f, Gb) = (Gf, p). Furthermore we have (Gf, Gf) > 0 and 
(f, Gf) < 0 for any f0. The second inequality states that G is negative- 
definite. 

Let w be a continuous function possessing first and second derivatives 
comftinuous in S as well as a Laplacian Aw = f of integrable square in S. It - 
is well-known that the equation Aw = f is then equivalent to the equation 


(2, 1) w= Of+p 


where p is harmonic. If w is continuous in S -+ Ç, the function p assumes 
on C the same values as w. If, in particular, w vanishes on C we have w = Gf. 

If f is a function of integrable square in § and w == Gf, we have Aw = f 
almost everywhere in 9.8 


8. Existence theorems for the problems I,,‘*) and Ico”). Tt will ob- 
viously be sufficient to establish the existence theorems for the problems fm and 
fo’) which are more general than the problems Im‘™? and Ico‘) respectively. 
We begin our investigation by giving a new formulation for these problems 
in order to make available a geometric interpretation in Hilbert space. To 
this end we consider the Laplacian Aw == f as the new unknown function 
instead of w. The function f must satisfy the following conditions equivalent 
to the conditions for w in fy, and fa ™: 


1°. The equation Aw = f, where w is continuous in S + C and vanishes 
on C, is equivalent to the equation 


(3. 1) ww — GF. 


2°. Using (8.1) we may write, instead of the orthogonality conditions 
(1.4), the equations (Gf,¢;) =0. G being symmetric we obtain finally in 
place of (1.4) the equivalent conditions 


(3. 2) (f, pj) = tor j=], 2 ood, 
3°. We have obviously | 

(3. 3) | (pr f) = 0. for k=m1,2;: -*,m 

and 

(3.4) 0 (pf) =0 . 


in place of the orthogonality conditions (1.7) and (1.10) of fa‘ and Loo). 


s Cf. L. Lichtenstein, Journal für reine und angewandte Mathematik, 141 (1912), 
p. 12. l 


2 
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t 


4°, Furthermore we have obviously 


(3. 5) I(w) = (Aw, Aw) = (f, f) 
and, by (3.1), A 
(3. 6) ~ H(w) = (w,w) = (Gf, Gf). 


With the present notation we have to determine the minimum of ° 


(3. 7) (7, f)/ (Gf, Gf) 

in place of the minimum of [/H. We denote by Toy), TI”, IIo) and 
IIo) the iobiems corresponding to Im, La, Io™, fo), Obviously we 
can restrict ourselves to the investigation of Im” and IT oo), the problems 
IT, and IIo being only special cases of the former, 


PROBLEM fj; m™. To prove the existence of a minimizing A for 
the expression (3.7) among all non-identically vanishing functions f of the 
space §, orthogonal to the harmonic functions of the subspace Bu. . For n > 1 
our functions f have to satisfy the additional orthogonality conditions 
(f, Qoi) — 0 for j= 1,2,-+-,n—1. A solution of Tim ™ will be denoted 
by fm™ [p] or more briefly by fa. As will be. seen a few lines later, the | 
minimum in [7 is equal to the minimum Xn in Tn. By substituting 
TIm™ for fy’ we have obtained a geometrical formulation of our problem 
_in Hilbert space. 

It is clear that there exist functions satisfying ihe conditions ‘in [In 
and that the lower bound ĝ of the expression (3. 1) is finite for all such 
functions. In order to prove the existence of fm, let us consider a sequence 
{fx} of admissible functions for which our functional (3.7) converges to its 
lower bound â. We may obviously assume, without loss of generality, that the 
functions f are normalized, i.e. (fr, fx) == 1, so that the expression (3. 7) 
‘becomes, for f =— f}, equal to 1/(Gfr, Gfk). As tye norms of the fy are bounded 
we can extract from the sequence {fx}, accogling to the general theory of 
Hilbert space, a weakly convergent subsequerfce. To avoid unnecessary com- 
plications let us assume that the sequence {fx} itself is already convergent 
in the weak sense and let us denote by f ity weak limit. Since the operator G 
is completely continuous, the functions Gf, converge to Gf in the strong sense. 
Using a result quoted in 2 we see that the non-decreasing sequence (Gyr, Gfx) 
converges to (GF, Gf) so that we have 


Z ; 1 ee A 
ae (Gfx, Gf) (Gf, Gf) 


+ 
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The quantities (Gfz, Gfx) being m and non- ‘decreasing, (Gf, Gf) is 


obviously positive so that f does not vanish ERRU f satisfies the con- 
ditions of our problem; in fact we have 


(f, Gh) = lim (fe Ghi) =0 for j= 1,2, < -,n—1, 
e (Ê p) = lim (fx, p) =0 


for all pin Pam. Since (frx, fz) == 1 we have, according to 2, (f, f) =1. There- 
fore the quantity (F, f) / (Gf, Gf) is not greater than 1/ (GF, Gf) which is the 
lower bound’ of the functional (3.7). This result proves that f is a solution 
fm ™ of the problem ILm'”). | 

Let us now obtain for f a functional equation T to the Euler 
equation of the variational calculus. In order to obtain this equation let us 
consider an arbitrary function ¢ of § orthogonal to the functions Gy; as well 


- as to the functions of Bm. Let f == f -+ ep. Then we have 


Gf) =< (ftf) 
(Gj; Gf) ~ (GIF + ee], GIF + ])’ 


which gives us the inequality 


G AIG, G$) + (G4, G4) 1 E (GF, GF) [2eF 6) + (4,4) 


which is true for all real values of e in the neighborhood of 0. This inequality 
can hold only if we have 


(3. 8) (Gf, Gf) (Ff, 6) — (EÊ (GF, Ge) 


By the symmetry of the operator G we can write (GGÔ, ) in place of (Gf, Gd) 
so that we obtain in place of (3.8) the equation 


9) = a » GGÎ, 6) — à (GGÔ, $) = (nGGP 4) 


or, finally, the equation 
(3-9) (F ECG. p) = 0, 


which holds for all functions œ orthogonal to the Ge; and to the functions of 
the space Bn. The set of these functions ¢ is a linear manifold ® completely. 
orthogonal to the linear manifold spanned by the Ge; and Bu. By (3.9) and the 
general projection theorem this last manifold contains the function f — RGG? 
so that we may write 


632 NATHAN ARONSZAJN AND ALEXANDER WEINSTEIN. 
A pi n-i 
AI f 
(3. 10) f = EGG? + È bae p 
gal 
where p is a harmonic function of Pn» and },,- - +, Dx-, denote n — 1 constants. 


Both sides of this equation-are functions of § and the equality (3.10) holds 
only almost everywhere in S.. However it is obviously allowable to modify the 
definition of a solution of our variational problem in a set of zero measure so 
that we can choose a function f satisfying the equation (3.10) everywhere in S. 
_ It may be easily seen by the “ Euler equation” (3.10) that f is continuous 
and has continuous derivatives of the first order in S.’ Therefore, by 2, the 
function Ù == Gf is continuous and has continuous first and second derivatives 
in S. w is obviously a solution By of Py so that A = Am. 
In the problem JT,,'" the conditions 


(3. 11) ? F G Gfan D) = () ‘for 7—=1,2,° j -,n— l, 
stand for the conditions (f, Gj) = 0. We have written fm? for Aw,‘ for 
the time being.. As in the former case, each solution of /J,'") gives us a 


solution of In‘. 

The existence of a solution f in IZ,” can be proved in the same way as 
in fIm™. It may however be noted that the Laplacians Aw» of the solutions 
wn of La (1S i & n— 1) appear in the conditions (3.11) of IZ,,™, 
so that the proof of the existence of the solutions of IJ,” involves an induc- 


tion process. 
Let us denote for a moment the minimum in //,," by a. We obtain then, 


in place of (3.9), the equation 


(3. 12) (f —paGGf, $) =0 


where ¢ stands for any function orthogonal to the functions GGf,,'!? 
(j==1,2,---,%—1) and to the functions of Bn. 
We deduce from (3.12) an equation similyf to (3.10): 


(3. 13) f= PaO} E UAG nO +p 
j=l 


and as in [J,‘" we obtain the result thay a is identical with the minimum 
Am” in In and that the function Gf is a solution w,,‘") of this last problem. 


Therefore we can write everywhere A," instead of a and fa™ in place of f. 
Putting in (3.12) $ = fm‘® where i > n and using (3.11) for f = fi” 
we obtain the orthogonality equations 


(3. 14) (fa ™ , fm) <= 0. 
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Exchanging the indices 1 and n we see that (3.14) holds for any values of 
+7£n, Let us now multiply (3.18) scalarly by fn’? (i= 1,2,- -,n— 1). 
Using (3.11) and (3.14), where we put fm™ in place of f, we obtain b; = 0 
for j} = 1,2,; :-,2—1, so that we have, instead of (3.13), the following 
“ Euler equation ”: f 


(aa 15) fon ™ = Amn P EGF -t p 
where p denotes a function of Pm.’ 


Problems Ilo and Ilx ™. The formulation of these problems is 
obtained by replacing in I„™ and JJ„™® the index m.by the index œ and 
the manifold Pan by the manifold $P of all harmonic functions of integrable 
square in S.. The existence theorems can be obtained in the same way as before. 


As the existence of admissible functions in [Ico'") or IZco'") may seem at a 


first glance less obvious than in the cases of [Im or of Im") let us mention 
that the Laplacian f = Aw of any function w (continuous and having second 
derivatives in S and moreover vanishing identically in the- neighborhood of 
the boundary C} is orthogonal to 8. 

In the present case we have in place of (3.15) the equation 


(3. 16) fool = Aol EE fool + p 


where p is a function of B. Let us also note that 


(3.17) lim Avo”) = o. 

RICO E 
In fact, foo) being not identically zero, we may assume that (fæœ™, fo™) 
==]. On the other hand, putting in (3.14) the index æ instead of the 
index m, we have (fo'"), foot?) =0 for t&n. Since an orthogonal nor- 
malized sequence always converges weakly to zero,” we have lim (Gfo', 
Gf) = (G0, G0) = 0 and 


1 
1 (s) = im — c = 0 
E CE 


4. Convergence theorems. From now on we make the fundamental 
8 


e We have p=G,p, +++ -+4)Pm where a’ < -yO are constants. Assuming 
that the functions p,,- > -,D,, are continuous in S + O we obtain from (3.15) imme- 
diately the following natural boundary condition: f,,(m) = Aw, (9) =a.p, +: -> 
+a,p,,on O. In the same way we see that the differentiability of the p,,- + Py in 
S + O implies the differentiability of Aw,,(») on regular boundaries C. These facts were 
used in W. 

10 This fact is an obvious consequence of the inequality of Bessel. 
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assumption that the sequence of harmonic functions (1. 5), antil now arbitrary, 
_ is complete in the space $ ** and we prove the following theorem. 


CONVERGENOR THEOREM. Assuming that the sequence (1.5) is complet 
in P we have | s 
(4. 1) lim Am 8) = Xoo!) for n= 1,2, >> 
l m0 e 
Let us prove first that the minimum A» [¢;] in fa tends to the 
minimum doo [$j] in fo for any fixed value of n and for m converging 
to infinity. Assuming the set ¢; and the index n to be fixed, we use the 
abbreviations 


(4.2) fon [e] = fn and Am‘) [pj] = Am (m==1,2,° > - and m == ©), 
so that the equation to be proved may be written 


(4. 3) ‘ lim Rei = Nee. ‘ 


m 

Without loss of generality we may. assume that Gs fm) == 1. There exists, 
therefore, a subsequence {fm,} of the sequence {fm} converging weakly'to a 
function f*. Obviously f® is orthogonal to the functions Gd; as well as to 
the functions of the sequence (1.5). Since the sequence (1.5) is complete 
in H the function f* is orthogonal to any function p:of P as required in 
` problem IToo™. 

Let us consider now the limit of the non-decreasing sequence A, =e 
<..--,. This limit is equal to the limit of the subsequence {X,,,}.. The 
condition of [Too being more peeemigent than those of n ™® (m= 1,2,°.: °), 
we have | 


(4, 4) lim Aw = Acc. 


On the other hand we have 
1 


ok nk . 1 
(4. 5) lim Aw = Lm Am, = lim (Gf, Gi. = TGR GPF - 


The equations (4. <) and (4.5) give us the following result 
| | ; i 
4.6 màn et See SS Ano. 
ae (GP, Gif) =*° 
Since Xoo is finite, we have (Gf*, Gf*) > 0 so that f* does not vanish iden- 
tically. For this reason f* is an admissible function in the problem IL co) 


11 The orthogonality of the p, is not required in our proof. It is important to 
notice this fact since the “suite privilegiée régulière” used in W is not always 
orthogonal. 


\ ; | e 


` UNIFIED THEORY OF EIGENVALUES OF PLATES AND MEMBRANES. 635 


and we have therefore (f*,f*)/(Gf*, Gf*) io. Since {fn} converges 
weakly to f*, we have, by a result quoted in 2, (f*, f*) <= lim inf (Fms fm) i, 
so that we have ` > . 

4.7 E E a 

ra CP, Oy = ORO 

Comparing (4.6) with (4, 7) we Bee that lim Âm == eo, Or using again the - 
notations of the Introduction, that 


(4. 8) lim dn [45] = Aco [os]. 


From this result the equation (4.1) can be easily obtained in the following 
way. 
We have from (1.12) 
(4. 9) lim An’? S Aw), 
M=>OO 
On the other hand we have by the general theory of eigenvalues (see the Intro- 
duction) Aco!" [wool] = Ao, Putting in (48) ġj== = Wool!) we have 
lim l Am [wo ] == Xoo!" [wo] and therefore 
(4. 10) lim Am [woo lS) | == = Noo”). 
m00 
As was already mentioned in the Introduction, the maximum Am) of Am [5] 
is obtained by putting $; = Wm so that we have 


Ran ’® [ woo (4? | = An [wo | mcs Àp M 
and therefore : 
(4.11) i lim àm Z Aco!™, 
'. M> ; 
Comparing this inequality with (4.9) we, obtain immediately the equation 
(4.1): lim An = Aco which is the convergence theorem. 
m> ‘ 


Remark. The convergeyce theorem remains true if instead of the previous 
assumption about the sequenve (1.5) we postulate that ‘the sequence of the 
boundary values of the functions p.(z,y) is complete in the class of all 
functions of integrable square on the boundary O, provided that the domain 8 
is of the class S, which will be defined in 5. The proof of this new con- . 
vergence theorem follows immediafely from the previous result, using the fact 
that, if S is of the class ©, the completeness of the sequence {m} on C implies 
-the completeness of the sequence’ of the corresponding harmonic functions 
p(z, y) in 3.2% The corresponding harmonic functions are ‘of course to be 
defined by their boundary values by means of the Green-Poisson formula. 


18 Cf. the paper of N. Aronszaju quoted in footnote E 
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5. Equivalence of the problems I‘) and Ix‘). Both problems are 
well-defined for any domain S. However, in order to prove the equivalence 
of I and Jo'*), we shall have to make the assumptions that the boundary 
C of S consists of a finite number of continua without isolated points and that 
the following property is true for S: To every harmonic function p of inte- 
_ grable square în S and to every positive e there exists a harmonic funcliog p 
continuous in S+ C and admitting in S bounded first derivatives so that 
(p—p,p—yp) Se We denote by ©, the class of the domains enjoying 
this property. All domains considered in this paragraph will be of the class 
©, unless the contrary is explicitly stated. Let us mention that ©, contains 
the class ©, of domains bounded by a finite number of simple closed curves, © 
the mean curvature of these curves being bounded except for a ‘finite number 
of angular points,-the angles being > 0 and < 2z. 

The proof of the equivalence of I‘) and Ico”) will be given for any value 
of n. In the case n > 1 we assume that the equivalence holds for the indices 
1,2, -+,n-~—1 and that one and the same solution has been chosen for, dii 
eae Our proof will involve therefore an inductive process. 

We shall prove first that for any admissible function the boundary 
conditions E 
(5:1) w = 0, lim wz = lim wy = 0 


of I‘) imply the conditions 


(5. 2) w = 0), (p, Aw) = 0 for p in $ 


of Ico, Secondly we shall prove that a solution of Ico satisfies the boun- 
dary conditions of J. Using these results we shall prove that every solution 
of Ioo'™ is a solution of J‘), and vice versa, so that Zoo) is equivalent to [™, 
always provided that the domain S is of the class ©). 


1°. In order to prove that the conditions (5.1) of J) imply the 
conditions (5.2) of Zoo, let us consider a harmonic function p satisfying 
the regularity conditions given in the definition f the class ©,. Denoting by 
Sı a domain completely interior to S and by C, its boundary, we have by 
Green’s formula 


dw 
SÍ. TAi drdy =— f (ea vm)” 


Assuming that the domain 8, tends to 8 in such a way that the length of its 
boundary C, remains bounded (this assumption being permitted since C is- 
rectifiable), we have by the conditions of Z% 


(5. 3) Sf. paw dvly = (p, Aw) = 0. 
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Let us consider now a harmonic function p of n square in § and let e 
be an ar bitrary positive number. Then there exists a p so that (p — fi, p— p) 
<e We have (p, Aw) = (p, Aw) + (p— ji, Aw), so that, by (5.3), we have 
(p, Aw) = (p—p, Aw) = Vp — p, p — p) (Aw, Aw) < Ve V (Aw, Aw). 
Hence for e converging to 0 we obtain the required equation (p, Aw) = Q. 
This result can be formulated in the following way: The class of admissible 

functions in Ico‘) contains the class of admissible functions in J). j 


2°. Using the abbreviations w == wa, A = Ag!” and putting Aw = f, 
we have ì in place of (3.16) the equation 


(5, 4) l f = AGGf + p. 


Our aim is to prove that w satisfies the conditions (6.1) of Z. In this 
proof. we shall use an existence theorem for biharmonic functions (Dirichlet’s 
Problem for the equilibrium of plates) .¥ 

Let ug consider a solution of the equation 


(5.5) AAV = dw 
where v is the unknown function satisfying the boundary conditions 
(5.6) y = and Um vs = lim vy == 0 


for (z, y) tending to the boundary. It is known that there exists a solution v 
of (5.5), (5.6) possessing a Laplacian fı == Av of integrable square.’* Since 
v has continuous second derivatives in S we may write v == Gf,. By the results 
obtained above, the conditions (5.6) imply the i ae of f, to all har- 
monic functions of integrable square.*® 

Using (2.1) we may write instead of AAv = Af, == àw. the equation 
fi =AGw + pı —ACGF+ mi, i.e. the equation 


(5.7) | AGG = fı — pi, 
where p, is a function of A On the other hand we have by (5.4), 
(5. 8)  -AGGf—f—p. 


13 R. Courant und D. Hilbert, Methoden der Alathematischen Physik, vol. IL, Berlin, 
1937, Chap. VII, 9, no. 6. This-book will be referred to as CH I. 

14 The following result has been proved in CH II, Chap. VII, § 9, no. 6 (In previous 
existehce proofs quoted there somewhat more restrictive assumptions on the boundary 
were made): a) there exists a solution v of (5.5) of the elass & (defined loc. cit.) 

admitting continuous derivatives V p Pyp Pry of integrable square in 8; b) this solu- 
- tion v satisfies the conditions (5.6). i 

18 This property holds even for the more general domains considered in CH L and 

is a simple consequence of the fact that v is of the class @ (cf. 7 of the present paper). 


s 
Í 
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Since the decomposition of AGGf into the sum of a harmonic function and of — 
a function orthogonal to all harmoni¢ functions is unique in §, we have, 
comparing (5.7) and (5. 8), the equations f == f, and p = p, so that we deduce 
from w — Gf and v =m Gf, that w =v.: We see that a solution w Of Too 
satisfies the conditions (5.1) of the problem I (a) 39 o 
Our proof uses an existence theorem which, in the generality here fedai 
` was published in CH II at the end of 1937. By using some older papers of 
Zaremba," a second proof of the same theorem can be given for a class of 
domains more restricted than ©, but still larger ‘than ©. ) 
The following proof is based on a lemma on the logarithmic sees 
which can be easily deduced from the considerations of Zaremba. Let us denote 
‘by X a point (z, y) of S and let a be the distance of X to the boundary C of 8. 
We shall consider a function f(X) of integrable square, in § satisfying uni- 
formly the conditions 
(5. 9) lim af (x ) = 0 
for X converging in 8S to 0. 
Let {X,} and {X’,} be two sequences of points in the (x, ¥)-plane with 
positive distances ax and a’, from O, satisfying the conditions 


(5. 10) A n > kilna, XnAn < Koltn, lim On — 0 
where k, and ky are independent of n. (XX’ denotes here the distance from 


X to X’.) It can easily be shown, under these Senne that the logarith- 
mic potential a 


6D 0(X) =o) = f fy oe VEE FUST enti 


satisfies the following equations 
Dolz in) _ Dolea ) mi t)_ tte) 
(5.12) “lim u came i = lim “By i 
Let us consider now a class &; of domains% possessing the following 
property: To every point X of S corresponds in the exterior of § a point X’ 
for which we have 
d >ke, XX < hea, 


where a and a’ are the distances of X and X*to the boundary C, and k, and kz 
denote constants independent of X and X’.** For X converging to the boun- 


1¢ This result is obviously true for the general domains considered in CH Il. How- © 
ever the equivalence of (a) and Iœt”) has been proved here only for the class Sı M 

17 Of. 8. Zaremba, § 12, loc. cit.* 

18 This clase is slightly more Ener than that of the paper of ANE TN _ 
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dary of a domain S of the class ©, the function v (5.11) satisfies by (5.12) 
uniformly the equations 


tim [ 22029) 027" [peanae 


Moreover, if f is orthogonal to the functions p of i the logarithmic potential 
(5. 11) satisfies the obvious equations 


v(x, Y) =r (xz, y; f) for (z,y) in S, 
v(t, y ) = 0 for (2’, y’) in the exterior of S. 


In this case we have 


(ry) wry) 0 
ox dy 


so that, for X = (x,y) tending to C, we obtain 
dx 2Qar On > 


. OG(z,y; Ff) _ i. ðv (T, y) 
a oy = dy 


(5. 13) 
| = 


Let us consider now a solution fo™ of IIa. foo" is orthogonal to the 
functions p of P. Moreover fo") satisfies the condition (5.9). In fact we 
have fo™ = AGGfoo'”) + p and both terms on the right hand side satisfy 
(5.9). , This is obvious for the continuous function AGGfo™. As for p, it 
Was prowd by Zaremba that (5. 9) holds for any p of P. It follows now at 
once that Gfoo') satisfies (5.13), so that the solution wœ of Ico”) satisfies 
the conditions of the problem J‘). 


3°, Let us consider again a domain S of the class ©;. Since the con- 
ditions of J‘ imply the conditions of Ic"), we have 


(5. 14) Nol) SA, 


Consider now a solution oo") of Zoo‘), From the previous results we 
know that woo'” satisfies the conditions of J‘), so that we have 


(5. 15) | Ao me I (fo) /H (wool) ZA), 
è 


Comparing (5.14) with (5.15) we see that Ac) == A™, so that every 
solution woo”) of Ico’) is also a solution w of I‘). (Incidentally we have 
thus proved the existence of w.) On the other hand a solution w™® of J" 
satisfies the conditions of Joo") and gives the same minimum A‘) = Ago). 
It follows that the solutions of I™ and Io™ are identical. (It may be noted 


a 
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that by using the proof based on the results of Zaremba, we obtain the equi- 
valence only for the domains of the class ©,-©@,.) It is of interest to remark 
that it has been shown by one of the authors *® that any domain with either 
of the following geometrical properties belongs to the class @y. | 


M. All domains of finite connectivity with a rectifiable boundary con- 
- sisting of a finite number of arcs of bounded mean curvature, two arcs havfng 
at most their end points in common, the angles at the common vertices being 
> 0 and & 2r. The angle 0 is admitted in some cases but the general case 
of the angle 0 has not yet been investigated. 


%. All domains with rectifiable boundary which may be called star 
domains in the strict sense, i. e. domains where each ray from a certain fixed 
centre has a single pom of intersection with the boundary C of 8. 


6. Equivalence of the variational problem with the differential — 
problem. Using the results of 8 and 5 we shall prove this equivalence for the 
domains of the class ©,. Let us prove first that every solution w of the 
variational problem I™ is an eigenfunction of the diferential equation 


i 
j 


(6.1) . - ADD mm AW 


satisfying the boundary conditions 


} 


(6.2) | w = 0, lim we — lim wy =O 


and corresponding to the eigenvalue \ = A"), 
In order to obtain this result let us use the notations « 


(6. 3) w™ = Gf fO ame Aw (n). R 
Since a solution of J ig also a solution of Joo‘), we have for f‘) the equation 
| (6.4) . FM) = MEEPS + A | 


which is, with slightly modified notations, identical with (8.16). In fact 
“we have put foo!) =f and have used the equation Ac!) =A! From | 
(6.4) we obtain, using (6.3), the equation Aw) = AM Gayl) 1 p. Taking 
the Laplacian of both sides, we have, finally, the Togig equation AAw'*): 
— Amy), 


æ 


wN, Aronszajn, “ Approximation des fonctions harmoniques et quelques problémes 
de transformation conforme,” Bulletin de la Société Mathématique de Fr ance, 67 (1940), 


p. 137. 
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Let ug prove now the converse result: every solution w of the differential 
ergenvalue problem (6.1), (6.2) which is continuous in S + C, and possesses 
continuous derivatives of the first and second orders in S and a Laplacian of 
integrable square in 8, is a solution of the variational problem I fòr a certain 
value of the index n. This statement implies the fact that every eigenvalue of 
the differential problem is equal to one of the minima A‘. : 

To prove this result let us put Aw == f, w =~ Gf. By (6.1) we have then 
the following equation | 
(6. 5) a f = AGG -+ p 


similar to (6.4). As we have seen, the conditions (6.2) imply the condition | 
(p”, f) = 0 for every g” in §. 

We find, on multiplying (6.5) scalarly by f, the equation . 
(6.6) © -A= (f, f)/(GF, Gf) a ea 


so that we hae the inequality A‘ <=). Tt AO) = k our statement is proved. 
Let us assume, therefore, % <A. Since, by (3. ives lim AOD == lim dol”) 


Te? OD} 
== œ, there is an n such that 


(6. 7) ; Ne Aa 
Let us now multiply scalarly (6.5) by fP (= Aw) where w denotes a 


solution of J‘) (j==1,2,---,n—1). Using the equations (f, p) =0 
we obtain immediately 


(6. 8) (f f) =A (Gf, GFN) for j = 1,2, > -, n — 1. 


On the other hand we have, KODE in (6. 4) n=} and multiplying this 
equation scalarly by f, 


(6.9) (EFP) = adNae, Gf) for j= 1,8, + +n —1. 
Taking the difference of (6.9) and (6.8) wwe obtain 

i i (A— WP) (GF, Qf) = 0, | 

i.e, by (6. 7)- rel. OR 

(6.10) (Gf, Gf) = (ww) —0 = for fn 1, 2,- > +, n— 1. 
Since, by this equation, w is orthogonal to the solutions w‘? of the problems 


IY) (17 S n— 1), the eigenvalue AmJ(w)/H(w) cannot be less than’ 
A“, Comparing this result with (6.7) we obtain the equation A=A), 


~ 
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Furthermore, the function w satisfying the conditions of J‘ and giving the 


‘minimum A of J/H is obviously a solution w of I‘): 


Since I and Io) are equivalent, we also have the result that the 
variational problems Ic” are equivalent to the differential pen (6.1), 
(1.6), (1.10).2° 


‘ + 
7, Comparison of the different kinds of boundary conditions. In the 
bibliography as well as in the present paper we meet several formulations for 
the “boundary conditions ” in the problem of the clamped plate. It is of 
interest to investigate whether or not these conditions are equivalent. 
We shall compare the following conditions: 


A. we=0, lim Ws: = lim wy = 0, (Aw, Aw) < «o. These are the con- 
ditions in I‘™, l 


B. w= 0, dw/dn = 0 on C, (Aw, Aw) < œ. These are the classical 
conditions for a clamped plate. The condition dw/dn == 0 is required only at 
points of the boundary admitting a normal. 


C. weamQ, dw/dn =Q on C except in a set of linear measure zero, 
(Aw, Aw) < œ. 


D. w= 0 on C, (Aw, Aw) < œ, (p, Aw) = 0 for all harmonic functions 
p of integrable square in S. These are the conditions in Io‘") as well as the 
conditions introduced by Zaremba in the biharmonic Dirichlet problem. 


E. The function w belongs to the class È defined in CH II, p. 528, no. 6 
(cf. also p. 481 and the reference to other papers there). 


We shall prove the equivalence of the variational problems of the vibrating 
plate no matter which “ boundary conditions ” A, B, C, D or E are used. We 
assume here, for simplicity, that- the domain § f of the subclass Y of the 
class ©, introduced at the end of 5. 

In the present paragraph our problems will be denoted by Ja‘), Zp(™ and 
so on, according to the boundary conditions used. 

Tt is obvious that the conditions A imply B and that B imply C. On the 
other hand it has been proved that the cfnditions C are equivalent to D.” 


7° In the same way we see that for any value of m the variational problems J, (*) 
are equivalent to the differential problem defined by the equations (8.1), (1.6), (1.7) 


and the natural boundary condition mentioned in footnote 9. 


21 The proof will be given in a forthcoming paper of N, Aronszajn, “ Recherches sur 
le potentiel logarithmique.” 
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Furthermore we have seen that a solution of the variational problem Ip™ 
satisfies the conditions A. Comparing the minima (by a method similar to’ 
that used in 5) we see that the variational problems with the conditions A, B, 
C, D are equivalent. | 
.. Let us consider now the condition E. We prove first that E implies D. 
I9 fact one can. easily see that a function w satisfying E belongs to the class . 
% and to the class D introduced in CH II, Chapter VII. Using the results 
_ of § 4 of the same chapter, we see that w is continuous in 8 + C and vanishes 
on C. We shall prove now that w satisfies the third of the conditions D: Aw 
is orthogonal to every p in $.. In fact, by the definition of Ê there exists a 
sequence of functions Wn, of the class & defined in CH IT, p. 528, no.)6, so that’ 
(P. Aw) = lim (p, AÙn) and (p, AÙn) == 0. 

Consider now a solution w of Ip. In order to see that w satisfies the 
conditions È we put f == Aw, so that we have | 


(7:1) f= aM GGT + p. 
Consider on the other hand the equation of equilibrium of our plate 
(7. 2) s AAV — À Mp 


where v is the unknown function aeoe the unuas E. By. CH II, 
Chapter VII, there is in this problem one and only one solution v, which 
satisfies a fortiori the conditions D. Putting Av == f, and using (7.2) we have 


(7.3) fim AGGI + po 


where p, is a function of P. Comparing (7.1) with (7.3) we obtain as in 5 
the equations p, — p and fı = f, so that v ==w. As required we have the 
result that w satisfies the conditions E: Con the equivalence of A and E cf. 
also CH II, p. 530). 

In order to obtain th& E of Ip with I g we had to use an 
induction process with respect to the index n in a similar way to that in 5. 


8. Mixed boundary conditions. The problems with mixed boundary 
conditions,” for instance the proplems similar to J‘), are obtained by replacing 
the conditions (1.2) by the condition Gana eso when (z,y¥) tends to a 
part F of C. We assume that T consists of a finite number of ares with bounded ` 
mean curvature. Let us point out the changes which must be made in the 
formulations of I) and Io), In Ig we have to introduce, instead of 
(1.5), a sequence p: (z, y}, pe(z, y), > of harmonie functions of integrable 


ss Cf, W § 18. 
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square in 8 vanishing on T. In Jo‘) we have to consider in place of t the 
subspace PO of P of harmonic functions vanishing on T. This subspace is 
also a complete space, i.e. a strong limit of functions in R® is also a function 
in PŒ, In fact, let us map conformally the domain & upon a domain P 
located in a (€ 7) plane and bounded by circles, so that certain arcs E corre- 
. spond to T. Consider now the analytic continuation of our harmonic functidhs 
over the arcs IY using Schwarz’ principle. It can easily be verified that an are 
corresponding to an arc interior to T is located in a domain independent of 
p(é,) in which all p(é, ”) are of integrable square. Furthermore the integral 


f f p°dédy taken over itis domain is less than M S Joe p dedy where the 


constant M is independent of p. 

It is well known that the strong convergence of harmonic functions implies 
uniform convergence in the interior of a domain. Considering again the, initial 
domain S we see that the strong limit of a sequence in $B") is itself a harmonic 
function vanishing on T. In this way we reach the conclusion that the results 
in the case of mixed boundary conditions are similar to those in the case of a 

clamped plate. 


9. Buckling problem. Let us consider the problem of the buckling of a 
plate, assuming, for the sake of brevity, that the boundary ‘is clamped. ‘The 
new problems are obtained by making the following modifications in: the 
variational problems of the vibrating plate. | 

In J the integral H(w) has to be replaced by the Dirichlet integral. 


Dw) = ff (we? + wy?) dedy, 


ae ' 
and the orthogonality conditions (1.3) by the conditions 


(9. 1) ; Dw, wh) = JS (WaWa P = wy?) dedy = 0 
for j = 1,2, - < n — 1. 


In £7 the conditions (1.4) have to be replaced by the conditions D (w, ¢;) 
== ( where the ¢; denote arbitrary functions gontinuous in S -+ C, vanishing 
on C and possessing bounded first derivativgs in 8. 

In In and f,,, H(w) has to be replaced'by D(w) and the conditions 
(1.8), (1.9) by D(w, Wm) —0 and D(w, ¢;) = = 0. Similar changes are 
to be made in Iw!" and foi”, a 

In order to formulate the problems corresponding to Il", Em, Tiot™ 


and Ico) we nse Green’s formula 


(9. 2) D(w,v) = — (Aw, y) 
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which holds for any two functions w and v, continuous in S + C, v vanishing 
on O. It ig assumed that v admits in S continuous first derivatives and that 
w admits in the same domain continuous second derivatives. Furthermore we 
assume the existence of the integrals (Aw, Aw), D(w) and D(v). Let us 
note that the condition (Aw, Aw) < œ can be replaced by the condition that 
Av?is summable in S, so that we have a set of validity conditions for (9. 2) 
which is invariant under conformal mapping.** 

We can now formulate the problems corresponding to the problems. of 8, 
replacing there the expression (f,f)/(Gf, Gf) by — (f.f)/(Gf,f) and 
(f, Goby) by (f, ġ;). Let us mention that the functional — (Gf, f) replacing 
the functional (Gf, Gf) — (GGf, f) is also completely continuous and positive 
definite. For this reason all our proofs hold in the present case, the changes 
in the formulas being very slight. For instance, we obtain in ZZ") (or in 
ITco')) instead of (8.15) the equation 


(9.3) . f = — AGH + P- 
Let us also mention that in 5 we have to write the equation 
AAY == — AAW 


instead of equation (5.5). 


Lonpon, ENGLAND, 
UNIVERSITY OF TORONTO, 


28 The equation (9.2) has already been established in CH II, p. 484 under somewhat 
different assumptions. 
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PRODUCTS AND NORMS OF IDEALS.* | 


By C. C. MacDurvzn. | ; 
| 


s © 

1. Introduction. The early work of Poincaré € on the representation of 
ideals in integral domains of algebraic fields by means of matrices suggests that 
he may have been led into this investigation by the hope that ideal multipli- 
cation could in some way be accomplished through multiplication of matrices. 
It soon became évident that this cannot be done in any ga a ways: and no 
further results in this direction have been obtained. ' p 

In the present paper this result is accomplished by. means i a multiple 
correspondence. To an ideal a pt es besides the matrix A of the Poin- 
caré correspondence, h matrices, A,, As, tt, Ák wheré h is the class number 
of the domain. If b belongs to the ideal fies b (where 1 represents the prin-. 
cipal class), and if B, C correspond respectively to the ideal b and the ideal 
peo a X b by the Poincaré correspondence, then : 


i 


C = AB 


where the multiplication is ordinary matric E 

If a and b are two-sided ideals in a maximal domain of a semi-simple 
algebra over’ the rational field, and doubtless also in many other situations, 
it is true that the norm of the product is equal to the product of ‘the norms 
of the factors.” This is not usually true in the case of the product of one-sided. 
ideals. A satisfactory substitute is given in this ‘paper. Every ideal has, 
besides its ordinary norm, as many norms as the class number of the domain, 
and each norm of a product is always equal to thy product of certain D 


chosen norms of the factors. f 


2, Notations. The notation in this paper has been chosen to agree with 


that of an earlier paper of the author,’ of which ;this paper is essentially a 
continuation. We assume that % is the quotient’ field of the principal ideal 


* Received August 16, 1941; Presented to ) the American Mathematical ‘Society 
May 2, 1941. — 

1H. Poincaré, Bull. Soo. Alath. France, vol. 13 (1885), p- 167. 

? M. Deuring, Algebren, Springer 1935, Chap. VI, § 4. 

*“ Modules and ideals in a Frobenius algebra,” M onatshefte fir Math. und Physik, 
vol. 48 (1939), pp. 293-313. 
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ring R, and that i is a finite algebra over 3. with the eae Er Ess’ bs rën 
and the constants of multiplication cj, which belong to R. We assume that 
X is a Frobenius algebra—i. è., that the determinant | 


| bs Crat T lsCrse Sis = lacron | 


do&s not vanish for every choice of h, la’ - -la in Ẹ We assume that e, is ° 
the unit element of N. 
The set & of all numbers 


Ose, F aes F ' > $ F Guen, a,eR 


see ties an integral domain. ` An additive group Vt of numbers of <3 which 
is closed under multiplication by the numbers of R is called an R-modđule. 
An R-module which is closed under multiplication on the left by the numbers 
of & ny is a left ideal. A right ideal is similarly defined. 

Every left or right ideal a of 3 has an R-basis a1, @,° *-*, an where 


Bq == O44€1 -}. into + or + AinEn ` Qij € R. 


Define the matrix A = (ara), and say that A corresponds to the ideal a. If A 
is non-singular, it is unique up to a left factor U which is a unimodular 
matrix with elements in R. The principal left ideal («] has as a corresponding 
matrix the matrix S(«) of the second regular representation of W. Similarly 
R™(a) corresponds to the principal right ideal [«), where R(a) is the first 
regular representation of a: 

A necessary and sufficient condition in order ee A shall correspond to a 
left ideal is that there shall exist n matrices Di, Da’ © <, Dna with elements 
in R such that | . 

ART = DA = R; = R(a). 


Sati A corresponds to wright ideal if and only if matrices E, Es, ` + He 
exist such that 
AS, = FA Kape 


Let a be an -module with R-basis :, 4%," °°, An, and b an §t-module 
with basis 8,2,‘ ° ', n. The product a x b is the t-module 
x dabi, i - dye. 


If a is a left ideal, so isa Xb. If 5b is a right ideal, so is aX b. If A 
corresponds to a, B to b and C to a X b, then C isa greatest common right 
divisor of the matrices 


AS(B:), AS(Bs), "TS AS(Br), 


/ 
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and also a g. c. r.d. of the matrices i | 
BR™(a,), BRT (a2), + *, BRT (an). 


| a eee: : 
If A corresponds to the left ideal a with R-basis @1,%,° °°, Æna, then 
AS (7) corresponds to a left ideal having the R-basis Gxt, Ger,’ © *,&n7, called 
. the ideal ar. Two non-singular left ideals a and b are. said to be Eres 
(a~ b), or to belong to the same class,* if there are numbers tı and ra of X Š 
such that — : : 
AT, = Dra. 
| 
Let A and B correspond to left ideals a and b, and let | 
fe 
AR ` = D"A, ‘BR, = DB. 


A necessary and sufficient condition that a ~ b is that there-exist a unimodular 
matrix U such that l 


DT= UDU > (= 1,23 ch A 


3. Ideal Products. The matrix B corresponding to the ideal D is unique 
only up to a unimodular left factor. -If b is equivalent to a so that 
D'i" — U+D,"U, then | i 


BR,’ == UD, UB, UBE” = ie 


80 that UB, which also corresponds to b, hag the same class matrices D,, D», 

-,D, as a. We say that two ideal matrices which have the -same class 
matrices belong to the same mtnor class. By a proper choice of the unimodular 
left factor U, we can determine ideal matrices, all belonging to the same minor 
class, which correspond to each of the ideals of class. Every minor class 
has a basis composed of n fey independent matrices M,, Ma, © ~, Mx such 
that every matrix | 


aM + aM, t- a + Only 


corresponds to just one ideal of. the clasg of a. We use the symbol ~ 
denote this correspondence. Conversely, every ideal of this class enor 
to at least one such matrix. ! 

Let us enumerate the ideal classes of 3 as the firs lo or principal), second, 


‘if & is the rational field, R the rmg of rational integers, and 9{ is semi-simple, 
the number of classes of left ideals is finite. See Deuring, loo. cit., p. 90. 


PRODUOTS AND NORMS OF IDEALS. 649 


- + +, h-th, and assume a definite minor class of ideal matrices for every class. 
We shall denote the class matrices of the i-th minor class by 


DL, Da®,- > Da ®, D,® = Ri. 


Let c =a X bD be the ideal product of the left ideals a and b, and let 
aw A, b~B,c~C. Then C is a greatest common right divisor of the . 
matrices 


BRT (a,), BRT (a2),- © +, BRT (an). 
But if B belongs to the b-th minor class, 
BRT (a) = DT(a,)B, DD (ar) = a,D, 4+ >> + a,D,® 
so that C is a aa common right divisor of 


DT (@,)B, D®T(a)B, © -, DOT (ap)B. 
Define Ay to be a g. e. r. d. of 
DWT (a), DWT (as), +, DOT (ay). 


Then 4,B is a matrix corresponding to the ideal product a X b. The g. e.r. d. 
of matrices is unique only up to a unimodular left factor, and so A» can be 
chosen so that A,B Hes in the minor class which we have selected to represent 
` the class of this product. That is, 


Č = A,B 


where the multiplication is matric multiplication. 

Two ideal matrices B and B’ belong to the same minor class if and only 
if a number v of Y exists such that B’ == BS(v) where S(v) corresponds to » 
under the second regular representation. Now if C = A,B, then 


C8 (v) = ÁBS (v). 


If BS (v) has elements in R, so does CS (v), and CS (v) belongs to the same 
minor class as O. Thus if we select A» so that 4B lies in a prescribed minor 
class, so does AB” for every matrix B’ of the b-th minor class. 

In this way we have a correspondence wherein every ideal a corresponds . 
to kh matrices 4,,A2,:°°,As where h is the class number of 3. This is in 
addition to the ordinary Poincaré correspondence by which a~ A. We have 
proved 
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THEOREM 1. If aX b=c, and b belongs to the b-th minor class, then 
C = A,B 
corresponds to c, and C is in the minor class chosen to represent the class of c. 


In fact, from the matrices corresponding to a and b we can calculate all 
` the matrices corresponding to the ideal product c. Let D be any non-singular 
matrix of the d-th minor class, Coapa dinig to-the ideal ò. Since ideal 
multiplication is associative, 


p—(aXb) Xd—aX (6X), a X be, bx dD==¢. 
Then if P corresponds to p, 
P = aD = ÁE = A-BaD. 


Since D is non-singular, . 
Ca = AeBa 


where the e-th minor class is the minor class of BaD.' As we have seen, e is 

independent of the particular matrix D chosen from the d-th minor class. 
Because of the lack of the commutative law, and the consequent non- 

existence of the class group, further results seem rather meager. | 


4. Norms. Let a be an ideal of the class a, and let a~ A under the 
Poincaré correspondence, and let a ~ A,, do,’ © +, Aa under the correspondence 
of Theorem 1. Then N(a) = | A | is the ordinary norm of a. We shall call 
Ni (a) = | 4; | the i-th norm of a. 

It is now possible to extend the theorem on the norm of a product to one- 
sided AGRIS in the following manner. 


TunoREM 2. Tf b ts an ideal of the b-th class, 
N(a Xb) = Ni(a) NO). 


If D is any matric of the d-th minor class and BaD is in the e-th minor class, 
then 
Nala X b) = N,(ap- Na(b). 


5. An Example. It was shown by F. J. Finan ’ that.the matrices 


af 4 K 1 "i J k 
Srbo G Ao T R ae 3 


8 Duke Mathemattoal Journal, vol. 2 (1035), p. 484. 


form a basis of a non-maximal integral ring %3 of the ‘total matric algebra’ of - 
order 4, that the class number of this ring is 3, and that the three classes can 
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be represented by the three minor classes of matrices 


a b 
3d 


s 
l 
D 
S46 


We shall call these Classes I, II, III, respectively. Class I is the principal 


class. 
Then 
z 0 0 
0 g 3w 
CU 
D | na 
3y Ô 


O° 


noog: 


, DOT sm 


ooh Oo 


oO oC 8 


y 


0 0 a 
0 -0 d 
cd EUN 0 
baj 0 


Denote 2D, T + yD, + zD,@T $ wD, OT by DOT, 


0 0 Bw 


zc 3w 0 DOT m 
y z 0? 
0 0 z 
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Do 0 
c 0 0 
0 3c a4" 
0 3b a 


z 0 0 
0 & Ww 
0 3y z 
by 0 0 


Let kı be the greatest common divisor (a, 3b, 3c, 3d), and similarly let 


kr = (a, b, C, 3d), 
k, = (a, 8b, c, d}, 


ke = (a, 3b, 3c, d), 


ka= (3a, 3b, c, 3d), 


ks = (3a, b, c, 3d), - 


= kı = (a, b, Č, d). 


Denote by [k;, ke, ks, ka] the diagonal matrix 


- Then 


A, == 


` 
Aa Es [ ka, Ms, kg, ka], 


B, EE [3kr, ks, ks, kı], 


Coo & 


Ba =m [3k,, 8k;, kes, kr], : 
Ca == [kez, kr, 3k;, 3h; ], 


Consider the ideal a ~ A, 


A AÅ coma 


moO S a 


0. 


1 
0. 
0 


0 


0 
1 
0 


OOO. 


D O W ka 


0 


mo O HH je 


0 0 
0 0 
ks 0 
0. ky 


Apes cabs, 
B, == [ ks, ks, ks, ks], 
C, = [ke, kr, 3kr, kel, 
O E a 


wr © oO 
meoo 
Do wr 
O D mMm rH 
wor OOo 


h ft CP © 
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' Here a is in Class J, and so is a°. In fact, a is idempotent. N(a) = 4 
N: (a) = 1, N(a*) = 4. 
Consider the ideal a’~ A’, 


3 0 0.0 3 10 0 9 3 0 0 
RR 010 0 5 Pee Oo N3 t o 0 
A A 0 arak Tto wayi ° 

0001 00 3 8 0 0 8 3 


Here @ is in Class I but a” is in Class II. N(¢)=0, N,(a’) —3, 
N (a?) = 0, so that a’ is singular. | 
Consider the ideal a” ~ A”, 


100 0) (2 10 0 2 10 0 
yr gr— | 2 1 0 0 6 6 0 0] {6 6 0 0 
cil 00 38 0 00 6 2 0 018 6 
000 1 0 0 3 2 00 832 


Here a” is in Class I, a” is in Class III. N(a”) = 36, N, (a) = 3, 
N(a”?) = 108. In fact, Ne(a’’) = 9, N,(a”) = 1, so all the norms are’ 
different. 

As we saw in 8, the class of a X b is not altered when b is replaced by 
any other ideal in its class. The above counter-example shows that this is 
not always true when the left factor is similarly replaced. Thus left ideal 
classes do not always form a semi-group under multiplication. 


HUNTER COLLEGE. 


NUMERICAL CONTINUED FRACTIONS.* 


By J. D. BANK IER and WALTER Dercr Ton. 


e This paper is primarily concerned with arithmetic properties of various - 
types of continued fractions. A theorem due to Galois [3, p. 83] is generalized 
in Section 2. Later sections deal with properties of a proper continued fraction, 
a natural generalization of the classical “regular” continued fraction and the 
continued cotangent of Lehmer [1]. In Section 3, a result due to Legendre 
concerning the relations between the complete quotients of regular continued 
fractions with inverse periods is generalized. In Section 4, it is shown that a 
pure periodic proper continued fraction does not, in general, represent a reduced 
quadratic irrational; sufficient conditions for such a representation are deter- 
mined, and several theorems of Galois, Legendre and Muir are generalized. A 
sufficient condition that a certain class of quadratic irrationals will have 
periodic proper continued fraction expansions is determined in Section 5, and 
conditions that a rational number shall be equal to a convergent of a proper 
= continued fraction are given in Section 6. 


1. Conjugate numbers. ‘Convergent pure periodic continued fractions 
of the form 


ay ae: py Oy fla 
1.1 E a eee ie: pee ey O E E 
a SEa ees 4 Gey Oe 
will be considered in this section. The elements of (1.1) will be complex 
numbers with an >£ 0 (n = 1,2,3,0). 
The n-th convergent of the continued fraction (1) is denoted by An/Bn 
and the formulas 


(1. 21) Ank- Mz A n-k- + AAB inik- 
(1.22) > Anxo == A n-1yk-14k-2 + Dy ee me 
(1.23) Burt = Berd n-ne + @BroBen-1ye-15 
(1. 24) Bnx-ı = B mde + arb ir-1yk-2 Bir, 


are obtained from the fundamental formulas [3, p. 14] 


i3 Avarq1 ig Ay-1Ayv-1,r = 0,Ay-2By-1,r5 
( : ) Brya = By-1Av-1, T 0A y-2By-1,- 
* Received August 29, 1941, 
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~ The value Yo of the continued , fraction (1.1) satisfies the ‘relation 
[3, p. 16]. | x 4 era 

Å nk-140 + OA nk-3 | 

VT Basso F Baa? 


and hence yo is a root y of each equation in the set of equätions 5 & 
. 9 
(1.4) Barty? + (GBax-o oy ee ey eee | (n= 2, 3, ee) 


If v and A are both set equal to mk in the second of b  eqħations (1. 3), it 
will be found that j 
B amk- = Bata (Anea ++ ap Baka Je 


Thus, if one al the numbers Bury (ie T3385" oS) wore Zero, an infinite 
sequence of these numbers would be zero. But this ig impossible since the 
. continued fraction converges. Hence every member of the set of equations 
(1.4) is a quadratic equation. It will now be shown that these equations all 
have the same roots. It will be sufficient to, prove that’ 


(1. 5) Ox By» — Ara __ ABar a des | Anko 

Bris Bars ? Bra , Baa” 
for all-positive integral values of n. The first of the equalities (1. 5) may be 
established by subtracting equation (1.23) from equation (1.24). The second 
equality is a consequence of relations (1.22) and (1.23) from which it 
follows immediately that l | . | 





| 
Geak ze Agee, | is = aB- Te ee Ax-2B en- 1)k-1) 
i = (Bra). ni ( Ap o Bes — -o == 0. 


It is now clear that the equations in the system (1. 4) are equivalent to each 
other. The second root zo of these equations will be called the conjugate of 4 Yo. 


2. A generalization of Galois’ theorem. Thy generalization of a result 
due to Galois is contained in the following theorem. , 


i 
THEOREM 2.1. If the pure periodic continued fractions 


@y ae Ur lk 
iy Ves ee, hes me, 
( ) F ppi H l a ' 
(2 12) ly lki . “ds t Uk KRI i - ; 


Bert deet bt bot bert beat” 


converge, and none of the partial nuimerators an is zero, the value of the con- 
tinued fraction (2.12) ts — Zo, where zo is the conjugate of the value yo of the 
continued fraction (2.11). i a 


i 
l 
] 
| 
| 
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 THwo cases will be considered in the proof of Theorem 2.1, depending on 
whether or not one of the numbers Ano (n = 1,2, 3,:- +) is zero. It will 
first be assumed that none of these numbers is-zero. . This assumption implies 
that yo is not zero and hence only a finite number of the numbers An (n == 1, 2, 
8,° < +) can be zero. It will be convenient in what follows to define A-z =e 0, 
do 1, and to make use of the convention that A, = 1, B..— 0, and B, = 1.. 
Then there ae an integer m (= — 2) such that. aaa 0, and A, 30 
(n >m)... 

The recursion formulas [3, p. 16] 


Ån = bnAn + GrAn-e ; i l 
By = ba Bai -4 On Bre l m S ); 


may be used to show that 


(2.18). 


a, Ame __ & iy Ama X A nk-m-2 


ee pee k—2>m), 
Aae es Fo a (n: >m), 


where Xn/Yx is the n-th convergent of the continued fraction. (2. 12). 
The above expression may be written in the form | 


Á nka - "Bata | | | o | 
Anka rae Ayes > ORERE a ` 








ai; 
and it follows that | 
- ° Anara 
lim. { as ——— ] = — 2. 
: wa (a fe) s k 
Then, since the continued fraction (2. 12)- converges, its value must be — zo. 
If one of the numbers Ang- (n = 1, 2,3,- +) is zero, one of the roots 


Yo, 2 must be zero, and hence all these numbers are equal to zero. But this 
implies that yo is zero. Furthermore | 


Ba 2 Ark-1" 
aoe lis a iia ra — 5 


3 
az- Bans 


lim (o Bass) mm E o a 


POO B Rk-1 


. The proof of Theorem 2.1 is now complere by ova as in the first. Lora 
ee e- 

f Bara Tna 
Bie Y xk—m-2 


and, thus, 


i 2 > my} 


3. Periodic proper continued fractions. A continued fraction 


Se 
a i 
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is said`to be a proper continued fraction if its elements are integers which 
satisfy the conditions | 
0 < ay = bn (n= 1,2,3,° °°). 
The relations 
On 
bo = [yo], ce enn Paras bn = [Yn] (n= 1,2, 3,°- de 


Yni -— Du- i 
may be used to determine the unique proper continued fraction’ representation 
of a real number y, corresponding to thé sequence of positive integers 41, a2, 
22 > (2). i 
Tf the continued fraction (2.11) is a proper continued fraction, Theorem 
2. 1 may be expressed in a form more appropriate for the work of this section. 


THEOREM 3.1. If the pure periodic continued fraction 


‘tty Ra "üp ük a 


(3.11) nk a a a a 


is a proper continued fraction, the coniinued fraction ` 


br- 


k.a (la fly ily Uki 


lki 
12 akı ko a a a, 
(ent?) ae ant oy eo +b, tist be + bane + 


converges to the value — ax/zo where zo is the conjugate of the value yo of the 
continued fraction (3.11). 


Theorem 3.1 is an immediate consequence of Theorem 2.1. For the 
continued fraction (3.11) converges, since it is a proper continued fraction, 
and the continued fraction (3.12) converges since it has only a finite number 
of distinct elements and these elements are all positive. Division by 2» is 
permissible since it is the conjugate of yo, and yo is a quadratic irrational. 

Since the value of a periodic proper continued fraction is a quadratic 
irrational, the complete quotients of the continue fraction (8.11) are all 
quadratic irrationals of the form 


i ae (n = 0,1,2,-- ar 
On 

where D is a positive integer which is not œ perfect square, and the numbers 
Pa, Qn are rational numbers. The complete quotients take on only k distinct ` 
values, where & is the number of terms in the primitive period of the continued 
fraction (8.11). The complete quotients of the continued fractions (3.11) 
and (3.12) are related to each other in a manner which is described in the 
next theorem. 
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Tasorsm 3.2. If the first k pene quotients j ne continued fraction 
' (3.11) are 


[D]* + Po [D]* +P... (D+ Pye [D]* + Pri 
Qo , Qı Qr- l > Ora ° 
time first k ones quotients of the continusd fractton (3.12) are 
I + Pe (DA 4 Po 7 D Pe DI“ +P, 
Ors . Ors : Qı Qo 


The proof of Theorem 3.2 bears a close resemblance to that of an 
analogous theorem [3, p. 84], and is.left to the reader. 

The elements of a pure periodic proper continued fraction must all be 
positive, and, accordingly, all the complete quotients y, must be positive. 
` This statement cannot be made about the conjugate numbers z», but these have 
a number of interesting properties some of which are described in the - 
Theorems 3. 3-3. 9. 


THEOREM 3.3. If a conjugate number Zn, 18 negalwe, all of the conju- 
gate numbers z, (n > to) are negative. , 


The proof of this theorem is strictly analogous to that for the corre- 
sponding theorem for regular continued fractions [3, p. 81]. 


THEOREM 3.4. The conjugate of the value of a pure periodic proper 
continued fraction is a negatwe number. 


_ Theorem 3.4 is an immediate consequence of Theorem 3. 1. 


é 


THEOREM 3.5. There exists a postlivé integer no such that za < 0 
(n > no), where z, is the conjugate of the n-th complete quotient of the 
periodic proper continueds fraction 


da. Ük ay . Urki Gaz G 
(3. 51) a SO fing erie eA, Whe Be, Cy op ee o L 


Fora Fok Fom + bira T br Hini t 


If the continued fraction (3.51) has a preliminary period of h terms, 
it follows from Theorem 3. 4 that no == h — 1 is a number which satisfies the 
conditions of Theorem 3. 5. 

The following theorems give a more precise criterion for the determination 
of the signs of the conjugate numbers. 


THEOREM 3. 6. If 2, the conjugate of the value y of the poner con- 
tinued fraction: (3.51), satisfies the condition 


fot bd ‘ | 
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(3.61) bo < Zo < Yo; 


l 
1 


there then exists a unique positive integer m such that the conditions 





(3. 62): Aem- LZ < Aon : 

- i Bama Bam i e 
(3. 63) | Zem < 0 < Zam, 

both hold. 


ao 3 l 
The convergents with even subscripts are less than: yọ and each one is a 
better approximation to y than those which precede it; [2]. Thus, since the 
convergents are rational numbers, and zo is irrational, there exists a unique . 
integer m such that condition (8.62) holds. 

The equality Sm : 

tfnAn-1 + An Ana l a eed 

| (3. 64) Yo UnBa-t + On Bn (n m 2, 3, 4, ) 
will still be valid if z» is substituted for yx, and Zo for jo. The formula, which 
is obtained by this substitution, may be aeai in the ie tonii i 





Ages ! 
Bas B | 
(3. 65) — ty 3° Cae | (n= 2,3, 4,° ~°). 


2o a j 
n-i 
Since each odd convergent is great than yo it follows from-condition (3. 61) 
that - _ i 
Arm- i oe A 
Zo — a <0 | | mit 28): 
28-1 ? 
Hence, condition (3. 63) is an immediate consegugice of conditions (8.62) 
and (3.65). ! ; 


THEOREM 3.7. The conditions | 
(3. 71) . : Zo <L bo, e` ' 
(3.71) ` a<0 2 
are equwalent. = w A 

The equivalence of COCE MORS (8. 71) aa (3. ie ig soon a when it is 

recalled [2] that . 


(3. 73) a te 


Zo — Dg 
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THEOREM .3.8. If Zo, the conjugate of the Wa Yo of the conme 
fraction (3.51), satisfies the condition - 


We << dot F . 


_ there then exists a unique positive integer m such that the conditions 


o 
Asmi Åm- 
Boms Se Bimi 
í i ai < 0 i Lome, 
both hold. l 


The proof of Theorem 3. 8 18 strictly a to that of Theorem 3. 6. 

TEROR 3. 9. ne eee l 

(38.91) bo FT < toy , 

(3.92) , te <0, 

are equivalent. | ss | i 
Condition (3.91) may be expressed in the form 

(3. 93) | -o h < biZo — bobu - 


and the equation (3.73) may be written as 


Pe | E mbi | 
(3. 94) a hg ee bobs 


It follows from (3. 93) and 3. 94) that zı < b,, and since 





Qe 
: ; a" bı 


it is seen that (3.92) holds. The steps in the above proof are reversible, and 
-thus it is clear that the conditions (3.91) and (3.92) are equivalent. 


4. Reduced quadratic irrationals. A quadratic irrational is said to be 
a reduced quadratic irrational ifsit is- greater | than 1 and its” conjugate lies 
between — 1 and 0. 

It is well-known that every pure EE regular ani fraction 
represents a reduced quadratic irrational [8, p. 80]. This statement cannot 
_ ‘be made, without qualification, about pure perionice proper continued fractions, 
as is shown in the next theorem. 


660 J. D. BANKIER AND WALTER LEIGHTON. 


THEOREM 4.1. The pure periodic proper continued fraction ` 


ee ee a 
aa eae: of srs ea 
represents a reduced quadratic irrational yo tf bys Z ax. | T t does not represent 
_a reduced quadratic irrational if baa < dy and bea Z mla. E r 


It will be recalled that it wag shown in Theorem 2, 1 that the continued 
fraction (2.12) converges to the value — zo. The n-th complete quotient of the 
continued fraction (2.12) will be represented by wn. If br- = ax it is clear that 
w, > dx, and hence w, < 1. This implies that — 1 < % < 0, and, since the 
continued fraction (4.11) is a proper continued fraction, 1= S dy SS bo < Yo. 
` Thus, if dy, = ay, the value yo of (4.11) is a reduced ease peationel: 
On the other hand, if by. < ae, and if bye = duu, then 


| 
Wi > Aba, 1 > d1/We, W, < dp, and. | We == d,/w, > 1. 


Thus zo < — 1, and yo is not a reduced quadratic imation 
An example of a pure periodic proper continued fraction whose value is 
not a reduced quadratic irrational is the continued fraction 


a be a 
Bsa Oe i 
whose value is ((273]% + 9) /4. 7 

All the complete quotients of a pure periodic regular continued fraction 
are reduced quadratic irrationals. Such need not be the case for pure periodic 
proper continued fractions, but there is a sub-class of these continued fractions 
whose members do have this property. 


ze 


THEOREM 4.2. If the elements of the pure periodic proper continued 
fraction (4.11) satisfy the conditions a: 


r 


(4. 21) ba Z anua © (n= 0,1,2, °°), 
all the complete quotients of (4.11) are reduced quadratic irrationals. 


Theorem 4. 2 is an immediate consequence of Theorem 4.1. It should be 
noted that pure periodic proper continued f#actions, whose partial numerators ` 
are all equal to the same positive integer, satisfy conditions (4.21) since it is 
characteristic of proper continued fractions that bs = an, (n == 1, 2,3,°--). 

No proofs will be given of the theorems which follow in this section since 
they follow closely the proofs for the eens theorems for regular’ 
continued fractions [3, pp. 81-92]. 


as 
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THEorsM 4.3, If Yo is the value of the periodic proper continued 
fractton a. 
akı k ku kik- Ok | kyi- 





£31): ha iea o. Cka Cik, iis 
. ) o + b, + F baa F ba H bin F -H brr by + bra t 
Where 

(4.982 ) i ni = Gi 2. ek (n = 1,2,3, > -), 


and the elements satisfy condition (4.21), and tf the conjugate Zo of Yo tisa 
negative number, the continued fraction (4.81) has at most one non-periodtc 
term. 


THEOREM 4.4. If, in addition to the conditions of Theorem 4.3, tt ts 
required that z, be greater than — 1, then the proper continued fraction (4. 31) 
will be pure periodic.. 


THEOREM 4.5. If the elements of the periodic proper continued fraction 
(4.31) satisfy the conditions (4.21) and (4. 32), then 


(a) if —1 < zo < 0, the continued fraction (4.31) is pure periodic, 
(b) tf 2 <—1, (4.31) has one non-pertodte term, 
(c) tf 0 < 2, (4.31) has one or more non-periodtc terms. 


THEOREM 4.6. The value of the periodic continued fraction 


a tt a a 


Dig a DR eg eas ee ee ne a Daa 
° by + b2 + + be + ba + 2b, + 6, + be H z 


where all the partial numerators are equal to the same positive integer and 


(4. 61) 


by == bnk ` g | : (n = 1, 2, 3, i -), 
bic bee. 3 (ime OS cs E 
` | | 


1s the square root of a rational number. 


For, example, the value of the continued fraction 


THEOREM 4.7. If the complete E T of the continued fraction 
(4.61) are written in the form 2 


[Dy [D+ P, [DM +P, E [D]* + Ps 
Qa Qı Q3 - Gs 2 
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where D is a positive integer, not a perfect square, then 
Pas iar Pron 
On E Orn 


Tarorem 4.8. If the primitive period of the continued fraction (4.61) 
contains k terms, then Pau = Pra only when k is an even integer, and n = E/2, 
whale On = Qua only when k is odd, and n = (k-—1)/2. 


(n == 0, 1,2, © <, k — 1) 
(n= 0,1,2 k) 


Theorems 4. 6-4. 8 may be illustrated by the continued fraction 


waan 8 8 8 8 BB 
Sab Oe 8 ee ht he 6 Ea 
Here, & = 8, and the complete quotients are 
1 a [73]* |, Dte 
a 87/9 ? 
i _ [73 ]4-+ 8 _ 18 Je 19/8 
3 ; 8/3 
joo OAD aaae 
2 8/3 2 3 2 
[73 ]* + 19/3 BS ilan 
Js= zy e iil 
_ [13]# +6 
a 3 3 


5. - Periodic proper continued fraction expansions. In the preceding 
sections the emphasis was placed upon the continued fraction itself, and not 
upon its value. In this section the continued fraction will be considered as a 
representation or expansion of the number which ig its value. 

The properties of proper continued fraction expansions in the case where 
the members of the sequence {an} are all equal to unity, have been studied in 
considerable detail. For example, it is well-known that not only does every 
periodic regular continued fraction represent a quadratic irrational, but the 
regular: continued fraction expansion of a quadratic irrational is periodic. 
Such a result would not be expected to hdld in general for proper continued 
fraction representations of quadratic irrationals. This is clear when it is 
recalled that if there is a monotone increasing subsequence among the partial 
numerators, then there will also exist such a subsequence among the partial 
denominators, and hence periodicity will not occur [Cf. 2]: Thus it is 
apparent that the question of the periodicity of a given expansion is dependent 


# 
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not only upon the number which is represented by the expansion, but also upon 
the sequence of partial numerators whieh is used. 

The question arises as to what quadratic irrationals admit periodic proper 
continued fraction expansions other than a regular continued fraction expan- 
aon: This question is answered, in part, in the theorem which follows. 


THEOREM Š. 1. Every quadratic irrational, which admits a pure periodic 
regular contnued fraction expansion with an odd number of terms.in the 
period, may be expressed i in an infinitude of ways as a proper periodic continued 
fraction, the partial numerators being equal to the same posttwwe integer, and 
the period consisting of two terms which are preceded by two terms. l 


Represent by yo the quadratic irrational, and write its ee ae continued 
fraction expansion in the form 


i a + daa + do + dh + i 
where h, an odd positive integer, is the number of terms in the period. Let 
C,/D, be the n-th convergent of the expansion. 

The continued fraction whose n-th convergent is Ax /Buy where 


== (xx, Br = Dna . l (n = 0,1,2, ` ‘); 


and k is an odd multiple of h, may now be constructed [3, p. 200]. This con- 
tinned fraction is equivalent to the continued fraction” 


dy + Be Drai Dran Dyas 

Dy + Ors. + Deas + Dest + 
By substituting for k in (5.51) successive odd multiples of h the sequence of 
continued fractions referred to in the statement of Theorem 5.5 may be 
obtained. ` 

It remains to show that the continued fractions obtained in this way are 
proper continued fractions. This is done by referring to. the relations 


Ds — Dri, + Dy-2,2, 
Dex1,1 z Dgr, (Cr-1,1 + Dyra), 
Or-1,1 + DÈ2,1 == De + Dro, 


which were obtained from the fundamental formulas [3, p. 14]. The proof 
of Theorem 5. 1 is complete. | 

It is interesting to note that the proof. of Theorem 5.1 is independent of 
the’ length of the regular continued fraction so long as this period is odd. 
The theorem may be illustrated by considering the continued fraction 


(5. 11) 


(5.12) 
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1 1 

ire 

whose value is ([5]* + 1)/2. In this case b == 1, and & may be any odd 

positive integer. The number ([5]* + 1)/2 admits an expansion of the kind 

described in Theorem 5.1 if the members of the sequence di, @z,@a,° °° ure 
all equal to any one of the numbers 2, 3, 5, 13, 34, 89, 233, 610, 1597, 4181, 

10946, 28657, 75025, 196418,---. (There are integers other than those in 

the indicated sequence Which result in periodic expansions). Three expansions 

are 


1+ 


CER E i | 
5 5 5 Š l 
enpa ze E Te e 


283 _ 233 288288288 
377 -+ 121,393 + 521 + 121,393 + 521 + 








It is clear that Theorem 5.1 is also valid for quadratic irrationals of the form 
Wo + I where J is an integer, and wo is a reduced quadratic irrational with an 
odd number of terms in its period. | 


6. Conditions that a fraction be equal to a convergent. Before suffi- 
cient conditions are obtained that a fraction be equal to a convergent of a given 
proper continued fraction, the following necessary condition will be established. 


THEOREM 6.1. Jf 
(Ly Qe 


ee lie 
is a proper continued fraction expansion of the real number yo, 
| An Ade" © © hy , | a 
(6.11) Yo — B, B, (B. F B) FB) (n = 1, 2,3, J 








In the proof of Theorem 6. 1 use will be made of the well-known formulas 


Ynn f= OnsiAn—t1 


3. 64 
( ) gomm Yny Bn -+ lns Bn- 
AyBu-1 — Ån- Bn = (—1)"“a,a2° ó ` in (n = l, 2, 3,” á ey 
It is clear that 
An Any: (AnB net — AnrBn F. (— 1) "aae: Uny 


oo Ba a Bn (Yn Bn + AnsBnr-1) ~ Bu (YnnBn + Bey 
(2 == 1,2,8,---). 
Since, by (5.1), Ynez Z ban, it follows that : 
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Milla ` °° Ons 
— o BaBus 


By means of the recursion formulas (2. 13), it may be verified that 











ee sis 
Bast — Ba- + By (n 1, R, 3, ); 

arf, hence, l 
An | — ide ` any has ' 
6. 12 sadn pa Ce Uia a ee ca os a 
(6.12) | Yo Bl Bibs Bi Be By) (n == 1, 2,3,° °°) 








The first equality sign of (6.12) applies only if yasi = brs; but, in this even- 
tuality, the second equality sign cannot hold since -b,,, is then greater than 
Gn; Thus, Theorem 6.1 is established. 

It will be useful in what follows to define what is meant by a modified 
terminating proper continued fraction. Such a continued fraction is obtained 
by replacing the final partial numerator 6, by (ba — 1) + Gau/Dass where 
(rar == Ong. It will be noted that this SDi NON does not quer the’ value 
of the continued fraction. 


THEOREM: 6.2. Det 


bo +e ree 
be a proper continued fraction expansion of the number yo £ bo, and let 
as Qn 
oes Fossa = 
6.21) Co ga pce # ies (n = 1) 


be the (posstbly modified) proper continued fractional expansion of a rational 
number 'p/g Yo, where q 13 a positwe integer, and where n ts chosen in such 
a fashion that (—1)* has the same sign as (Yyo— p/q). A necessary and 
sufficient condition that p/q be equal to the n-th conver rgent of the expansion 
of Yo 18 that 

lle'i tln 
Yx(Ya- 1 -- Fs) 
where Y, ts the denominator of the n- -th convergent of the continued fraction 
(6. 21). j 


The necessity of condition (6. 22) was established in Theorem 6.1. The 
sufficiency of this condition will now be established. Let X, represent the 
numerator of the n-th convergent of oc continued, fraction (6.21). Since 
Ynto — Xn 3 0, the equation 


(6. 23) = 


(6. 22) 





p— Ë < 


wXn + Ons Ani 
WY x + Ona X n-i 
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defines a real number w. H Xa/Yn is subtracted from equation (6.23) the 


equalities 
o Xn KEFEN na (Aar n-1 —Analn) (— 1) "ads "© t nay 
Yo Ya Ya(WYn -} Ons a-i) — Y (wF, T Onsi Y a-1) 
are obtained. Hence : ! 
| An Mila `- * Ona : s 
6. 24 — | a 
i Yn Ya(wYa + R LER | 








since (—1)* and (yo— Xn/Yn) have the same sign. If equation (6. 24) is 
combined with the inequality (6.22), the inequality | 


ne Ze n+l | 
l WY n + amin- ana + Ans F n-i : Oo% 
results. The inequality (6.25) indicates that w is aas than @ai1. Equation 
(6.23) may be written in the form 


(6. 25) 


L 
T 
| 


Yo = Cy + a ae J. n ç nn E 
ae atat, Hoatu 
Denote by l 
On? Ansa : 


í Cr 1 + . « 
£ Cmi T Cras + 
the proper continued fraction expansion. of w corresponding to the integers 
Q@n+2 Anas; Anas © >e Since w is greater than ans, Cast = ana, and 
| 








| 
Ge - hp Gy +1 Oni 


Vita detects” 


is a proper continued fraction expansion of yo But the proper continued 
fraction expansion of a number corresponding to a given set of positive integers 
is unique [2]. Hence, Cn = ba» for all non-negative integral values of n, and 
p/q is equal to the n-th convergent of the proper coytinued fraction expansion 
of yo corresponding to the sequence of positive integers 43, d2,@;,: °°. This 
completes the proof of the sufficiency of condition (6. 22). | 


A corollary may now be stated. 
| 


COROLLARY 6.21. If a rational number, p/q satisfies the conditions of 
Theorem 6.2 save perhaps condition (6. 22), and if 
Ma2’ * `n | 


p 
<- Y, 


q 
then p/q ts equal to the n-th convergent of the proper continued fraction 
expansion of the number yo, corresponding to the sequence of positive integers 
ay, aa, da, me i | 








Yo — 


š a an e 
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The corollary will be established by showing that condition (6.22) is 
satisfied. It may be shown, with the help of the recursion formulas (2.13), 
that 





(6.2%) Dey Seite Ves es iat OB ek: 
and hence that 
o ' Yal Yn + Yous) S 2Y. 
Thus . 
oO P llo ` * * An Maar Ay 
ú q | = 2Y pa” = Yu(¥a + Vik)? 


and (6. 22) is satisfied. 
The final theorem of this section contains a third sufficient condition. 


THEOREM 6.3. If Yo is a posiiwe number, not an integer; if 


(6. 81) | P? — yor? | < Milz > © anyo (n> 0); 
a, Qe (by 
(6. 32) Pe ni +, (n, p,q > 0), 


n being selected, by modifying the expansion if necessary, so that (— 1)” has 
the same sign as (Yo — p/q), and if 


(6. 33) p=—Xn, q=}, (n > 0) 


where Xu/Yn is the last convergent of the proper continued fraction (6. 32), 
then p/q is the n-th convergent of the proper continued fraction expansion of 
Yo corresponding to the sequence of posilwe integers 


{ci} (t= 1, 2, 3,7 ° =) 
where | | 
Ca - (i = 1,2,8,°°°,%), 
and the remaining elemeħls of the sequence are arbitrary. 
Consider the inequality | 
(— 1) "90; aa oo 
Yor n + Xn 


The inequality (6. 34) is valid when n > 1, since it may be shown by a simple 
induction that 


(6. 34) wai We Bae a: 


Qd2°* An L Xn (n > 1). 
The inequalities (6.27) may be written in the form 


Kaa LS Ya i (n > 1), 
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and, when this result is combined with the inequality (6.34) it follows that’ 


eo eee 
(6. 35) DERNE — a A 
It is obvious that the inequality (6.35) holds when n Set. By hypothesis 
a > y (1) Oayae* Ono i. ° 
(6. 36) YoY n a = eee (n > 0). 
If the inequality (6.35) is added to the equation (6.36), it 1s found that 
Yo( Yuna + Yn) < You + Xn p | (n > 0). 


The weaker inequality | 
| O4o(Yaa + A, < YoY n + Xn | | 


is valid when n = 0, and is equivalent to the inequality 


‘ : l 
: Aile ° . ` AnFYo lle ° . * Oy 


e Ye aF 


Equation (6.36) may be written in the form | 


Mla: ` * dnb Yo ` An 
Ya(yo¥n+Xn) |T F, 


Conditions (6. 37) and (6.38) are equivalent. to condition (6.22), and, thus, 
p/q is the n- -th convergent of yo. 


(6. 37) 


| 


(6. 38) 
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ON THE 0-MATRICES OF TOEPLITZ.* 


By AUREL WINTNER. 
s N ł 


e The theory of Q-matrices was developed by Toeplitz* for the case of, 
analytic Fourier series (Laurent series). The restriction of analyticity is 
essential for the method of Toeplitz, since use is made of Cauchy’s theorem. 
The object of the present note is to develop the theory in its full generality, that 
is, for the case of those measurable functions for which such a theory is possible 
at all. 

Due to such an approach, some of the results turn out to hold even in the 
almost periodic case of relative measure. | 


1. By a distribution function (mod 1) will be meant a monotone non- 
decreasing function ¢(e°7#?), 021, of total variation 1. Two such 
functions, say ¢; and de, will be considered as identical if and only if 


(1) 6( +0) = const. — 0 (z — 0), 


where O(g} = (6°72) — pa (e7). In this sense, the trigonometric 
momenta 


(2) Aa ($) = f ermedg (oT) =A a(¢); n= 1,2," - +, (A= 1), 
a 0 f ae 


determine œ uniquely, since, as a consequence of the trigonometric approxima- 
tion of Weierstrass, every function a 0 = 2551, of bounded variation must 
, Satisfy (1) if it satisfies 


(3), | f eraisdo (s) = 0 for n= 0, +1, 12, 
0 

According to the Herglotz formulation of the Toeplitz criterion of real har- 
monic functions which are regular and non-negative within the unit circle, 
there exists, for given numbers An, a eae function ¢ satisfying (2) 
if and only if 


. k k g ` l 
(4) i Z ZAningnEm = 0, (o= 1), 


n=0 m=0 e 


where k and the é are arbitrary. 


* Received April 19, 1941. 
1 O. Toeplitz, “ Zur Theorie der quadratischen und bilinearen Formen von unendlich 
vielen Veriinderlichen, I: Theorie der f-Formen,” Mathematische Annalen, vol. 70 
(1911), pp. 351-376, more particularly § pae S. 


669 


e 
67 AUREL WINTNER. 


Consider the class of those measurable functions f == f (e°) 0StS 1, 
which satisfy 


(5) | F(t) | = 1, i.o. f (errit) == 1/f(e°"*t), for every ż. 
The n-th power, f” = f (e°™tt)", of such an f belongs to the same class for 
n = 0, + 1, +2,:--, and has the Fourier series è 
x) x 
(6) aa. n md T igs (f) erent 
. = OO) 
where 
5 . 
(7) Oum(F) = f f(e)" ermit dt, (n, m = 0, + 1, +2, °°). 
s l 
In particular 
i $ 
(8) wno(f) = f f(e)” di == Go (f) ; wo (f) = 1, 
; | 


and so (4) is satisfied by An = wno(f); in fact, from (5), 


S "i f AC e= dt eer í | 5 F ETHE & at = 0, 
n=0 m=0 0 n=0 
where & and the é are on Thus there exists a distribution function 
(mod 1) by means of which (8) is representable in the form (2); so that 


1 zi 
(9) f f(ertttyn di = f g2t ine dd (ete) : I} ome 0, -+ 1, -= 2, . 
0 0 


On writing the Lebesgue integral on the left of (9) as a Stieltjes integral, 
one sees, from the uniqueness theorem of the trigonometric momentum problem, 
that ¢(e?7#*) represents the Lebesgue measure of that subset of the interval 
0 St <1 on which arg f(e?*##) < Rrr, where arg f(t) and «x are thought of 
as reduced mod 1. Correspondingly, ¢(e****) will be called the distribution 
' function of f(e?*#). i 


2. In the sequel, A = || dum | will denote an infinite matrix in which 

both n and m run through the values 0, +: 1, + 2,---. The matrix will be 
-said to be bounded if the corr esponding oo-ary bilinear form is bounded in the 
sense of Hilbert. The matrix A will be called non- singular if it is bounded and 
such that there exists a bounded matrix, B, satisfying 


AB = E and BA = F, 


_ 


where Æ is the unit matrix. Then, according to Toeplitz, B is uniquely deter- 
mined by A, and can therefore be denoted by A7. 
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If ¢ is a distribution function (mod 1), let A(¢) denote the matrix 
(10) A(¢) = || Ann ($) l; | 


where the A are the trigonometric momenta (2). 
If f(e?=#), 0S ¢ 1, is a measurable function aa (5), let Q (f) 
denote the matrix 


(11) O (F) = | onm (F) |; 


where the w are the Fourier constants (7). 
For these two types of matrices, the following facts will first be established : 


(I) The matriz A(¢) is bounded tf and only if p = p (6), 0S2 S1, 
salisfies a uniform Lipschitz condition. 


It is understood that a function F(s) is said to satisfy a uniform Lipschitz 
condition if 


(12) ` _| F(s1) — F (s2) | S Const. | sı — s2 |, 








where sı, $2 are two arbitrary points of the s-range on which F is defined. 
Since 


— 
Lee Const, for 0S a < B < 2, 


it is immaterial whether the uniform Lipschitz condition of (I) is meant to 
refer to s == e?** or to s =q. 


(13) . 0< const. < 


(II) The matris Q(f), which need not be bounded, is always such that 
2(f)Q*(f) exists and is identical with A (p), where > denotes the distribution 
function of f. 


It is understood that 2(f)Q*(f) denotes the matrix product AA*, where 
A= Q(f), and that A*s defined as the transposed matrix of the complex 
conjugate, A, of the matrix A. 


(UI). The matriz Q(f) is bounded if and only if the distribution func- 
tion, p = o(e2"**), of f = f(e'™*) satisfies a uniform Inpschitz condilion. 


A function F = F(s) will bẹ said to be of bounded distortion if 








< | F (s2) — F (81) | S Const. | s2 — sı |, where const. > 0, 


holds for any pair sı, 8&2 of points of the s-range on which F is defined. If F 
is a function of e?7tt aloné, (13) shows that (14) is the same condition for 
s= ert as for s = t. 
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(IV) The matriz A(p) is non-singular if and only if the distribution 
function, d= p(e**!*), of f= f(e") is of bounded distortion. 


(IV) becomes false if one replaces A(#) by Q(f). This is shown by the 
example f (e°™tt) — e**4#, which has indeed the distribution function ¢ — const. 
(= 1) for every | (== 1,2,: - -) but determines a bounded matrix O(f) only 
_ when l= 1. All that can be said in this direction may be formulated®as 
follows: 


(V) In order that Q(f) be non-singular, at 18 necessary but not sufficient 
that Q*(f)Q(f) be non- singular. 


_ In the proof of these statements, use will be made, i the ee (10) 
defined by (2), of the ordinary Laurent matrix, > | 


(15) L(g) Da is g(e?™tt) gtxt(n-m) dt l 
ates g = g (° H) is any Lebesgue Dirak function. Tf 91, 92 and their 


squares are integrable in the sense of Lebesgue, then, by the polarized form of 
Parseval’s relation, 


(16) L (9192) = L(g1) L(g) = L(g): 

It is clear also from (15) that ft 

(17) iL) =, | (E = unit matrix), 
and : | 

(18) | L(g) = L* (g). 

According to Toeplitz, L(g) is bounded if and only if 

(19) | g(e**##) | < Const. almost everywhere, 

and L(g) is non-singular if and only if s | 

(20) 0 < const. < | g(e**##)| < Const. almost everywhere. 


i 


3. In order to prove (1), we first observe that, if a matrix A == i Onm || 
is bounded, then 


z : | 
= | anm |? < œ e for n == 0, + 1, + 2,- 
m=-00 
Hence 


oO 
3 | An($) |? < o 
R=- l E . 
is a necessary condition for the boundedness of the matrix (11). It follows, 


j 
j 
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therefore, from the Fischer-Riesz theorem that there exists a function § = 8(z), 
0S 21, of class (L) such that 


pi r 
Às (ġ) = f alr) dz for n=0,+1,+2,°°:: 
0 


(tRe fact that § actually is of class (LZ?) will not be needed). On comparing ° 
this with (2), one sees that (3) is satisfied by 


(x) = f 8(y) dy — p (6'2). 


Since this #(z) is of bounded variation, so that (3) implies (1), it follows 
from the fundamental theorem of calculus that the derivative, ¢’(e?*#*), of 
the monotone function ¢ of 6**42 is identical with 8(z) almost everywhere. 
Thus ¢(e°*#*) is absolutely continuous and 


(21) A(¢) = L(¢'), 


by (10), (2) and (15). Since (19) is necessary and sufficient for the bounded- 
ness of (15), it follows that A(#) is bounded if and only if | ¢’| < Const. 
almost everywhere. Hence, in order to complete the proof of (I), it 1s 
sufficient to realize that a function satisfies a uniform Lipschitz condition if 
and only if it is absolutely continuous and has a derivative (almost everywhere) 
which is bounded on the complement of a zero set. 

Next, if f(e?*##) is a measurable function satisfying (5), then, by the 
polarized form of Parseval’s relation 


1 : 1 gu 
ŞS f f(e77tt)” g-2riké dt. f eal as e°Tikt dt = f a oa i a A dt. 
0 0 


k=~00 0 


According to (7), (9) antl (5), this can be written in the form 


+ 


S on (f) (f) eats f errtln-me de (et), 


k=-00 0 
which, by the definitions (11), (10) and (2), is equivalent to 
(22) O(f)@*(f) =A ($). 


This proves (I). 

(III) is implied by (I) and (II), since, according to Hellinger and 
Toeplitz, a matrix A is bounded if and only if the matrix AA®* exists and is 
bounded. 

Since (20) is necessary and sufficient for a non-singular matrix (15), and 
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since (21) was shown to hold whenever the matrix A($) is bounded, (IV) 
follows from the definition, (14), of a function . bounded distortion. 

Finally, (V) follows from (II), (III) and (IV), since, according to 
Toeplitz, a bounded matrix 4 is-non-singular if and only if both matrices 
AA*, A*A are non-singular. . 


; © 
4. If f has an absolutely convergent Fourier series, then 
m ! 
(23) Zlom] <o l 
for every n. In fact, if f(t) has an absolutely convergent Fourier series, then 
(23) holds, by (6), for n = 1., Hence, the case n =+ 1 of (8) shows that 
(23) holds for n = — 1 also. Since the product of iwo functions possessing, 
absolutely convergent Fourier geries possesses an absolutely convergent Fourier 
series, it follows from (7) that (23) holds for. every, n n Z 0 (and, of course, 
for n == 0 also). : 
Let fı, fe denote measurable functions f atisiying (5). 


(VI) If fi f, (ott) has an absolutely convergent Fourier . Series, e? 
matrix product O(f,)Q(f2) exists for every fa =a fale] +t) and ts identical with 
Q(f: (fo) ), where fi (fz) = fı (fa (874) ). ! 


It is obvious from (IIT) that the assumption of (VI) does not aol the 
boundedness of any ‘of the three matrices O(f:), a (fa) » O(f: (f2)). 
Since (23) is satisfied by f — fı, one sees from (6) that 


EL (f) (ort) fere) 


i 


for every t. Since: | f2(e?7##) | == 1 for every ¢, it ‘alow that 


s 


Z onm (fa) fal — fafale 


‘ t 
On multiplying this relation by e?*#* and noting that (23), where f = f, 
insures the term-by-term integrability of the rina series, one sees from the 


definition (7), that | 


oQ f S - ; 
a mm (fi) oma (fs) — ons (fa (fa) J- 
According to (11), this is equivalent to 


_ (24) O(f:) 0 (fs =at); z , 
so that the proof of (VI) is complete. - TE 


] 


í 
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Iffisa measurable function satisfying (6), the same is- true a the j-th 
iterate, f{, where 


(25) FID (gett) m f (FD (ote) ); Ea CST! oe 


Tf 7 = 0, let 
(26) f (ertt) = e (e77), where e(e°Ttt) = ae 


' it being understood that the first e in e =— e(e***) is ant as a function 
symbol f. l 


(VII) If f(e) is of constant absolute value 1 and has an absolutely 
convergent Fourier series, then 


(7) afa) —04(f) 
for7—0,1,2,:°- | 

It is understood that the matrix on the right of (17) denotes the j-th 
power of Q(f). Thus (VII) is clear from (VI) and from the definition (25), 
if 7 > 0; while if 7 == 0, then -(27) reduces, by (26), to the relation 
(28) Q(e) = E, (E = unit matrix), 
which is obvious from the definitions (11), (7). 


If f <= f(e**#*) is a one-to-one transformation of the unit circle, | z | == 1,, 
into itself, let f) == f( (694) denote the inverse mapping; so that 


(29) So fF (e?it) ) == git, (292) f (f (eru) ) == g?Tit 


for every t. 


(VIIL) If a function f = f (e?™tt) of constant absolute value 1 represents 
a one-to-one continuous transformation of the unit circle into itself and 
possesses an absolutely convergent Fourier series, then 


(30) © aAa) =F 
(the existence of the product on the left of (30) being a part of the statement). 


It is clear from (29,) dnd (28) that (VIII) is. the ere case 
fı = f, fa =f of (VI). j 

Since the assumptions of (VIIL) and the assertion of (VI) are not 
symmetric in the two functions, it does not- follow that (30) can be replaced by 


(30 bis) : ACF )a(f) =F, 
although not only (29,) but also (294) is supposed in (VIII). 


w 
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ð. It turns out that this dissymmetry in (VIIL) and the corresponding 
dissymmetry in (V) disappear if one combines the corresponding conditions. 


THEOREM. If a function f — f (e°™tt) of constant absolute value 1 repre- 
sents a continuous one-to-one mapping of the unit circle into itself, the matrix 
O(f) ts non-singular if and only if the function f(e?***) is of bounded dgs- 
‘tortion; in which case the reciprocal matrix, O-'(f), ts precisely ACFE). 


Let f == f (6°™tt) be a one-to-one continuous mapping of the unit circle 
on itself. Then it is clear, from the remark made after (9), that 


Qa (ett) ae arg fon CT 


where ¢ denotes the distribution function, and f‘") the inverse function, of 
the function f (mod 1). Since this correspondence is involutory, it follows that 


| Brod (ott) — ang fo), 


where p9 denotes the distribution function of fY. Thus it is clear that 
all four functions f, fC), p, o° are of bounded distortion whenever one of 
them is. ‘But if a function is of bounded distortion, then it satisfies a uniform 
Lipschitz condition and has, therefore, an absolutely convergent Fourier series, 
provided that it is periodic. Consequently, (VIII) is applicable not only to f 
but also to f-2, if f is of bounded distortion. Furthermore, if f is of bounded 
distortion, then, since ¢ and ¢‘-?) are of bounded distortion, ¢@ and ¢‘- satisfy 
uniform Lipschitz conditions; so that Q(f) and Q(f*) are bounded, by (IIT). 
Hence, in order to complete the proof of the theorem, it is sufficient to ascer- 
tain that Q(f) cannot be non-singular unless f is of bounded distortion. But 
this is implied by (V), since ¢ cannot be of bounded distortion unless f is of 
bounded distortion. 
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o _SEMI-SIMPLE ALGEBRAS AND GENERALIZED: DERIVAT IONS. * 


By G. Hocrscmip. 


* Introduction. Roughly speaking, a derivation of an algebra ‘is the infini- 
tesimal operation corresponding to an automorphism. This notion plays. an 
important part in the study of the structure of Lie algebras and associative 
algebras, and its structural significance will be understood best by first recalling 
the connections between derivations and automorphisms in general. 

The term “ algebra ” will be used to denote a linear set (not necessarily of 
finite dimension) over a field, in-which an operation of “multiplication” is 
defined as usual, except that we do not require associativity. By a derivation 
of such an algebra we shall mean a linear mapping of the algebra into itself 
which possesses the formal properties of ordinary differentiation, i. e. a linear 
mapping a —> D(a) of an algebra X into itself such that for any z, ye WM we 
have D(z-y) = D(x) -y+-a:-D(y), where the dot indicates the operation 

of “multiplication” in ¥.2 

A simple example is given by the ring of all polynomials (with real 
coefficients) in one variable. We may regard this ring as an algebra (in the 
above general sense) over the field of real numbers. The mapping which sends 
every polynomial P(x) into its derivative Ds(P) is clearly a dérivation in the 
above sense. Consider now the operator 7’;, depending on the real parameter ¢, 
which is defined by the formula 


Tym 1 + tD + (1/2)ED3 ++- - - —=exp(tDe). 


Then, if P(x) is any polynomial, we clearly have T:(P(z)) = P (z + t), and 
the family of mappings {T+} constitutes a continuous one parameter group of 
automorphisms. 

Let us now consider a more general T Let X be an arbitrary 
algebra of finite dimension over the field of the real numbers. The set of all 
non singular linear transformations of Y into itself can be given the structure 
of a Lie group G. The corresponding Lie algebra, Q, is the set of all linear 
transformations of M, commutatien being defined by the formula 7,° 7 
= PoP, — PsP If T is any element of &, we obtain a one parameter sub- 


* Received May 1, 1941. 

1 This definition and the elementary theory ‘of derivations will be found in N. 

Jacobson, “ Abstract derivation and Lie algebras,” Transactions of the American Mathe- 
matical Society, vol. 42 (1937), p. 206. 
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group g == {g:} of Œ, whose tangent at the identity # of G is T, if we define 
gi =E +t T + (1/2!) T? -+ -= exp(t: T). Since the condition that 
a transformation g e G be an automorphism can be expressed by a finite number 
of analytic equations in the coefficients of the matrix representing the element 
g, it is clear that the automorphisms of 9% constitute a Lie-subgroup (i.e. a 
. closed subgroup) H of G. 

On the other hand, the derivations of A constitute a subalgebra D of 2; 
for, if D,, Dz are any two derivations of Y, 80 is D° Da. We shall show that 
D is the subalgebra of Q which corresponds to the subgroup H of G. 

Let h = (hi) be a one parameter subgroup of H which passes through the ‘ 
identify # for t= 0, and let Le be its tangent at F, i.e. L = lim (hi — E) /t. 


If x, y are arbitrary elements of W, we have h(x: y) a hi(x) -he(y), which 
is easily seen to imply that L(a-y) = L(z)-y+a: L(y), i.e. that L is a 
derivation, or Le D. 

Conversely, let DeD; the corresponding one parameter subgroup of G is 
given by g;=exp(t-D), and a direct computation’ shows that g:(#-y) 
—9:(z)-g{y), i.e. that gee H. This proves our assertion. 

Let N be an associative algebra with a unity element. If c is any regular 
element of Y, the automorphism a — c. a. ct ig called an inner automorphism. 
Algebraically, the inner automorphisms constitute an invariant subgroup K 
of the group H of all automorphisms of X. Although we cannot say in general 
that K is also a topological (Lie-) subgroup of H, it is evident that we can 
define a topology in K such that it becomes a Lie group K* which is locally 
isomorphic with the group K, regarded as a subspace of H. It follows that 
there corresponds to K a certain ideal & of the Lie algebra D of H. In fact, 
the elements of X are the tangents at H of those one parameter subgroups of H 
which are contained in K, and’ if ky is such a subgroup the corresponding 
element J e8 is given by the equation J = lih (ks ;— E)/t, so that we have 


ki (a) ==a+t-I(a) + (t), for every element a eM. 

The group constituted by the regular elements of Y can be given the struc- 
ture of a Lie group, and it can be shown that the one parameter subgroups, in a 
sufficiently small neighborhood of the identity e, are of the form a; == exp (tao), 
where @ is an element of W. Furthermore, if is easily seen that we can find 
an analytic mapping k;—> a: of any given bne parameter subgroup of K onto 
a one parameter subgroup through e of the group of regular elements of Y such 
that k:(a) = ar:a. a for every ae WM. For sufficiently small ¢ we have 
therefore k:(a) == exp (ta) -a- exp (— tao) = a -+ t(a+-a—a-a) + 0(t), 
and a comparison of this with the expression above shows that we have 
L(a) = to` a —-4' ao Derivations of this form are called inner derivations. 
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Suppose that J is any given inner derivation, i:e. L(a) == lo ' &@— 4° dp; 
the corresponding. one parameter group of automorphisms is given by 
kı = exp (tI). A straightforward computation shows that k:(a) = d:> a: ar", 
where a; = exp (ta), i.e. the automorphisms corresponding to the inner 
derivations are the inner automorphisms. We have shown, therefore, that 3 
is ¢he set of inner derivations of Y. 

We have a similar situation in the case of a Lie algebra. Let & be any 
Jie algebra over the field of real numbers and let T be a connected and simply 
connected Lie group whose Lie algebra is Q. An automorphism of r will 
-induce an automorphism of &, and conversely. An automorphism of & will be 
called an inner automorphism if it corresponds to an inner automorphism of I. 
As in the case of an associative algebra, it can be shown that to the invariant 
subgroup of the group of automorphisms which consists of the inner auto- 
morphisms there corresponds an ideal of the Lie algebra of the derivations of &, 
whose elements will be called inner derivations. A derivation D of the Lie 
algebra Q is an inner derivation if and only if there exists an element lo € & 
such that.D(1) == 1°1,, for every le&. In the case of a' general groundfield 
this is taken as the definition of an inner derivation. 

We shall be concerned with the study of the behavior of Lie algebras and 
associative algebras with regard to linear mappings of the derivational type 
which map a given algebra A, not necessarily into itself, but, more generally, 
into some algebra B containing Y as a subalgebra. These “ generalized deriva- 
tions,” as we should expect from the above considerations, are found to be 
significant for the structure of an algebra. In fact, we shall obtain a charac- 
terization of semi-simple Lie algebras and semi-simple associative algebras 
(over a non-modular field) in terms of their generalized derivations. In this 
respect there is a very close analogy between Lie algebras and associative 
ulgebras, which we shall exhibit by treating the two cases side by side. 

I have found it necessary to include proofs of a number of known results 
on representations of semi-simple Lie algebras, some of which (like the proofs 
of Whitehead’s lemmas) cannot be found in the literature. For these proofs, 
= which served me as a guide in the present investigation, I am indebted to 
Professor C. Chevalley of Princgton University. 


1. Representations. For thé sake of future reference we briefly review 
some fundamental results of the theory of representations of associative and 
Lie algebras. 


Definition 1.1. A representation is said to be completely decomposable 
if the corresponding representation space is the direct sum of irreducible in- 
variant subspaces. 
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Proposition 1.1. A representation, with the representation space: P, is 
completely decomposable if and only if for every invariant subspace Q of $ 
there exists another oe subspace Q such that B, is the direct, sum of 
© and Q. 

O The proof of this proposition is very easy and may ‘be omitted E 


THROREM 1.1. The necessary and suficient condition for an T al- 
gebra to be semi-simple is that every representation be completely decomposable. 


This result is classical, and no proof need be given here. 


THEOREM 1.2. A suficient condition for a Ine algebra to be nu Anih 
ts that every representation be completely decomposable. 


Proof.. We must show that a Lie algebra & satisfying this condition can- 
not possess a (non zero) solvable ideal. | 

Let § be any solvable ideal of Q. Since in partigular the adjoint repre- 
sentation of & is completely decomposable we can find another ideal §* of & 
such that & is the direct sum of § and §*. Hence it is clear that every 
representation of § can be extended to a representation of Q by representing 
the elements of $* by zero matrices. It follows that still hag the property 
‘that all representations are completely decomposable. , Hence it will suffice to 
show that every solvable Lie algebra 9 of dimension d>0 possesses a repre- 
sentation which is not completely decomposable. 

Now, if © is solvable it contains an ideal §* of dimension d-—1. Let h, 
be an element of § which does not belong to $*; then every element he Q can 
be written in the form h = a(h)h, + h*, where a(h) lis a linear function on & 
(with values in the’ groundfield) and h* « G*. Let 7 i a linear space of: 


dimension 2 over the groundfield, and let the vectors 1, es constitute a basis 
for $. 


If we write Pa (e) ros a (Ie) ey ; Pa (r) = a (h) (e. -+ ak the mapping 
h —> Ps is clearly a representation of § in which $* is annulled. The subspace 


spanned by "i is invariant, but it is clearly the only invariant subspace of 
dimension 1. It follows that the representation P:is not a i decom- 
posable. This completes the proof. : 


TrHHorem 1.3. (Cartan). Let 2 be a Ine aise over a field of charac- 
teristic zero. If there exists a faithful representation l— P: of 2, such that 
Sp(P:*7) = 0 for every le &, (where Sp(A) denotes the trace of the matriz 
A), then i is solvable. | ! ror 
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THRoREM 1.4. (Cartan). Let & be a semi-simple Lie algebra over a 
field of characteristic zero. Let k —> P; be a faithful representation of &, and 
suppose that kı, ka,’ ` `, kn constitute a basis for R. Then the determinant 
| Sp (Pr, Pr) | 0. 


Both these results are well known: 


@ ) a 
_ THEorrm 1.5. If & is a semi-simple Lie algebra over a field of charac- 
terisitc 0, the adjoint representation A of & ts completely decomposable. 


Proof. Let -be any ideal of &. We have to show that there exists 
- another ideal $* of & such that & is the direct sum of § and §*. Let $* be 
the set of all elements h* of & such that Sp(AnAa*) = 0 for all he. H* is 
an ideal of &, and since the adjoint representation of a semi-simple Lie algebra 
is faithful we may.conclude from Theorem 1. 3 that * © is a solvable ideal. 
Hence we must have §* n © — {0}. A dimension oe now ne that 
is the direct sum of § and *.. 


TuEorEM 1.6. Let A be a semi-simple associative algebra over a field of 
characteristic 0. Let (d,,d2,°°-*,Gn) be a basis. of X, and suppose that 
. Po, Po,’ © *, Po, are the matrices corresponding to the elements a, of this basis 
in a faithful representation P of X. Then | Sp(Pa,Pa,)| 0. 


_ Proof. Let us write Y as a direct sum of two sided simple ideals, say 
A — 1+ %A,+:--+H;. We have then k sets of indices, Iplar yda 
such that aye My foriely. Now PaPa, = 0 if i and j do not belong to the 
same set Fy, whence it is clear that 


k 
| Sp(Po,Pa,)|eso12..m =I | Sp(Po.Pay) lesser 


Every irreducible representation of an algebra is equivalent to an irreducible 
. representation contained*in the adjoint representation; and a simple algebra 
possesses only one irreducible representation (to within equivalence). Hence, . 
if we denote the matrices in the adjoint representation by A, we have, for 
i, j e Iv, Sp(Po,Ps,) = 1v: Sp(Aa,Aa,), where ry is a ari rational number 
depending only on v. It follows that | Sp (PaPa) | is a (non-zero) multiple of 
| Sp(Aa,Aa,)|, which is known to be different from zero for’a semi-simple 
algebra. (Cf. Deuring, “Algebren,” Ergebnisse der Mathemattk, vol. 4, part Í; 
pp. 33-34). 


THEOREM 1.7. (Casimir). Let R be a semi-simple Ine algebra over a 
field of characteristic zero. Let P be any (non null) representation of Q, and 
let * be the kernel of this representation (i, e. the ideal of & which is annulled 
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in the representation P). Let be another ideal such that & is the direct sum 
of Q and $*; ($ exists, by Theorem 1.5). If (hı, hay: > +, he) ts any basis 
of © there exists a dual basts (hy oF LY eae he) of © such that Sp(P:,.Px,) == ŝi, 
where 84; 18 the Kronecker symbol (== 0 for +=< 7, and = 1 for i =f), 


P BE ae 
Then, if l is any element of & and hyol= © yajhj, we hare logii 
ja 


E ie k 
= >, ysihy. If we define a transformation T by the equation T = > Pa, Pi, 
"j=l ; =1 


we have TP; == Pil for every le &. 


Proof. The existence of the dual basis (h:) follows immediately from 


k 

Theorem 1.4 since P gives a faithful representation of §. If h; ol = $ yah; 
jet, 

and 


sia k = : 
jo hj == È ajh we have yij = Sp(Pa,oiPi, ) — Sp (P2,Piok,;) = Ejj. Finally, 
i=} 


k 0 k 
rP: — Pr =’ (Ps, Pa, P1 PE) ams > (PrP ior, — Prior Pi, ) 
i=1 i=1 


k k. 
= 2 D (YP m Pa, — yuPa Pi) = 0. 
¿71 ł=1 
THEOREM 1.8. Let Y be a-semt-simple associative algebra over a field of 
characteristic zero. Let P be any (non null) representation of A, and let $* 
be the kernel of this representation. $* ts a two sided ideal of A, and there 
exists another two sided ideal § such that NW is the direct sum of & and O*. 
To any basis (hy, ha: - +, he) of © we can find a dual basis (hi, Roy °° , hx) 
| k 
such that Sp(Pr, Ph) = 8. If a is any element of X, and hi- a = $, yishy, 
=? 


= k = = 
we have a` h; = >, yuh. The transformation T == Py, where h = J, hih,, com- 
j=1 


mutes wiih all the transformations of the representation F.: 


Proof. The existence of the dual basis follows from Theorem 1.6. The 
remaining relations are easily verified as in the proof of Theorem 1. 7. 


2. Whitehead’s lemmas and their analogues for associative algebras. 
It is known that every representation of a semi-simple Lie algebra over a field 
of characteristic zero is completely decomposable. This result follows from a 
lemma of Whitehead’s which can be stated as follows: 


THEOREM 2.1. Let & be a semi-simple Lie algebra over a field of charac- 
teristic zero. Let P be a representation module of &, and denote the transform 
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of a vector e e pt by the transformation corresponding to an element Le g by | e. 
Suppose we have a linear mapping 1—>e(1) of Q into such that e(lo m) 
== M (0) —}. e(m) for alll, meXQ. Then there exists a fied vector Bo imn Y 
` such that e(l) = l- bo for every le &, 

Proof. If P is annulled by 2 we may take eo == 0, and there is nothing to 
prove. If not, we employ the notations and results of Theorem 1. 7 and define 


-> k > n . 
a vector fo = Ð, h4: e(hy). We have then 
i=1 ‘ 


Tf Et: Que) = $ LoD a) + he Loe) 


We are now in a position to prove our theorem by an induction on the 
dimension d of the representation space P. By the remark made at the outset 
we may suppose that d > 0, and that the theorem holds for every representation 
space of dimension < d. If our representation is not the null representation 
(which we may suppose), we have Sp(T) = k =Æ 0, since the groundfield is of 
characteristic 0. -Hence T 4 0; therefore, if © is the linear subspace formed 


by the vectors fe V such that r(f) = 0, we have OY. HQ {0}, Tisa 
linear isomorphism ‘of $ and therefore possesses an inverse T which also com- 
mutes with all the transformations of our representation. Hence, if we put 
eo = (f), we have l- eo = l {T (f) } =I (1 fo) = e(l), as required by 
the theorem. We may therefore suppose that Q £ {0}. Now © is an invariant 
subspace of $ since rf ~~ 0 implies that T(}- 7) mane | - r(f) == 0. Hence our 
representation in P induces a representation in B/Q, and, if E (1) denotes the 
coset, modulo D, of e(L), the mapping 1— E (1) of into O/P still satisfies the 
conditions of our theorem. Since P/Q is of dimension < d, it follows from 
our inductive hypothesis that there exists an element Ë, eH/Q such that 
E (1) — l- Ë, for every le&Q. Let e, be any vector in this coset E,; if we put 
> > s > . ; 

f(t) = e(1) a oe the mapping 1 f(1) is a linear. mapping of & into Q 
such that-f(10 m) =m FO) —l- fin). Since Q is also of dimension < d 
there exists a vector es «OQ such that F0) —1+6; for all le. The vector 


-> 


-> -> * . - s 
eo = 8, + 2 will be the required vector, and our theorem is proved. 
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Before stating the analogue of Theorem: 2. 1 for associative algebras we 
make the following definition : | 


Definition 2.1. Let M-be an associative algebra over a field Ẹ. Let $ be 
a linear set over %§ which is at the same time an Y-right and an W-left module, 
the operations being such that (apart from the usual associativity ee | 


for one sided modules) we have a: (e- b) = (a: 2) ` -b for all a, b e A and gyer 


e ef. Then B is called a two sided Y-module. 


THEOREM 2.2. Let N bea semi-simple associatwe algebra over a field & 
of characteristic 0. Let P be a two sided U-module over X, and suppose we have 


a linear mapping a—- o(a) of N into P such that ela +b) =a: (b) + ela) "b. 
Then there exists o e Y such that e(a) = Q: R Eo "a. 


Proof. In the notation of Theorem 1.8 we have: 
1! k > k ay > > 
h-e(a) = 2 hihy: e(a) = 2 hı: [e(hia) — e(hy) - a] 


SS ah (u) — Shu. e (ħa) ° a=" besh a, 


t=1 
+> k > ‘ 
where fo = > hi e(hs). 
1 
The proof now runs like that of Theorem 2.1; we may assume that the 
left representation in $ is not null, for otherwise we could operate in the same 
manner from the right, mies both the left and the right representations 


were null—we could take b == 0, The subspace Q, defined as before, is invari- 
ant for both the right and the left representation, and the induction goes 
exactly as before. 

An interesting application of Theorem 2.2 if the following: Let Pn 
be the algebra of all matrices of order n over a field P of characteristic 0. Let 
N be a semi-simple subalgebra and U an arbitrary matrix of Pa. The elements | 
of the form UA— AU, where A «eM, together with all products of such 
elements by elements of N, span a certain linear subspace of Pa, which we may 
regard as a two sided %-module; W, say. It is easily verified that the mapping 
A—UA—AU of A into QM satisfies thé conditions of Theorem 2.2. It 
follows that there exists a matrix M «Wt such that U — M commutes with all 
. the matrices of X. 


THEOREM 2.3. If an assoctative algebra A possesses the property of — 
Theorem 2.2 then every representation of Ñ is completely decomposable. 
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Proof. Let 8 be the representation space of a representation P of A. If 
Q is any invariant subspace of P we have to show that there exists another 
invariant subspace such that ® — Q +R. Let us choose a linear subspace 
& (not necessarily invariant, of course) such that B= Q + X. Let P, be the 


transformation of P which corresponds to the element a of W. Let ¢ denote an 
afbitrary vector in X. According to the decomposition P = Q + T we write: 


a(t) = Qo(t) + Talt), where Qa(f) eO, To(t) eX. Tt is clear that the 
mapping t= Qo(t) is a linear mapping of | into Q and the mapping 


is T(t) a linear mapping of & into itself. From tHe fact that P is a repre- 
sentation we obtain the following relations: 


Pa) = Qa) + Tal — PaPa) = Pa(Qo(#) + To(Z)) 
— (PoQo(t) + QT (H) + TePr(t). 
Since the sum © + & ig direct it follows that we must have 
Qas = PoQo + QeTo; Tom ToT. 


The set of all linear mappings Q of & into © forms a linear space over our ` 
groundfield: we denote this linear space by ©. Now we may regard © as a 
two-sided M-module if we define the operations by elements ae % on elements 
QS by the formulae: a:Q == PQ, Q-a== QT.. Consider the lmear 
mapping @—> Qa of N into GS. We have Qas = PaQo + Qal’s == a: Qo + Qa: b. 
Now, since A possesses the property of Theorem 2.2, there exists an element 
Qa. « © such that Qa = Vol’ — PaQo. 


‘Consider now the TRPNÉ tot + QE) of & into P. ‘This maps z onto 
some linear subspace Ñ of $. We bave Pat + Qo(t t) ) — P,(t) +. PQ (È) 
= P,(t) + QoTa(#)—%o(#) = Tal + QoTe(2), which shows that 9 is an 
invariant subspace of P. Furthermore, rae Vo (t) = 0 only if i= ð, so that 
our mapping on T+ Qo (t) is a linear isomorphism, whence we have that dim. 
R — dim. T. Finally, if ¢eQo®R, ie. if eeQ, and 2 —t + Qo(f) for some 


te x, we must have t= 0, and gence also ges 0, whence Q ^ R == {0}. It 
follows that $8 is the direct sum of O and R, and our theorem is proved. 

The proof of Theorem 2. 3 we have just given is the precise analogue of a 
known proof for Theorem 2. 4 below: 


_, THEOREM 2. 4. Tf a Lie algebra 2 possesses the property of Theorem 2.1 
then every representation of Q is completely decomposable. 


~ 


1 
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' By Theorems 2. 1, 2. 4, and 1.2 we have now: 


‘THEOREM 2.5. The necessary and sufficient condition for a Ite algebra 
& over a field of characteristic zero to be semi-simple is that every representation 
of Q be completely decomposable. 


_ We shall pursue the analogy between Lie algebras and associative algebras 
a little further: another lemma of Whitehead, which is used in the proof of 
Levi's theorem on the decomposition of a Lie algebra into the direct sum of 
its maximal solvable ideal and a semi-simple subalgebra, can be stated as 
follows : 


THEOREM 2.6. Let t be a representation space af a semi-simple Lie 
algebra 2 over a field of characteristic 0. Suppose we have a Dalaran mapping 


(x, y) > f(z, y) of RX LQ into B such that 


1) Flay) + f(y. £) = 0, | 
2) efie) ty flee) +e fley) = flyer z) + f(2oy, 2) 
+ F(c°2,y). 


é 


Then there eatsis a linear mapping 2 —>.6(x) of & mto P suck thai 
f(z, yee 6(y) —y: e(z) + 6(2° 9). | 


We shall not write out the proof of this theorem. Tt is very similar to 
that of Theorem 2.7 below and requires the same methods we have employed : 
already in the proof of Theorem 2. 1. ! 

- There ig an interesting analogue of this theorem = associative algebras ; 
it is as follows: 


THxuorem 2.7. Let WU be a semi-simple associative algebra over a field of 
characteristic 0. Let $ be a two-sided W-module and suppose. we have a bi- 


linear mapping (a,b) —> f(a, b) of AXA into P such that a: Fob, c) í 

+ f(a, be) — f(a, b) ‘e+ F(ab, c). Then there exts{s a linear mapping 

a—> ela) of A into Y such that F(a, b) =a, a(b) tela) -b —e(ab). 
Proof. In the notation of Theorem 1.8 we have: h- F(a, b) = Š hih, 


F(ab) = Xhu Gua) -b + Fiaa, b) —F (s ab) ) = (a) -b — e: (ab) 


gr. ~> > x. > 
-+ © hu: f (h;a, b), where we have put e, (a) = $ hi: f (haa). Now, as a con- 
izi i=l 
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” ka > 
sequence of the properties of the bases (h4) and (i), we have X hi: f(hia, b) 
1 


ko n > A > -> > -> 
== 2, alu -f (hi, b) =a: e (b). Hence A:f(a,b) =a- e (b)+ e(a): b 
— e (ab). 
e Let now © be the linear subspace of P formed by those elements g for. 
which 4> ga 0. Suppose first that Q = {0}. Then the mapping Er 


= T(ej ‘possesses an inverse T, which commutes with all the elements of M, 


regarded as operators on P, and we may then take ela) on [ot fe, (a) }. 
Next, let us suppose that both the’ left representation and the right 


representation are null. Our condition on the mapping F then becomes : 


f(a, bc) — f (ab, c). Let (X, P) denote the direct sum of the linear spaces 
Wand P. To every element a of Y we have a transformation of (A, P) which - 


is defined by the formula (b,¢)—>a-(b,e) = (ab,f(a,b)); it is easily 
verified that this defines a representation of A with (W, P) as representation 
space. The subspace (0, %%) is clearly an invariant subspace. Since every 
Tepresentation of is completely decomposable there must exist another invariant 
subspace 0)* of (N, P) such that (M, P) is the direct sum of (0, P) and %*. 


Let us write, according to this decomposition, (a,0) = (0, 2(a)) + g* (a). 
We have then 


b: (a,0) =b (0,6(a)) +b-g*(a), i.e. (ba, f(b,a)) =b q* (a) eD. 
On the other hand, we have 


(ba, f(b, a) ) — (ba, 0) + (0,7 (è, a)) = (0, e(ba)) + q (ba) + (0, FO, a)). 
It follows that (0, e (Ba) ) +- (0, f(b, a)) = 0; the mapping a > —e(a) is a 


linear mapping of M into P such that f(a, b) = — e(ab); and our theorem is 
verified for this case. The theorem is trivial if $ is of dimension 0, and we 
can now proceed by induction as in the proof of Theorem 2.1, since we shall 
have Q +4 P for either the left representation or for the right representation, 
unless we have the case just disposed of. As an application of Theorem 2. 4 
we give a proof of the well-known result that every associative algebra over a 
field of characteristic zero can be represented as the direct sum of its radical 
and a semi-simple subalgebra.* _ 


rama 


2J. H. C. Whitehead has communicated a proof of this result to N. Jacobson, which 
utilizes the same ideas as the proof given here. 
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` Let N be any associative algebra over a field of characteristic zero, and let 
R denote the radical of M. We may clearly suppose that R4 {0}. If we 
have R754 {0}, M/R? is of smaller dimension than Y. Hence, if we suppose 
that the result has already been proved for all algebras of smaller dimension 
than A (it is obvious for dimension one), we have that A/R? == ©* + W*,, 
‚where ©* is the radical of U/R* and W*, is a semi-simple subalgebra of A/P” 
which is isomorphic with (U/#*)/G*. But it is clear that G* == R/R, and 
hence that 1*, is isomorphic with A/R. Now, there clearly exists a subalgebra 
A, of N such that A*, == A, /R?, and we have then A/R? — R/R? + M/R. 
Since R/R? -4 {0}, we have dim. A, < dim. M. Hence there exista a sub- 
algebra M, of YW, i.e. also of M, which is isomorphic with 1, / R2, and hence 
also with A/R, such that M, — R? + M, and we have Wa R+ Me. 

The only difficulty arises if R? == {0}. In this case we note that R may 
be regarded as a two-sided X/R-module, the operation with elements of A/R 
on § being that of multiplication of the elements of R by an arbitrary repre- 
sentant in M of an element of A/R. (Since R? == {0}, all representants of a 
given coset, modulo R, will induce the same transformation of 9.) 

_ Let us, choose a linear subspace © of YW such that A == R -+ S. We have 
then a one to one correspondence a <> a* between the elements a of A/R and 
the elements a* of ©. Set f(a, b) = (ab)* —a*b*. Then f(a,b) «Rt for 
any a,b «2/R and gives a bi-linedr mapping of N/R x A/R into R. Now, 
we have f(a,b)-c-+f(ab,c) = ((ab)*—a*tb*) -¢-+ (abc)* — (ab) *e*, 
a-f(b,c) + f(ab,c) =a: ((be)* —b*c*) + (abc)*—a*(bc)*. But if 
ae U/R, FeR, we have a'f=— a*t. Hence we have f(a,b)-c-+ f(ab,c) 
— (abc)* —a*b*c* = a: f(b,c) +f(a,bc), i.e. f satisfies the conditions of 
Theorem 2.4. It follows that there exists a mapping a —> ã of M/R into R, 
such that f(a, b) —= ath +. Gb* — ab, i.e. (ab)* — a*b* = ath + ab* —ab. 
If we set @2—a* +4 we have, therefore, ab = a*b* + atb + Gp * (ab)* 
+ ab —=ab, whence our result follows immediately. l 


3. Derivations. 


Definition 3.1. Let N be any algebra (not, necessarily associative) ; let B 
be another algebra (of the same kind) which contains N as a subalgebra. A 
lineat mapping ¢— D(a) of N into B such that, for any elements z, y eù, 
we have D(z-y) = D(z) -y+2-D(y) is called a derivation of M into B. 
A derivation of Y into itself will sometimes be simply. called a derivation of N. 

If- is an associative algebra contained in another associative algebra B, 
it is easy to verify that the mapping a —> ba — ab, where b is any fixed element 
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of B, is a derivation of N into B. This derivation can trivially be extended to 
a derivation of % into itself. 

Similarly, if 2 is a Lie algebra contained in another Lie algebra &, we see 
from Jacobi’s identity that the mapping l — 1° k, where k is any fixed element 
of &, is a derivation of 2 into & which can be extended to a derivation of & 
ingo itself. | | 


Definition 3.2. If YW is an associative algebra, the derivation a — aa 
— (iy, Where dp is any fixed element of X, is called an inner derivation of M. 

If & is a Lie algebra, the derivation 11° lo, where J, is any fixed element 
of 2, is called an inner derivation of &. | 

It is known that a semi-simple Lie algebra possesses only. inner derivations.’ 

For associative algebras it has been shown ‘ that, if N is a semi-simple 
subalgebra of a normal simple algebra R, any derivation of Y into itself can 
be extended to an inner derivation of ®t. 

Before we generalize these results we make the following definition: 


Definition 3.3. Let M be an associative algebra, or a Lie algebra. M is 
said to be reflexive if every derivation of & into an arbitrary algebra B > A 
can be extended to an inner derivation of $. 


THEOREM 3.1. A Ine algebra is reflexwe tf and only tf it possesses the 
property of Theorem 2. 1. 


Proof. 1). Suppose that a Lie algebra Q satisfies the condition of 
Theorem 2.1. If ÑQ is any Lie algebra containing &, we may regard it as a 
representation space of %, the transformation of & corresponding to an element 
te being the mapping k—> kol. If now D is any derivation of Q into & 
we have D(l°m) =D(l)°m+1°D(m) = D(l) °m—D(m) °l, which 
shows that the mapping /—> D(1) satisfies the conditions of Theorem 2.1. 
Hence there exists an dement ky ¢ such that D(l) = ko ° l, whence we see 
that 2 is reflexive. 2). Suppose that 2 is reflexive. Let $ be a representation 
space of Q. We define a Lie algebra & whose underlying space is & X Ẹ by 


-> > > -> 
the commutation rule (l,e) ° (m,f) == (19m, m:e—l- f). (It is easy to 
verify that Jacobi’s identity is satisfied). & contains (Q, 0) as a subalgebra 
isomorphic with &. š 
aK. Yosida, “A characterization of the adjoint representations of the semi-simple 
Lie rings,” Japanese Journal of Mathematics, vol. 14 (1938), p. 170. 


‘Cf. N. Jacobson, “ Abstract derivation and Lie algebras,” Transactions of the 
American Mathematical Soctety, vol. 42 (1987), p. 214. 
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Suppose now we have a mapping }—> e(1) of 2 into Ẹ, as is gneisi in 
Theorem 2. 1. This gives a mapping (1,0) > (0, e(L)) of (2,0) into & which 
is a derivation since (0,6(1°m)) = (0,m-6(1) —1-e(m)) = (0,e(1)) 
o (m,0) + (1, 0)°(0, e(m) ). But (Q, 0), being isomorphic with &, is reflexive, 
‘and hence there exists an element (Jo, 80) e& such that (0, e(l) ) = (I, 0) 


o (lo, €o), which implies that e(1) = l: (— 2), as required in Theorem 2. 1. 
This completes, the proof. 


THEOREM 3.2. An associative algebra is reflexive if and only if tt 
possesses the property of Theorem 2. 2. 


Proof. 1). I£%8 is any associative algebra containing X we may regard 
B as a two-sided %-module. A derivation D of N into B is a mapping of the 
type considered in Theorem 2.2. The conclusion of Theorem 2.2 becomes 
the statement that D is an inner derivation of &. Hence if A has the property 
of Theorem 2.2 then it is reflexive. 2). Suppose that W is reflexive and let 
V be a two-sided 9{-module. We construct an algebra B over the linear space 


91 X P by defining multiplication as follows: (a, e) - (b, f) = (ab a'f +e: b). 
The rest of the proof is the same as the corresponding part of the proof of 
Theorem 3. 1. 

From Theorems 3.1, 2.4, 2.1, 1.2 and 3.2, 2.3, 2.2, we have now: 


THEOREM 3.3. If an algebra (Lae or associative) is reflexive then every 
representation of it is completely decomposable. 


THEOREM 3.4. An algebra over a field of characteristic zero is semi- 
simple if and only if tt is reflexwe. 


Remarks. 1). We have shown without any assftmption on the ground- 
field that if an algebra is reflexive then it is semi-simple. The converse was 
proved with the restriction that the groundfield be of characteristic zero. That 
this restriction is necessary for associative algebras is seen from results of N. 
Jacobson who considered the derivation algebras of certain fields of charac- 
teristic p. (Clearly, if a field were reflexive, its only derivation would be the 
mapping which maps every element on 0; btt this is not the case for charac- 
teristic p). We refer to: N. Jacobson, “Abstract Derivation and Lie Algebras,” 
Transactions of the American Mathematical Society, vol. 42 (1937), p. 217, 
for these results. 

For Lie algebras, the necessity of our restriction is seen from the following 
example: 
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' Let P be the field of the integers mod. 2 and define a Lie algebra of 
dimension 3 over P by the following equations of structure (z, y, z is a basis 
of the Lie algebra): g° y=. z, yO¢—=a, z0°g= y.: The Lie algebra thus 
defined is clearly a simple Lie algebra. But the linear mapping D defined by 
the equations D(z) = 2, D(y) =y, a = 0 is a derivation which is not 
inner. i l 
2). It may be useful to point out that the condition that an algebra N 
be reflexive is genuinely stronger than the condition that all derivations of W 
into itself be inner. 

In fact, consider. the Lie algebra & of dimension 2 over (e. g.) the field 
of the rational numbers, with generators x,y, where z ° y= zx. It is easily 
verified that every derivation D of % into itself is of the form D(a) == az, 
D(y) == Bx. If we put z—ay— fe we have D(z) —2x02z, D(y) —¥°z, 
i.e. D ig an inner derivation. But Q cannot be reflexive, since it is solvable. > 

Similarly, the associative algebra of all matrices of the form ( ), with 
coefficients in the field of the rational numbers, is clearly not semi-simple and 
hence cannot be reflexive; but it is easily seen that every derivation D of this 
algebra into itself is of the form D(En) = «#2, D(En) = BE, D( E22) 

== — QE», where we have written FE for the matrix (2); etc. Now, if 
dy = 482, + BHo2, we D(a) = aoa — ado for every element a of this algebra, 
i.e. D ig an inner derivation. 


_ 4, Derivation algebras. If% is any algebra, the derivations Da, Da,’ >- 
of X constitute a Lie algebra of linear transformations, commutation being 
defined by the formula D, ° D: == D,D,—D,D2 The Lie algebra thus ob- 
tained is called the derivation algebra of A. We propose to study the structure 
A derivation algebras. 


Definition 4.1. Å subset 53 of an fice (Lie or ceo is called 
characteristic if D(%) È & for every derivation D of the algebra. 

For example, it is easy to verify that the center of a Lie algebra is always 
a characteristic ideal. Similarly, the center of an associative algebra is always 
a characteristic subalgebra. | 

We shall require the following: 


THEOREM 4.1.5 Let Q be avLis algebra over a field of characteristic 0; 


let © be its radical (the maximal solvable ideal). Then © is a characteristic 
ideal. ae 


“This was first proved by H. Zassenhaus, Hamb. Abhandlungen, Band. 13 (1940), 
p. 79. 
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- _. Proof. Let § 0 §Y 0G D. - - Ge — {0} be the sequence of the ` 
'' guecessive derived algebras.of §. Let Be be any derivation of &. Suppose that 
D(H) CS for all i= 1,2,- > ; ; (this holds AERE for k = p). Then 
wẹ shall show that. D‘($™) C 5: tom 1, 2,- 

Since §) is an ideal of Q it is easy to see that the set [6+ D ($)] of 
‘all elements of the form h + D(h’), where he § and he §™ constitutes. an 
ideal in Q. If hi, hae Q™ we have 2 D (hı) © D(h2) = D? (h, © h2) mod. 
and it follows from our inductive hypothesis that D(hi):° D(hs) «§. ` 

Hence the derived algebra [9 + D(G®)]’ ia contained in $: . 
[ + D(§™] is therefore a solvable deal of x, and since © is maximal we 
must have D($®) CT ‘§. 

Suppose we have already proved that D*(9™) G S for allt < n. Then . 
[9 + D*()) ] is an ideal in &, for D*(h) ° e= D*(hox) mod. & for all 
he S® and ce. The derived algebra [$ + DSJ consists of sums of 
‘elements of 9 and elements of the form D”(h,) ° D* (h: ), with hy, hee GS. 
But D” (hı) °D* (hz) =1/anOn-D?"(hy ° ha) mod. §, whence we may con- | 
_ clude, as before, that we must have D” (9) CS. Thus we have shown that, 

if D#(S@)) C § for all i, then also aaah C § for all t, and our theorem 

follows by induction on k. 

In exactly the same manner we can Proe 


THEOREM 4.2. The radical of an dssoorative dia over a field of 
characteristtc O is a characteristic ideal. 


Let now % be a Lie aeni or an associative algebra over a field of ees 
teristic 0. In either case we may write Y —= 9 + R, where § is the radical of i 
A and § is a semi-simple subalgebra. If D is any derivation of A we have 
D(H) C §. On the other hand we know that there exists an element ae W- 
- such that D(k) = k ° a, for every keg. (In the associative case, k ° a will 
stand- for thé expression ayk — kao). Let Da, denate. the inner derivation 
effected by ao. If we put D’ = D — Dg, we have D’ (8) = {0}. We have, then, 
D’ (ho k) = D (h) °k (for Lie algebras) or. 

D’ (kh) = kD’ (h) Utara ones (A) 
D' (hk) = D (h)k J (for associative algebras). 


Conversely, any derivation of .§ satisfying the condition (A) gives a 
derivation of if we define D (k) == 0 for every k eft. Hence we have: - 


THEOREM 4. 3. Every derwation of A is the sum of an inner. derivation 
and a derivation which annuls St. , 


A derivation of § can be extended to a detention of A if and aly ji it 


t ; 


| 
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is the sum of an inner derivation (by means of an element of Y, not necessarily 
of ©) and a derivation with the property (A). 
We are now in a position to prove the following result: - . 


THEOREM 4.4. The derivation algebra D of a Lie algebra & over a field 


of characteristic 0 ts semi-simple if and only tf 2 is semi-simple. 
è 


`- Proof. If & is semi-simple, D consists only of inner derivations. More- 
over, since the centér of & reduces to {0}, D is isomorphic with 2 and hence 
is semi-simple. 


Suppose now that Dis semi-simple. Let us write Q= § -+ R, as before. 
Denote by Dg the set of the inner derivations of & which are effected by the 
elements of Q. If Ds is such a derivation, and D ig any other derivation of & 
we have Dx ° D == Dpi, whence it is clear that D © is an ideal in ©. Since 
§ is solvable, it follows moreover that Dø is solvable, and hence must reduce 
to {0}. This means that § is the center of Q. Since every derivation is inner 
as far as & is concerned, this implies that every derivation maps & into itself. 
Finally, every derivation of the center Q can be extended to a derivation of 2 
which annuls &, and the same statement is true if § and & are interchanged. 
Every derivation is the sum of derivations obtained in this manner; in fact, 
D is isomorphic with thé direct sum of the derivation algebra of § and the 
derivation algebra of &. Since § is abelian, its derivation algebra is the Lie - 
algebra of all linear transformations of §, and this is clearly not semi-simple 
unless G6 == {0}. This completes the proof. 

With regard to associative algebras it is known that the derivation algebra 
of a normal simple algebra is simple (N. Jacobson, “Abstract Derivation and 
Lie Algebras,” Transactions of the American Mathematical pone: vol. 42). 
We shall prove: 


THEOREM 4,5. Let Tf TE an associative algebra over a field of charac- 
teristic 0, and let D be the derivation algebra of A. Then D is semi-simple 
or {0} if and only if U is semi-simple. 


Proof. I£ % is semi-simple its derivation algebra consists only of inner 
derivations. Let us denote by W, the Lie algebra obtained from Y by defining 
the commutator of two elements aṣa ° b —ba—ab. Then it is clear that the 
derivation algebra of J is isomorphic with W:/8, where $ is the center of My. 
Now, it is known that the derived algebra W: of Mı is semi-simple or {0}.° 


°W., Landherr, “Uber einfache Lie-sche Ringe,” Hamb. Abhandlungen, Band 11 
(1935), pp. 41-64. N. Jacobson, “ Simple Lie algebras over a fleld of characteristic 0,” 
Duke Mathematical Journal, vol. 4 (1938), p. 536. 
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Let § be the radical of %,. Then § ° %, is a solvable ideal in W; and hence 
HoA, = {0}. But this means that 6 C8 (in fact 6=8). Hence W:/8 
is semi-simple or {0}, which proves the first part of our theorem. 

Suppose now that D is semi-simple or {0}. Write W —= R + 8, where & 
is a semi-simple subalgebra and {ft the radical of Y. It follows, then, as in the 
. proof of Theorem 4. 4, that ft is contained in the center of A and hence that & 
is mapped into itself by every derivation of N. Let R DR? D- - -D RF = {0} 
be the series of the successive powers of R. It is easily seen by an induction 
. on the exponent t that every R? is a characteristic ideal of W. Suppose that 
R= {0}. 

If R? == {0} we can define a derivation D of Y as follows: 


D(r)=r ifreR; Dk) =0 if be®. 


It is clear that D is really a derivation of W. If D* is any other derivation of 
M we have l 


(D° D*) (r) = (D*D — DD*) (r) = D* (r) — D(D*(r)) = 0 if re R 
(since D* (r) eR) 
md (PAEDR E eee ae — — D(D*(k)) = 0 if keR 
(since DĦ (k) «&). 
Hence D 0 D* = 0 for every D* e D, which contradicts the hypothesis that D 


is semi-simple or {0}. Hence R? {0}, and so,.in the series above, k > 2. 
If ro e R% we can define a derivation Dr, of Y as follows: 


D,.(7) = rer Erek; D, (k) =0 if keg. 

(Again, the verification that this is really a derivation is trivial.) 

If D is any other derivation of 2 we have 

(D,,° D) (rv) = D(ror) —1° D(r) = D(r) r if re R, 
(since D(r) eÑ) 

and (Dn ° D) (k) ——-D,,(D(k))—=0 if keS, (since D(k) «&). 

Hence D,,° D = Doro, which shows that the derivations of the form 
Dry Toe R**, constitute an ideal in D. Since there is at least one non-zero 
derivation of this type (otherwise we should have N- = {0}), and since the 


ideal just defined is clearly abelian, we have again reached a contradiction. 
Hence R = {0} and Y is semi-simple. 


PRINCETON UNIVERSITY. 


THE LIMIT OF THE RATIO OF ARC TO CHORD.* 


By GEORGE COMENETZ. 


1. Introduction. This paper deals with a problem in the geometry of 
Euclidean space of three complex dimensions. Given a fixed point O on an 
analytic curve in this space, let V be a variable point which approaches O along 
the curve. The problem is to find the limit of the ratio of the arc OV to the 
chord OV. If the space were real the limit would of course always be unity, 
and even in complex space the limit is unity whenever the direction of the 
curve at O is not isotropic, that is, whenever the tangent line at O is not an 
isotropic line. But if the direction is isotropic the limit as a rule is a complex 
number other than unity, as Kasner discovered.” For the corresponding 
problem in two dimensions he found a theorem, quoted below as Theorem I, 
which shows how the limit is related to standard geometrical quantities con- 
nected with the curve. In Theorem II we present a similar result for curves 
in three dimensions. 

After the flat spaces of two and three dimensions, the question is con- 
sidered in a curved two-space, namely a surface lying in the given Euclidean 
three-space. A curve is drawn‘on the surface, passing through a given point O. 
What is there about the geometry of the surface at the point, and of the curve, 
which determines the value of the limit? Then, what kind of a set of limits 
can be obtained at a given point on a surface by using all possible curves? 
The latter question was answered by Kasner.’ An answer to the former, based 
on Theorem II, is given below in Sections 3 and 7. 

If the curve under investigation is not isotropic at the given point O, 
the limit is unity as alfeady mentioned. If the curve is isotropic at O and 
also throughout a neighborhood of O, that is, if it is an isotropic curve, the 
limit is zero, for the arc vanishes identically (and the chord does not, for we 
assume the curve is not an isotropic straight line; if it were, both arc and chord 
would vanish and no ratio could be formed). The determination of the limit 


* Received August 29, 1941. Abstracts in Bulletin of the American Mathematical 
Society, vol. 38 (1932), p. 192; vol. 45 (1939), p. 87. 

1 This theorem dates hack at least to Newton’s Principia, Book I, Lemma VII. 

3“ The ratio of the arc to the chord of an analytic curve need not approach unity,” 
Bulletin of the American Mathematical Society, vol. 20 (1914), pp. 624-531. 

5“ Complex Geometry and Relativity: Theory of the ‘Rac’ Curvature,’ Proceedings 
of the National Academy of Sciences, vol. 18 (1932), pp. 267-274. 
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therefore becomes a problem only when the curve is isotropic at O itself, but 
at no other point within a neighborhood of O. This is interesting because the 
curves studied in complex differential geometry are usually either not at`all 
. or else wholly isotropic, whereas here thé attention centers exactly on the 
isolated isotropic points of ordinary, non-isotropic curves. 

Somewhat analogous to this is the fact that in the’ „discussion of curves 
on a surface two cases must be treated, depending on whether the tangent 
plane to the surface at O is an isotropic plane or not; and the case in which’ 
it is isotropic is considerably the more complicated of the two. l 

In Section 6 we investigate. the isotropic net of curves on a surface, ‘at a 
point where the tangent plane is isotropic. Such a point is singular for the 
differential equation ds? == 0 of the isotropic net. The various things that can 
happen are described in Theorems II-V. 

The theorem of Kasner-on the geometrical determination of the limit for 
curyes in the plane is as follows. 


Turorem I. Let O bea regular point on an va te curve in space of 
two complex dimensions. If the direction of the curve at O is not isotropic 
the limit of the ratio of arc to chord is 1. If the dir ection at O is isotropic, 
let n be the order of contact of the curve with its isotropic tangent line at O. 
Then the limit of the ratio is 2(n+1)8/(n+2). | 


i 


a 
-e 


The corresponding theorem for three dimensions is this: 


THEOREM II. Let O be a regular point on an-analytic curve in space of 
three complex dimensions. If the direction of the curve at O is not isotropic 
the limit of the ratto of arc to chord is 1. If the direction at O is isotropic, 
let n be the order of contact of the curve with its isotropic tangent line at`O, 
and let m be the order of contact of the curve with the tsotroptc plane which 

` contains that isotropic line. Then if m > 2n the lipit of the ratio is + 1, 
and if m < 2n the limit is 2(m + 1)8/(m-+ 2). If m— 2n, isoiropic curves 
exist which have contact of order m with the gwen curve at O. If there exists 
in addition an isotropic curve having contact of order higher than m with the 
given curve, the limit is zero. If no such isotropic, curve of higher contact 
exists, the limit equals . 


5/[8* — (m + 2)2/4tm + 1), 


where 8 is the value at O of the derivative of the radius of curvature with 
respect to arc-length. For a suitable curve thts can become any complex 
number other than + 1, 2(m-- 1)#/(m + 2) and zero. 


Thus in three dimensions, as in two, the limit depends on orders of contact, 
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which are integer invariants; but in three dimensions it may also depend on a 
differential invariant, the derivative of the radius of curvature with respect to 


are-length. - 


2. -Proof of Theorem II. We assume as known that the limit of the 
ratio of arc to chord is 1 when the curve’s direction is not isotropic.‘ 

Suppose, therefore, that the direction of the curve at O is isotropic. We may 
take O as the origin and the isotropic straight line y = 0, z == iw as the tangent 
line at O. Then the equations of the curve in some neighborhood of O may be 
expressed by two power series, 7 


(1) E dns yg ES 
(2) Z =— 1T 4- bma +- Danag? eee, 


where drs 0, bma >£ 0, v Z 1 and m Z 1 (if y==0 we say that y = œ, and 
then there is no av, ; similarly if z = iz, m= co and there is no bm). 

The isotropic plane which contains the isotropic line y == 0, z = iz is the 
plane z == iv. The integer m represents the order of contact of the curve with 
this plane at O. The order of contact n of the curve with its isotropic tangent 
line is the smaller of the two integers m and v or either one if they are ae 
that is, 

n = mmn (m,y). 


First suppose that m > 2n, in which case n is v, so that m > 2v. Let c 
stand for the chord and s for the arc, each measured from O to a variable 
point (s, y,z) on the curve. Then 


om (at y +2), s= f a+r + z”)idz. 
a7 0 
By substitution from (1) and (2); 


C= [ a? a ee +: So] + (— 3 -}- Ribama Tt? a JÉ, 


C= (ay 07 -pe o O me (Gye + +); 


s= (OF OH Darat 
+[—1 + 24(m + 1)bmar” + > -Jèdz, 
pack fi [(v + 1) ave” + jars (ara Ho -). 


t In this case the arc and chord are functions of the parameter of the curve each of 
which separates into two distinct branches in a neighborhood of the given point. It is 
understood that corresponding branches of these two functions are selected to form the 
ratio of are to chord, corresponding branches being those which have the same derivative 
at the given point. If such a selection is not made the ratio can approach both +1 
and —1. However in the remaining Ceeueeon where the curve’s direction is isotropic, 


~ 
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Dividing s by c (the two + signs are independent), and cae R for the 
limit of s/c as z approaches zero, we see that 


| Ret] 
as Theorem II states. | 
l The next hypothesis is that m < 2n. Then m < 2v. Calculating as aboye 
we have | 


C= (24D mar) Bar 4) /? dime a | 

= f {[2i(m + 1) bmn Jizn 4 - dZ == 
rg Laem + 1) Bax Jise eee 

R—2Vm-+1/(m+2). | 


This confirms the third result in Theorem II. 
Suppose finally that m — 2n, which means that m = 2v. In this case 


C= (av + 210. mss) emt?) /2 +r, 
(3) - == a [ (v + Eaves + 2i(m + 1) Daas Heat?” Jersi 





The leading coefficients cannot both vanish as that would require m to be zero. 
Hence 
(4) R— 2 [£+ 1) 0% Hilm iban 
m+2 Ovas H ibm 
(Tf vu + 2b = 0, then R = o.) 

The fact that there exist isotropic curves. Y = Y (x), Z = Z (x) .which 
have contact of order m with the given curve may be; recognized as follows. 
_ For Y (z) any convergent power series in z may be chosen which agrees with 

(1) up to and including the term at”. Then Z’ (æ) is determined by the 
condition’ for an isotropic curve, m 


ipren or Zer, 


From this we compute that 


i : t(v + 1)? 2 | vel | S52 
(5) Ale) = ie t 9055 FT) Grytt H 
As this series n with (2) through the’ first 2y or m terms, the isotropic 
curve Y= Y (z), Z ae touches the given curve (1), (2) to the order m. 


we shall not try to avoid anaes of sign. The limit T every case will then be . 
indeterminate as to sign. Thus all the square root symbols are to be understood ambigu- 
ously. If we were to consider the square of the ratio of are to chord instead of the ratio 
itself, then there would always be a unique limit. | 
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On the other hand, an isotropic curve having contact of order higher than 
m with the given curve will exist if, and only if, the coefficient of z**** in (5) 


equals the coefficient of ™** in (2). This condition may be written as 
H = (v + 1)%a?v + 2t(m + 1) dni = 0. 


Now returning to (4), we see that if ‘an isotropic curve exists which has. 
contact of order higher than m with the given curve, so that H = 0, then R 
will be zero. l i 

Suppose, on the contrary, that there is no isotropic curve which touches the 
given curve to an order higher than m. Hence H is not zero. From the 
ordinary formula 
Uy 
OFF OF yy i 


for the radius of curvature 7, we can then calculate that 


r? — 


2 a = m+2 de ae od 
(6) aa re T 
for the given curve (1), (2).°’ The limit of +/s as z approaches zero is 8, the 
derivative of the radius of curvature with respect to arc-length at O, because 
r and s both vanish at O (similarly the limit of the ratio of arc to chord is also 
the derivative of the arc with respect to the chord). From (8) and (6) 


therefore, | í 


m+2 1H à 
(7) aaa Pees mii 


This can be solved for the ratio @7y31/6m.,. Substituting the result in (4) and 
simplifying, we find that 


So 
(8) A fe ora 
4(m+1)_] ’ 
which is the formula given in Theorem IT. 

By assumption av, Bs, and H do not vanish, but av, and bm,ı are other- 
wise unrestricted. It follows that 6 in (7) may have any finite complex value 
with the exception of zero ande + t(m + 2)/m. Now from (8), R? is a linear 
fractional expression in ô. Henge Æ can be any complex number, including 


œ, with the exception of zero, +1 and 2Vm+1/(m-+ 2). This ends the 
proof of Theorem IT. . 


5 The radius of curvature in the sense of limit of the ratio of are to angle-difference 
does not exist at O. We define r to be zero at O, zero being the limit of r as a point 
on the curve approaches O. 
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The theorem implies that if the limit of the ratio of arc to chord is known 
to be zero for a certain curve at a certain point, then the order of contact of 
the curve with its (necessarily isotropic) tangent line at the point is half the 
order of contact with the isotropic plane containing the tangent line. In 
particular this is true at every point of an isotropic curve. But it is easy to 
. show that directly, by applying the condition 1 + y? + 7? = 0 to (1), (2)e 


3. Surface with non-isotropic tangent plane. Let O be a given regular 
point on a given analytic surface S. Let C be an arbitrary analytic curve on 
S, regular at O. 

The limit R of the ratio of arc to chord of C at O is determined by the 
curves m and n or its è or its behavior relative to the neighboring isotropic 
curves, all as described in Theorem II. But C is now not a general curve 
through O, but a member of the restricted class of curves that lie on S. Its 
m and n and so on are therefore, in turn, at least partly determined by JV. 
To describe this determination and the consequent determination of R in 
geometrical terms is the main object of the rest of the paper. The figures and 
quantities we employ may be of use in other‘ problems in the geometry of 
surfaces in which orders of contact are significant. 

Let T be the tangent plane to S at O. In this section we treat the case 
in which T is non-isotropic. In Section 4 we define an invariant analogous to 
order of contact, preliminary to a discussion in the remaining sections of the 
rather involved geometry when T is isotropic. 

As T is now assumed non-isotropic, there lie in it two uoi straight 
lines passing through O. Let these be called L and I” and let their respective 
orders of contact with S be p and p’. 

If C is tangent neither to L nor to L’, the limit È is 1. 

Suppose now that C.is tangent to L. Draw the plane Jf which passes 
through L and through the normal to S at O. This ig the isotropic plane that 
contains LZ. Let the curve of intersection of M with S be named D. Since 
the order of contact of L with 5 is p, the order of contact of L with D is also p. 

Let m denote the order of contact of C with D. The order of contact 
of C with plane M is the same m (this can be deduced from the definitions of 
the order of contact of a curve with a curve and & curve with a surface, and the 
fact that a line through a point of O and a*point of D approaches parallelism 
to T as the two points approach O). Let n be the order of contact of C and L. 

Tf a, 8, y are three curves tangent at a point, and if «8, By, ay denote 
their orders of contact one with another, there is the obvious triangle inequality 


(9) ay = min (aĝ, By), 
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in which the equality sign holds if «8 54 By and may or may not hold if 
a8 = By. 
Applying this to C, D and L we have 


(10) n= min (m, p) ifm4p, nm or pif m—p. 


Tpere are three cases, depending`on the size of m as compared with 2p. 

First, if m < 2p, it follows from (10) that m < 2n; for if m<p, 
then n= m and hence n>m; if p<m< 2p, then n—p and again 
2n >m. Second, if m—2p, we see that n =p and therefore m = ĉn. 
Third, ifm > 2p, then n = p and. m > 2n. Thus when m is less than, equal | 
to or greater than 2p, m is correspondingly less than, equal to or greater 
than 2n. 

Let us use the abbreviation 


Ra [h + 138 (h 4 2). 


By Theorem II, when m < 2p, R has the value Rm. When m 2 2p, R is 
+ 1. Suppose finally that m == 2p. 

The surface § contains just one isotropic curve, ae we call Æ, that 
passes through O in the direction of L. It is that member of the isotropic 
net of curves ds? =— 0 on 9 which is determined by the direction element 0, L. 
' The order of contact of # with M must be double its order of contact with J, 
by the remark at the end of Section 2, As we saw just above, a curve on the . 
surface can have this property only if its order of contact with D is 2p. 
Consequently Æ has contact of order 2p with D. g 

If an isotropic curve in the L direction has contact of order higher than 
2p with S, it has contact of order higher than 2p with E (it.is even true that 
if it has contact of order higher than p with S, it has. that same. order of 
contact with #). We omit the short calculation which proves this. 

If C, with m equal to 2p, is drawn so as to coincide with F or at least 
to have contact’of order higher than 2p with E, R will be zero by Theorem II. 
If the order of contact of C with P is exactly 2p, the minimum possible value 
in virtue of the triangle inequality applied to C, D and E, then C cannot 
have contact of order higher than 2p with any isotropic curve. If it did, the 
latter would have contact of drder higher than 2p with S, but exactly 2p with 
E on account of the triangle. inequality, in contradiction with the previous 
paragraph. By Theorem II, R then equals 


8/ [3 — 1/B*2p]', 


an expression which never has the values + 1, Kap, OT Zero. For a suitable 
curve C it can have any other complex value, but because C is confined to 8 
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. this does not follow from Theorem II. It requires a separate proof, which we 
omit, showing that § can still have any finite value other than zero and 
+ 1(p-+1)/p. 

Summary. There are the carta S, the point O, and the isotropic line 
L through O having contact of order p with S. There is the curve D on 8S, 
, dhe normal projection of L upon S. There is the isotropic curve E on ¢, 
having contact of order 2p with D. These are all the fixed elements. 

Draw a curve C on 8 touching D to the first order at O. Now imagine C, 
nlways remaining on the surface, to be altered gradually so that its order of 
_ contact CD or m with D rises. steadily through the integers 1, 2,3,--- until 
finally C merges with D. The progress of C will be accompanied by changes 
in the value of the limit È according to the following rule: 


a — Rm; 
CD—=2p, CE=2p: R= FoS —1/h*,,|4, which may -be any number 
. but +1, RA.» and 0; 





CD=2p, CE > 2p: R=0; 
CD > 2p >: R= +1. 


Of course if p = oo, that is if L les in 5, only the first stage occurs. 
Curves touching the other line Z’ behave in the same way, p being 
replaced by p’ and D and E by correspondingly constructed curves D’ and F. 


’ 4. Order of coincidence of directions. In order to investigate the case 
of a surface with an isotropic tangent’ plane, we find it desirable to define an 
arithmetic ‘invariant of a family of directions, es i to the order of 
contact of a curve with its tangent line. 

Let there be given a one-parameter family of rection I(t), which we 
may represent ‘as straight lines through the origin O, having direction 
numbers which are analytic in the parameter t. Suppose that as t approaches 
a certain value to the lines approach a certain line l(t), and furthermore 
suppose that the plane determined by /(¢) and (to), approaches a certain 
plane J. Take a fixed point P on l(t) distinct from O and pass a fixed plane 
K through P not containing ł(to). Let I(t) cut K ata point Q(t). In K 
raw a fixed non-isotropic line j through P. Draw a line from Q(t) to a point 
N(t) on j,'in some fixed direction not parallel to J. If + is the ordér of the 
infinitesimal distance PN relative to t— to, we shall say that the order of 
coincidence of the directions I(¢) with the limiting direction (to) is p. 
(If I(E) = Ito), p= o.) 

Suppose that e(t), f(t), g(t) are direction Ts of I(t), ee 
the direction humbers e(to), f(to), g(to) of L(to) as t approaches to. Then x 
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equals the order in !—t, of that one (or Ea of the three two-rowed 
determinants in the matrix 


a(to) f(t). g(t) 
e(t). F(t) g(t) 


which has (or have) lowest order in t— to. Thus » does not depend on the- 
choice of P, K, 7 and the direction of QN. We omit the proof of this formula. 

The integer » may not be purely geometric, since it depends on the para- 
meter t. But if ¢ has geometric meaning then u does become purely geometric. 
For instance, if the l(t) are a set of direction’ associated with the points of a 
curve (they then form a “ series”), and if ¢ is arc-length along the curve, 
p ig geometric. “Even if t ig merely the z-codrdinate employed as parameter 
along the curve, p is still geometric, the reason being that for any z-codrdinate 
which can be used as parameter z— xo is of the first order relative to the 
£— To for any other, so that the order of PN is independent of the par- 
ticular z-codrdinate. For example, if the l(t) are the tangent, directions along 
the curve and £ is the z-codrdinate, a equals the order of contact of the curve 
with its tangent line at fo, as is easily proved. O ; 

If neither 1 (f) nor J is isotropic, » is simply the order of the ea 
angle between (to) and L(t) relative to t — to. 


(11) 














§. Surface with isotropic tangent plane. Once more let O be a given 
point on a given surface § and let C be any curve on S passing through O. 
We now suppose that the plane T which is tangent to S at O is an isotropic 
plane; it therefore. contains a single isotropic line L passing through O. Let 
p be the order of contact of L- with S at O. Let F stand for an arbitrary one 
of the curves on S passing through O and having contact of maximum order, 
that is of order p, with L. , 

We may take O a the origin and assume z= te as the equation of T. 
' Then L is the line z == iz, y= 0. The equation of the surface, arranged 
according to powers of y, may be written as 


(12) © z= (iz + Cpt? + epa? +--+) 

: + (aD + dad yt Cy 
where p= LAZ e320 and dy 50° (if there are no terms after ix in 
the first parentheses there is no Cp, L lies in `S, and we say that p= œ; 
similarly it may be that A = æ). a 

The ples of a curve on S tangent to L are 
(13) Oo y= vy DP + avaa”? +- 


(14) = (iz + eona H P ype, 
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where y= 1 and dv, 54.0 (or vy may be œ); (14) is obtained by substituting 
(18) into (12). No power of z lower than ge”? appens among the terms 
symbolized by the last three dots. — 

The order of contact n of this curve with L is ‘given he . 
(15) | n= mi (y, p). 5 
The curves F are therefore represented by (13) and (14) when v= p. It 
follows that they have contact of order p with the tangent plane T. ; 

Any two of the F-curves have contact of order at least p with one another, 
and, conversely, any curve on S which has contact of order at least p with an 
F ig itself an F. This follows easily from the definition of the F’s and the 
triangle inequality (9). . 

The direction numbers of the normal to S at a pote of one of the curves. 
F are 0z/dz, ôz/ðy, —- 1, where the differentiation is performed in (12) and 
then y-is eliminated by means of (13). Since v= p the,direction numbers are 


th (pt 1) + +, dak + 1, 


except that in the middle number the leading term is not necessarily the one 
_ given, as a term in z”™*!- also may occur there. These direction numbers become 
1, 0, — 1, the direction numbers of L, when v == 0, for L is the normal to 
Sor T at O. 

Let q stand for the order of coincidence of the ‘normal of S with its 
limiting position L, evaluated along one of the curves F, relative to the 
parameter z. Applying (11) we find that 


(16) .  q==min (A, p). 


Thus the purely me. integer q depends on the surface 8 and the tse 
line L, but not on the particular one of the curves F. It is just as intrinsic 
to the geometric object consisting of S and L as is p,, ‘the order of contact of 
S with L. 

We now come to the general curve C on S, for ‘hich it is required to 
find the limit R of the ratio of are to chord. If C is not tangent to L, R is 1. 
Assuming therefore that Ç is tangent to L, we may. suppose it to have the 
equations (18) and (14), in which y may again be any positive integer. — 

The order of contact n of C with L, defined by' (15), has also another 
meaning. It represents what might be called the order of contact of C with 
the class of curves F'; that is, the least order of contact which C has with any 
member of the class. The fact is that when n < p, g has contact of order n 
with all the #’s, and when n = p the orders of contact of C with the F’s have 
all values from p upward, indeed C is itself one of the F's. These things are 


i 
i 
| 
j 
! 
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obvious either ani the triangle inequality or from (8) and (14). Thus to 
assign the value of n, which is what we shall do in order to fix the position of 
C to a first approximation, has a geometric significance within the surface JY. 
The intrinsic description of n is here less simple than in the non-isotropic 
tangent plane ease, because there the curve of intersection D of S with the 
isotropic plane through L could be introduced as a, reference: curve; and here, 
this cannot be done.. 

However, a portion of id intersection of § with the isotropic ieee T 


does figure in the present case whenever gS $p. The soam lemma 
introduces it. l 


LEMMA.” In the class of regular analytic curves that lie on the surface 8 
and have contact of order q or higher with the straight line L at O, there ts 
none that lies in the tangent plane T when q >4p. When q = $p, T contains 
exactly: one such curve, G. The order of contact of G with L is p—q.® 


To prove this we observe from Cae that the whole intersection G S and 
T obeys the equation 


(17) (Cpe +--+) + (dye +: ee Or 2 aad =Q.. 

To find a curve of the required kind lying in this intersection we substitute 
(18) with y= q into (17) in order to determine v, av; avsa +. If q =p, 
A= p by (16), and obviously (17) cannot be satisfied. If tp < q < p, then 
q =à and vA; a8. v-+A+1>p-+1, again no solution is possible. But 
if q & $p, it is found that the power series (13) is uniquely determined 
with v = p— A, that isn = p— q. The first p — 2q coefficients avs, vsa" > 
Fay dea (OT Gp_git,* ` * , Qep-sq+1) are obtained from 


Cpi + däi = 0, 
l 9 dyay dy, r= 0, 
(18) Coro + Aven + +1441 


Cov+1 + AyQav_d41 Se wa dyQy41 = 0. 


The question remains-whether the power series thus determined is con- ` 
vergent. This may be settled as follows. In (17) substitute ial and 
remove the factor 2#t. The result is 


(19). eer a) | Oo k 
H (aF dae + ajep jep 


e The class of curves described ints only when q & p, since no curve on 8, has 
contact of order greater than p with L. It can be shown that when g'< p, p— q is the 
order of coincidence with its limiting position L, along any curve F and relative to a, 
of that normal to F which touches &: 
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in which the coefficients of u?, u®,- ‘+ all have the factor æ. By the ordinary 
implicit function theorem there exists a convergent power series in 2, 
Cpt, . * -> | 
u do 8 

' which satisfies (19). Multiplying it by 2? we obtain a convergent power 
-series which satisfies (17). Since such a series exists, it must be the sameeas 
the unigue one that was determined a in the previous paragraph. This 
completes the proof of the lemma. 

It is now possible to determine accurately enough for our problem the 
order of contact m between a curve C on § and the isotropic tangent plane 7’. 
At this point, however, three types of surfaces must be distinguished, depend- 
ing on whether q is greater than, equal to, or less than $p. On a surface of 
the first type it is enough to know the value of n, the order of contact between 
Cand L (or between C and the class of curves F), in order to decide about m. 
On surfaces of the second and third types it may be necessary also to be given 
the order of contact of C with the curve G defined in the lemma. This last order 
of contact we shall call k. By the triangle inequality k = min (n, p— q), 
the equality sign certainly holding when n-~ p — q. 

Surface of type I: q> 4p. Under this type A > p/2 by (16). 

Case la: n < 4p. From (15) n =r, and hence y < p/2. Thus p+ 1, 
y+rA-+ 1 and 2v-+ 2 all exceed 23n + 1. It follows from (14) that m > 2n. 

Cases IB: n = 4p, and Iy: n> 4p. Then v= p/2 and 2 +2 
>ptil. AsA>p/2,v+A+1>p+1. Therefore m = p. 

Surface of type II: q == $p. Under this type q == À = p/2. 

Case Ila: n <q. As n < p/2, n =v and v < p/2. Again p+ 1, 
r+ Aà- 1 and 2v -+2 all exceed 23n + 1. Therefore m > 2n. 

Case IIB: n=q. As n =y, E E op EE < ?yv +2. It was 
remarked above that k = n or g. Two subcases are necessary. 

Subcase IIB,: kg. The coefficient av in (13) must have a differ- 


ent value for the curve Č than for Œ. Hence the first of equations (18) does 
not hold. It is then clear from (14) that m =; p. 


Subcase TIRa: k>q. This time tht of equations (18) holds, 
and m > p. ; 

Case Ily: n >q. Then y > q. Hence v+A+1>p+i mi 
`Ry -H2 > p+1. Therefore m = p. 


Surface of type II: q< $p. Under this type q =À < p/2. 
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Case IIa: n<q. As in case Ila, m > 2n. 


Cases IIIB: næg, and IITy: q<n<p—q. Then n—v, aid | 
yrA+1l<cpt+li. Also v-+A+1< 2v-+2. Therefore m =— g +- n. 


Case ITI8: n == p— g. As ney 8nd À <y, 
M © pp lemy pati < w4. 


Subcases IIIS: p—q Sk < 2p — 3q, and IIb: k = 2p — 8q. 
The coefficients av,1,-*-,@% in (13) must have the same values for the curve 
C as for G (this condition is vacuous when k == p— q), and. it is easy to see 
that ası must have different values. . This means that of the equations (18) 
those beginning with Cpi; `, Caw must hold for the curve C, while the one 
beginning with cg, must not. It is then clear from (14) that m == q -+ k. 


Subcase ITIS: k > 2p—3q. Here equations (18) all hold. Therefore 
m > 2n. j 


Case IIle: n>p—q. As in Hy, m= p. 


6. The isotropic curves on a surface. In Section 3-we made use of the 
two isotropic curves F and Æ” that pass through a point O of a surface S, 
when the tangent plane T at O is not an isotropic plane. The positions of 
these curves were described to the extent, that their orders of contact with 
certain reference curves D and D’ were given. This section is devoted to a 
similar discussion of the case when T is isotropic. [Iha object therefore is 
to describe the number and position of the regular analytic isotropic curves 
lying on a surface and passing through a point of the surface at which the 
tangent planets. isotrope. The results are complete except for one case in 
which a question of convergence remains unsettled. 

As in the previous section, L is the isotropic straight line in T, p is the 
order of contact of L with 8, and q is the order of coincidence of the normal 
of 8 with L, evaluated along any curve on & of maximum contact with L. 

The results are stated in the following three theorems, one for each of 
the three types of surfaces. 


Tueorem III. Ona surface of type I (q > 4p), when p ts an even 
number there are two isotropic curves that pass through O. They have contact 
of order 4p with Land with one Another. When p ts odd there are no E 
analytic) isotropic curves. 


THEOREM IV. Ona surface of type II (q = $p), either there is just 
one isotropic curve, and it has contact of order q with L; or there are two, 
of contact q with L and with one another; or there is one tsotromc curve of 
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contact q with L, and there are (complex) œt other isotropic curves of contact 
q with L and with the first one, these œt having some single order of contact 
higher than q among themselves. i 


THEOREM V. On a surface of type II (q < $p), there are iwo isotropic, 
curved through O. The order of contact of one of them with L is q, and o 
‘the other p —q. 


Whenever there are just two isotropic curves re will be called E, and 
Es. Ona surface of type III, Æ, will stand for the curve of contact q with L, 
and E, for- the curve of contact p—q. On a surface of-type II, if there is 
_ just one isotropic curve it will be called #,.. If there are 1 + cot, we ghall 
_ refer to the single one as F, and to the œt as the Eys. | 

To prove these theorems we take the equation of: S in the form (12). 
If there exists a regular analytic isotropic curve on 3 passing through O, 
it has equations of the form (13), (14) obeying the condition 


ee) iep trsh o 
On a surface of type I, à > p/2 by (16). Suppose p is odd. From (13), 

(21) y= (v + 1) auna + 2(v + 1) (v + Baviaan” Je 

If v= p/2, then from (14), 


(22) 1+ 7? = ilp H L) +--- 


Since 2v cannot equal p, the sum of (21) and (22) cannot obey (20). Simi- 
larly if v < p/2 it is easy to show that (20) cannot be obeyed. Hence when 
p is odd there are no isotropic curves on a surface of type T. 

Suppose p is even. = may be shown first, that y == p/2; second, that 
v4, must satisfy | 
(28) (OF 1) ah + Bil H Den =; | 
and third, that for each of the two distinct values of dv, obeying (23) there 
exists a unique power series (13) such that (13) and (14) satisfy (20). 

To ascertain that these series converge, we start from the differential 
equation of the isotropic curves on a surface whose — is given. in the 
form z = f(x, y): se 


(24) A AY + fol T Ge (2) = 0. 
This may be written . 


From (12), 
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fo—([E4 (pt Denne? be Dt Odette yt a 
fom (QO to) EG Rete 7 


Let l 
(26) y = vu, 
where v == p/2. As A> p/È, 
. Shea ae dy) ee Pe lee |, 


Since the power series in v and u within the brackets has a non-vanishing 
constant term, there are two distinct power series which are square roots of it. 
Substituting either one in (25) and dividing by zt we have 


— 2i baloe uk 
(27) Py nena ele Doe cm a 
This differential equation is of the form 


(28) TUW — bu = laot + Aged? + Gye + tot? F: °°, 
where b = — v and mo = [— 2t(p + 1) ep, |!. 

Briot and Bouquet proved that when b is not a positive integer, (28) has 
a power series solution l 


lio 
u = ee 
1— bd + 





which vanishes when z = 0, and only one such solution.’ Consequently there 
exist two convergent power series, 


+L (p+ on] a 
paa De e 
that obey (24) or (20). These must be the series that were determined 
formally above. ‘Theorem IIT is therefore proved. 

In the case of Theorem V, q =à < p/2. It can be shown as above, 
though the details are more complicated, that for an isotropic curve either 
v= or v= p—À, and that corresponding to either value of » just one 
power series (13) can be formally determined. When v == p—A the curve E, 
has contact of order k = 2p — 3q with the curve G@ defined in Section ð. 

In the convergence proofs we make instead of (26) the substitution 


(29) Yy = T”! (dvi + U), 


where av, is the leading coefficient of the power series formally determined 
in the preceding paragraph. (It is convenient to do this in two steps, first 
y = oly, then V = @y, +4.) After this substitution has been completed 


7 Journal de Ecole Polytechnique, vol. XXI (1856); or Goursat, Cours d'Analyse 
Mathématique, 4th ed. (1924), vol. II, pp. 523-526. The writer owes this reference to 
Professor Kasner. 
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and « has been divided out, two distinct square roots may be extracted as 
before. By choosing a suitable one of the two roots, we can reduce the equation 
to the form (28) with b equal to — (A + 1) (2A + 1)/(84 +1) in the case 
v = à; and with more difficulty to the same form with b equal to — p — 1 
in the case v = p — À. 3 
Finally consider a surface (12) of type II (q == à == p/2). In order for 
the curve (18), (14) to be isotropic we find that » must equal A and iva 
must be a root of the quadratic equation | 
(30) (A + 1) °v + 24(p + 1) dydver + ilp + 1) cpa = 0. 
There are four mutually exclusive special subclasses of surfaces of type I 
of which account has to be taken. Two of these are defined respectively by the 


‘conditions | 
(31) 21(A +1) %epa + (P +1)0 = 0, 


(32) 2i(p +1) (A+ Lema + (P HA + LD At— 0. 


The third subclass consists of those surfaces of type JI for which there exists 
some integer 6 > 1 such that 


(33) ilp + 1) (A + 1) (A+ 9) opn 
+ (p+ 6)[pA+ (p a+ 1a = 0. 
The fourth subclass is defined by p==q== œ, and (30) does not apply to it. 
A. general surface of type JJ, that is one which belongs to none of the 
four subclasses, contains two distinct isotropic curves of contact p/2 with L 
and with one another. For since (31) does not hold, (80) has two distinct 
roots @y41. Since (33) does not hold, it can be ‘shown that corresponding to 
each root a unique series (13) can be determined such that the curve (13), 
(14) is isotropic. In the convergence proof, using the substitution (29) and 
then employing (30) we arrive at an equation 


(34) ew’ + (A + 1) (u + ava) = i 
— ida tH r(e) EECA + 1) Quay + idal? — idu Hel 
ae) 
Since (32) doeg not hold, (A-+1)av4. + id, cannot vanish for either root 
avm. By a suitable choice of the square root, (34) can be reduced to the 
form (28) with 
_ se (A + 1) 3a + (p + 1) tdy | 
(A + 1) dv + tda ' 

This b cannot equal a positive integer 0—1, where @ is an integer greater 
than 1, or (33) would hold. Hence there are just two isotropic curves, F, 
and Hs. | 

For the subclass of surfaces defined by (31) the quadratic equation (30) 
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has a double root. In this case it can be shown just as above that there is a 
unique isotropic curve Æ. 

For the subclass (32) it is possible to show as in the general case that 
just two distinct power series (13) can be formally determined. Convergence 
can be proved as above for one of these, so that there is certainly at least one 
isotropic curve H,. The avn for the other series (13) obeys the relation 
(35) 7 (A + 1)av + ida = 0. 

On account of this the constant term of the series under the square root sign 
in (34) vanishes, and we cannot proceed in the same way as before. The 
writer does not know whether this second series converges or not, and hence 
does not know whether or not there is a second isotropic curve F, in this case. 

However, for the purpose of our main problem there is à way around the 
- difficulty. It can be shown that on a surface of type IZ the locus of points at 
which the tangent plane to the surface is isotropic includes one curve and 
only one which has contact of order q with L. The proof is similar to that of 
the lemma in Section 5. Let this curve be called W. Now the av. of W 
obeys (85). Consequently if there is an Hj, W has contact with it of order 
higher than g. In the problem of the limit of the ratio of arc to chord, all 
that matters about E, is its leading coefficient ay,, Hence for that problem 
W, having the same ar, as Ez, will serve instead. 

For the subclass (33) there are two distinct values of av, Correspond- 
ing to one of these it may be proved as above there exists an isotropic curve En. 
Corresponding to the other av, the formal determination of the remaining 
coefficients in (13) comes to a stop at av.g. In general no ay, ‘and hence no 
curve F, exists. Only if a certain relation among cpg and other coefficients 
in (12) is satisfied can av,9 be determined, and then in fact it can be taken 
arbitrarily. The determination of the further coefficients in (13) with any 
given, choice of &»,ọ 18 then possible and unique. In the convergence proof an 
equation of the form (28) i is obtained with b equal to 6-——1, a positive integer. ` 
In this case it follows from the work of Briot and Bouquet that when the 
series (13) can be determined formally, it converges. Consequently either 
there is no Ez; or else there are œt H,’s corresponding to an arbitrary com- 
plex parameter dv.p, having contact of order q with E, and g-+6—1 with 
one another. When there is no Æ, let a curve U be drawn on the surface with 
v equal to g, av, equal to the value for which Æ, could not be determined, æ 
and avs, @v4g,° ` © Chosen in any manner so that (13) converges. 

When p= q = œ the surface contains a single isotropic curve E, 
namely the isotropic straight line L. This last subclass of type II, it can be 
shown, includes all isotropic developable surfaces. 

The following statements can be proved by simple computations that we 
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omit. Among the curves on a surface of type Z which have contact of order 
n/2 with L, those and only those have contact higher than p with some 
isotropic curve (not necessarily on the surface), which have contact higher 
than p/2 with Æ, or else with F». On a surface of type IZ curves of contact q 
with L have contact higher than p with an isotropic curve when, and only’ 
when, they have contact higher than q with E, or Fa, in the general case of 
just two isotropic curves; with #,, in the case of the subclass (31); with Y, 
or W in the case of the subclass (32) ; with Æ, or any of the H,’s or U in the 
case of the subclass (33). On a surface of type III curves of contact q with L 
have contact higher than 2q with an isotropic curve when, and only when, 
-their contact with Æ, is higher than q; and curves of contact p— q with L 
and 2p— 3q with G have contact higher than 2(p— q) with an isotropic 
curve when, and only when, their contact with Fa is higher than 2p — 3q. 


7. The limit at an isotropic point of a surface. A curve C on a surface 
9 passes through a point O of S at which the tangent plane T is isotropic. 
What is the limit R of the ratio of arc to chord of Cat O? The answer follows 
from Section 6, the table at the end of Section 5, and Theorem IT, and we 
need only state what it is. l 

To summarize, we recall that L is the single isotropic straight line in T 
that passes through OQ, p is its order of contact with S, F is any curve on S 
having contact of order p with L, and g is the order of coincidence of the 
. normal of S with L evaluated along any F. The order of contact of C with L 
or with the F’s is denoted by n. The tables below are arranged according to 
ascending values of n, from n= 0, when C passes through O in a direction 
other than that of L, to the maximum n—=p. The abbreviation Ry, was 
defined in Section 8. Even though C is confined to S, it can be shown that 8, 
‘the derivative of the radius of curvature with respect to arc-length, is arbi- 
_ trary enough so that the formulas in which it appeays below can assume all 
the values indicated. On surfaces of types I and IMI, E, and Fz are the 
isotropic curves of Theorems JII and V. On surfaces of types JJ and IIJ, 
G is a curve of intersection of § and T described in Section 5, and k stands 
for the order of contact CG. The isotropic curves Æ, and E., the isotropic 
tangent plane locus W, and the curve U on a surface of type II were defined 
in Section 8. j 


Surface of type I: q > 4p 
n=0: R=] 
0< n< pre: h=+1 
n == p/2, OF, — CE; = p/2 : R = 8/[8 — 1/R,7]}, 
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which may be any number but + 1, Rp and 0, 


nme 9/2, CH, or CE: > p/2: R=0 
. p/2<nSsp: k=, 
Surface of type II: q = $p 
‘n=O: R= 
i O<n<q: Re+i1 
n= q, k =g, CE, = OE: = OW = OU =q : R=8/[8 — 1/R É, 


which may be any number but + 1, Æp and 0 (if there is an Ea, W or Ọ), 


n= q, k =q, CE, or CE, or CW or COU >q: R—=0 
n=q, k>q: Rk==+1 
q<nSp: R= Ry 
Surface of type II: q < 4p 
n == 0: R=]. 
O<n<q: R=+1 
n =q, OF, =q : R — §/ [8 — 1/R°aq]è, 


which may be any number but + 1, Aug and 0, 


n=, CH, >q: R=0 
q<n<cp—q: B= Ram 
n= p— q, p— q Ek < 2%p—3q: R= Rox 
n = p — q, k == 2p — 3q, CE: = 2p — 3q : R = 8/[8} — 1/Rp-0 l5, 


which may be any number but + 1, Rap, and 0, 


n = p — q, k = 2p—- 3g, CH; > Xp—3q: k=0 
n = p— q, k >2p—3q: R= +1 
p—q<nSp: k=, 


Under type I, if’p is odd the third and fourth cases do not occur; if 
p= 2 the second case does not occur. Under type IF, if p==2 the second 
case does not occur; if p == g = œ only the first two cases occur. Under type 
III, if q==1 the second case does not occur; if p == 2q + 1 the fifth case 
does not occur; if p= only the first five cases occur. Theorem VIII of 
Kasner’s 1932 paper, dealing with the various possible totalities of limits at 
an jsotropic point of a surface, follows from this enumeration. 

= The table shows that the limit always begins with the value 1, and ends 
with Rp when the curve is, so to speak, in the shadow of L. But from first to 
last the distinct stages, if the surface is of type ITI, can number as many as ten. 
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SEMI-ANALYTIC UNITARY SUBSPACES OF UNITARY SPACE.* 
By N. Convery. | | 


e 
I. Introduction. We consider an n-dimensional unitary space Ky (real 


topological space of 2n dimensions) as the imbedding manifold. Into this K», 
we imbed an Hermitian Xm of m dimensions (m < n; real topological space of 
‘2m dimensions). Since the theory of analytic unitary subspaces Km in Kn has 
been investigated,’ we restrict ourselves to the theory of semi-analytic unitary 
subspaces in Kn. We denote such a subspace by Sm. 

Our approach is from the group viewpoint. By use of composite invariants 
of Kn, we construct a theory of Xm in Ka which is a generalization of the theory 
of Km in Ky. It is shown that use of non-composite invariants of K, leads to 
a more general but very complicated theory of Xm in Kx. Now, the Xm is 
invariant under the semi-analytic group of subspace codrdinate transformations. 
By definition, Xm is an Sm when a set of preferred codrdinate systems, related 
by a group of codrdinate transformations (the group of Sm), exists for which . 
certain components of the connection of X» vanish. It is shown that the 
analytic group is a subgroup of the group of Sm which in turn is a subgroup 
of the semi-analytic group of Xm. The metric tensor of Sm is discussed and 
_ it is shown that if a codrdinate system exists in Sm for which the ranks of 
certain matrices formed from the metric tensor of Sm are m, then Sp ts a 
unitary Euclidean space. This is a surprising result. Analytically, it means. 
that the conditions that an Hermitian Xn be an ‘Sp, are very restrictive. 


II. Composite afflnors of X,, and K,. Let the codrdinates of Kn be 
denoted by the complex numbers &(A,»—1,2-:-n).s In terms of their real 
and imaginary parts, these numbers are given by 


re 


(2.1) Gh — T + ig, i= Y—1. 
For the conjugate variable é", we write 
(2.2) OM mn gh— tyr. 


~£hus, we may associate with any vector function of position »*(&, &"), the con- 
jugate vector v*"(@",&). This latter vector is obtained by replacing t by 
——i wherever i occurs in the former vector. In particular € is replaced 
by & and vice versa. In the case of an affinor, the conjugate affinor is formed 
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in the same manner as indicated above for a vector. - This conjugate affinor is 
indicated by starring each unstarred index of the original affinor and removing 
the star from each starred index of the original affnor. Thus, if @,y* denotes 
the metric tensor of Ka, we write ? 


(2.3) . (anut) * == ayy, 


It can be easily shown that the existence of any affinor equation implies the 
existence of a conjugate affinor equation which is obtained by replacing i 
by —i and any unstarred index by the corresponding starred index or vice 
versa. We denote this rue by writing “ conj.” to the right of the original 
equation. 

Another operation which we use, is the formation of the transpose. This 
term is borrowed from matrix notation and is only applicable to affinors of the 
second order. It implies that two indices are to be interchanged; the star of 
an index retains its position. Thus, _ | 


(2. 4) (aut) = apt. 

We now require that the metric tensor of K» shall possess Hermitian symmetry. 
By definition, this means that 

(2.5) ` | [Caxt] = Gaps. 

By use of the previous definitions, (2.5) becomes 

(2. 6) Aut = Ap”). 


A simple example will show that (2.5) or (2.6) implies that the off-diagonal 
elements of the matrix Anp" are Hermitian symmetric. Thus, if a,.* == 3 — 71, 
then G2:* == 3 +- 7%, ete.: 

We conclude the discussion of Ka by defining its transformation group. 


. Definition 1. The allowable codrdinate transformations in Kn shall be 
_ analytic with non-vanishing Jacobian | 
(2. 7) E` we EACEA), conj. ` 


In most of our work, we shall.find it advantageous not to distinguish between 
starred and unstarred indices of Ka. Thus, we shall use the single Greek 
capital, say A, to represent the corresponding Greek small case letter and iise- 
star, say A, A”, For instance, we write 


(2. 8) Ame}, A¥; M= pm, p"; Pump p*; X==a,0%; T =r 7"; ete, 


Note that there are now three invariants under the group (2.7). For, if 
vå —> (1, v™") and w, —> (wa, wx*) are two vectors of Ka, then 
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(2.9) | wr; wv; wv, 

are the three invariants under (2.7). Of these three, the last is a composite 
invariant, being the sum of the first two. Hence, use of the Greek capital 
letters is restrictive in that only composite invariants enter. On the other 
- hand, use of the lower case Greek letters requires the introduction of several 
affinors of the same type. This point will be stressed in (2.31) to (2. 38) 
when certain of the projection-affinox’s components are discussed. Choosing 
between these evils, we elect to use the Greek capitals and hence composite 
invariants of Ky. 

Let the equations of the semi-analytic Xm in Kn be given by 


(2. 10) E m & (qf, g), conj., a,b,c, d = 1,2, >- m, 


where 7%, „°* are the complex surface coördinates of X» and m < n. These 
surface coordinates can be expressed in terms of real variables ut, vt by means of 


(2.11) of == wt -L it; n® = ut — we, 

In a manner similar to (2.8), we write 

(2.12) Amaat; B==b,b*; Cmcct; D= d, d*; ete. 

However, in this case, the notation is forced upon us. This can be seen by 

defining the group of allowable coordinate transformations in Xa; 
Definition. 2. The-allowable coérdinate transformations in Xm shall be 

semi-analytic with non vanishing Jacobian 

(2. 13) qe = ge (9%, 9"), conj. 


Evidently, such transformations form a group. We observe that if wa 
—> (Wa, Wat) and v4— (vt, v%") are vectors of Xm, then the single invariant 
under (2.18) is wav4. Note that neither wav, nog wav", is individually 
invariant; their sum w,v4 is invariant. Hence, for the present, we shall 
confine ourselves to quantities of Xm whose components are expressible in 


large type indices. 
The projection affinor of Am in Ka is obtained by forming the various 


partial derivatives of (2.10). We write >» 

(2. 14) Bò = 08, Bg = de," conj., ĝa = 8/ drf. 
By. use of (2.8), (2.12), we may write the above in the concise form 
(2.15) . 4 Bad om O44, 

The affinor (2.15) can be considered as being composed of 2m vectors of Ka 
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which span the local tangent Euclidean unitary space Um of Xm. By forming 
the differential of (2.10), we find 


(2. 16) d§4 == Ba* dyt. 
For the element of arc length in Ky, we have the well known formula 
(2.17) ds? — aydede. 


With the aid of (2. 6), we may write the above formula in the more symmetric 
form 


(2.18) Idg? ma (ayu? + dy) dé*d&", 
and by use of (2.8), the equation (2.18) becomes 
(2.19) 2ds? =e a, ,, dgAde™, Gap == Ay*p* === 0, 


Substituting (2.16) into (2.19), we obtain the element of arc length along 
A a | | í 

(2. 20) 2ds* <= a 4,BotBp™ dy? dy?. 

We define the metric tensor of Xa as the Xm projection of the metric 
tensor @,,, (of rank 2n) of Kn, 

(2.21) ` aop = Oy 4¢Bo*Bp™. 


Evidently, the rank r of agp is r = 2m. We shall require that Xm possess 4 
metric tensor agp of rank r == 2m. 

We briefly discuss some properties of agp. By substituting (2.21) into 
(2. 20), we obtain the formula for Xm arc length 


(2.22) |. i 2ds? = aop Wm? dy?. 

From (2.6), we see that a, ,, 18 symmetric (formally). Hence from (2.21), 
it follows that j 

(2. 23) lop == ape. 

Furthermore, by writing out the relations (2.21) for specific C, D, and 


forming the conjugate equations, we obtain the following relations which are 
invariant under (2.13), 


(2. 24) l (aea) * ig dora", (aog) * = "a, conj. 
Note that the relations (2.238) are equivalent to. 
(2. 25) cd == Ade, Godt = Qd*o, roa == Chao. 


By forming the transpose of the second eaueuen in (2.24) and its conjugate 
and use of (2.25), we obtain 


e 
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(2.26) a [ (dost) Y = ao,  [ (aota) "Y — aor. 
We summarize these results as follows: 


, Tuxorrm 1. The components of the metric tensor of X m, Gop — (Goa; Goa’, 
Qoa, Qoa) have the following properties (1) the matrices deat, Gotu are each 
Hermitian symmetric; (2) tf we order the rows of the matrices tca’, Gota by 
the first index, then the dca matriz is the transpose of the aoa matriz and vice 
versa; (3) the matrices dea, Go*a* are each real symmetric; (4) if we order the 
rows of these matrices as in (2), then aca is conjugate to actat and vice versa. 


Let us define the contravariant components (a?°) of the metric tensor 
of X by means of the equivalent formulas _ — 


where B® represents the unit affinor of Xm whose components have the values 
0 (for C4 E) and 1 (for O == F). These components (aPC) satisfy ce 
of the form (2. 24), (2.25). 

Finally, we define the remaining components of the projection ii of 
Xm in Kn. By analogy with the theory of the analytic Kw in Kn, we write | 


(2. 28) | B,C — aPC BoMa, ys | T 
By transvecting (2.28) with Bg’ and using (2.21), (2.27), we obtain 
(2. 29) Ba Bo — Br j `, a 


We conclude this section by defining the components 
(2.30) — Bak == ByABy?. 


We are now in a position to show the difficulties attending the use of 
non-composite affinors of Ky. The equations (2.15), (2.16) must now be 
written as 


(2.81) Ba = 9:8, conj. 
(2.32) df — Badr, conj. | 

By virtue of (2.32), the relation (2.17) becomes 

(2. 33) ds? == 4y,*Bo Bp" day dy?. 


The vital question arises now: “ How shall we define the metric tensor,of Xm?” 
An apparent clue is the fact that only the symmetric part of ayy*Be*Bp* enters 
into (2.33). Let us try the definition 


(2. 84) aop = a*B wo By)", 


+ 
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where the parentheses indicate a symmetric product formed on the indices 
involved. The corresponding definition of (2.28) would be 


(2. 35) B l = aP&Bp"ayp*, conj. 


But then, the result corresponding to (2.29) is no longer valid and this result 
iseessential for some of the remaining theory. The only other apparent possi- 
bility is to define 

(2. 36) aop == tp*Bo* Bp". 


The metric affinor aop is now no longer symmetric. The results corresponding 
to (2.29) become 


(2. 87) Bl B^g == aPC B pt" Bray — aPC ayp wo Bp. 
(2.38) ByCBa = aPC BoB p ap * = aPCapa 54 Br’. 


Since (2.37), (2.38) should be conjugates, the theory must be modified. 
These difficulties are responsible for our decision to use composite affinors 
of Ky. 


III. The connection of X,,in K,. First, we shall study the Xam covariant 
differential of Xm affinors. We define such a differential as the Xm projection 
of the K, covariant differential, that is, 


(3.1) Sole B Cvt, wo = Bo*èw ,. 


Next, we define the X covariant derivative of an Xm affinor as the Xm» pro- 
jection of the Ka covariant derivative of the affinor, that is, 
1 ye = ByAByV , Mt, 


3.2 
V' pto = Boi BY wa. 
By multiplying (3.2) with dy? and use of (2.16), (3.1), we obtain 
ve me dyPV' pv", 
3.3 l 
ae Vwo = dy? V’ pwe. ` , 


The development of the theory is evidently analogous to that of Riemannian 
space save for the fact that.the indices have a dae range.” In particular, 
we note that (3.1) may be written as 


(3. 4) Sve == By (dvd + Tup dé v?), | = 


where Typ, the connection of K,, has the non-vanishing components (xp, 
Tò u*o*) and 
(3. 5) Tåirp = (Oxapr) aT, 


Tee wg 


® $ . 
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- Now (3.4) may be written in either of the two following forms; 


(3. 6) ` v? me dw? — wPdyE BA de B © 4- BOMATP ya vPdn®, 
(3.7) SvE = dv” +- Tegpvdy®, 

_ Where [yp are the components of the Xm connection. Hence, by comparing 
the right hand sides of (8.6), (3.7), we obtain = 


(3.8) [pp == BEHAT? yy, + Bo O2BAn, = BES — BOpBMEB*y. 

We now require that the Xm shall be a semi-analytic unitary space Sx. 
This means that the connection of Xa shall have as its non vanishing com- 
ponents (Tea, Derat). But this last statement has no meaning unless a set of 
preferred codrdinate systems is specified in Xm (the [xp are not the com- 
ponents of a tensor under the group 2.13). Furthermore, the group of S» 
must transform one preferred codrdinate system into another such codrdinate 
system. With this in mind, we write 


Definition 3. An X, shall be denoted by Sm if: (1) a set of preferred 
coordinate systems exist in Xm such that 


(3.9) Ieta = Meet = Tg m= 0, conj., 


(2) the coddinate transformations from one set of preferred coordinates to , 
another such set form a group. 

We shall refer to the group entering the above definition as the group 
of Sm. By the above definition, the characteristic property of the group of Spm 
is that the I*,*2, D'oat, Teg, transform under this group as tensors. It is 
difficult to determine this group of Sm. However, we shall prove 


THROREM 2. The group of analytic transformations 
(3. 10) l gt = t(n), conj, œ 
is a subgroup of the group of Sn. 

By expanding. (3. 8), we obtain 


Teta = Bea + afe B*a, conj., 
(3.11) Daet = B pge T aa T ee conl 
| Ddo = BOMATE + Bt GBs, conj., 
Ieg = BMA pP 4 Be aeBAs, conj. 
By differentiation of (3.10), we obtain the equations 


(3.12) B e == beq”, Bhg == ĝa, conj. 
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(3. 18) O—Btg=0, - "B= 0, conj. ` | 
From (3. 10), (2.15) and (2.29), we can easily aioe 
(3.14) © BA, = BA,Be,, Bre am Be Bee conj. 


Multiplying the first equation of (3.11) by Bs%#, and using (8. 14), (3. 18), 
the equation (3.11) becomes l 


(3. 15) Der I“,*2 ran Tota, conj. 
_ where 
(3. 16) a oe Be DA + Be bet Baa, conj. 


The second equation of (3.11) furnishes a similar result. However, the third 


equation is more troublesome. Upon multiplying by Bic,cs, we obtain 


(3. 17) Bitde Pera, = Bo -+ BE? ĝa Bte, conj. 


c*'d'e 'd’e 
The second term on the right hand side of (8.17) may be written as 
(3. 18) BA BaBA.g — B'* , Ba beaBrre. 
With the aid of the formula (2. 29), we find 
(3. 18) Bre BA, = Be s( Bo Bt.) = 0. 


Hence the second term of (3.18) vanishes. Substituting (3.18) into (3.17), 
the right hand side of the latter is, by definition, r- and hence (3.17) 
becomes 

(3. 20) Bre ae Tae = Tae, conj. 

The equations (3.15), (3.20) establish our theorem since (3.9) has been 
shown to be an invariaat equation under (8.10). Since (3.9) is not invariant 
under the group of semi-analytic transformations (2.13), the group of Sn is a 
subgroup of this group (2.13). Hence, we have found upper and lower 
“ bounds ” for the group of Sm. 


IV. Properties of the metric tensor of Sm. If we denote the metric 

tensor of Sm in Ka coordinates by a’, ,,, then from (2.21), (3.1), we obtain 
. 

(4.1) Oy Bimer? Slog m Bor Vam’ ae 


Since a, ,, is the fundamental tensor of Ka, it has the property . 


(4.2) 0.50 $ ôa ym O 
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- By taking the covariant differential of the first equation in (4.1) and using 
(4.2), the second equation in (4.1) becomes 


(4. 3) aog == 0. 


Hence the metric tensor dün of Sm is also a fundamental tensor. We conclude 
this introductory section by defining the Riemann-Christoffel affinor of Sms 


(4. 4) kaes em 28 pl 4log -+ ar FI Iols, 


where [DC]; [D | F | C] implies that the alternating product is to be formed 
on DỌ. 
We are now in a position to prove 


THEOREM 3. The metric tensor aop of Sn in Ky has the following 
properties: (1) the components aea (and aota) are analytsc * functions of the 
surface parameters; (2) if the components of doa (and dotg*) are of rank m in 
some codrdinate system, then they are related to the components T°, (and 
T” o+) in that codrdinate system by the same relation as exists in Riemannian 
space®; (3) if the components aa (and Gca*) ure of rank m in some coördi- 
nate system, then they are related to the components I%jo (and T™s*o*) in that 
 coérdinate system by the same relation as the metric tensor of Kn is related to 
tts connection.® i 


By expanding (4.3), we obtain the relations 


(raca) dnt + (Iraca) dnl — Tp eteadn! —T*satcedn! = 0, conj. 


4.5 . . : 
CP) aces) dak: iene dy Tsakiris nasal mail, i. 


Since the displacement vector dy¥ — (dy®, dy) is arbitrary, we can assign 
to it: (1) the arbitrary real components (a, B,y,:-*,%,B,y,° °°); (2) the 
arbitrary pure imaginary components (12,18, ty,- - <, — ta, — tb, —ty,: > -). 
Upon replacing (d°, dy") by these two systems of components in each equation 
of (4. 5), it will be found that each equation of (4.5) splits into two equations. 
The new system is 


Of*Qoa = 0, conj.; Iraca — Tpoea —- T*pace = 0, conj., 


4. 6 * . = 
( ) lota — IE p*o*Oetg == 0, conj.; Bete — T* pacts = 0, con}. 


The first equation of (4. 6) leads to the first fonclusion in our theorem. Since 
_ this relation is invariant under the group of Sm, it appears as if the group of 
Sm is the analytic group. In order to obtain the remaining conclusions, we 
assume that: (1) at least one codrdinate system exists in which the rank of doa 
ig m; (2) at least one codrdinate system exists in which the rank of ay*a is m. 
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The coördinate systems of (1) and (2) need not coincide. Note that, in 
general, the ranks of aea, Geta are not invariant under the group of Sm. In the 
specific codrdinate systems of (1) and (2), we introduce the symmetric quan- 
tities bed, bed" defined by 


(4. 7) b¢4aa, = Bee, bet aa, =s Bea, conj. 


Atain, we stress the fact that (4. 7) are not invariant relations. However, with 
the aid of these quantities, we find that in the coördinate systems of (1) and 
(2), 

(4. 8). Tao = $0° [baare + Iota — rac], conj., 


(4, 9) Tao = b€ Ogaz*e, conj. 


_ The relations (4.8), (4. °) are equivalent to the statements (2), (3) of ¢ our 
theorem. 
As a direct consequence of equation (4.8), we obtain 


THEOREM 4. If one coordinate system exists in Sm for which the rank of 
Qoa 18 M, then in all codrdinate systems Tg. (and Thato) are symmetric. 


If a coordinate system exists in Sm for which the rank of dog is m, then 
by (4.7) be¢ exists. Hence (4.8) is valid in that codrdinate system. Since 
dca ig symmetric in all codrdinate systems, it follows from (4.8) that in our 
particular codrdinate system Igo is symmetric. Now Ig (and I a*o*) are the 
only non vanishing components of the connection of Sm. Hence the connection 
of Sm is symmetric in the above specified codrdinate system. The components 
of the connection are transformed under the group of Sm by 


(4. 10) TS. gy = Pagin Trap -4- Be obgBEp. 
Evidently, if [xp is seis in ‘one codrdinate system, then it is symmetric 
in all coérdinate systems. Thus, our theorem is established. 

By use of (4.8), (4.9), we can prove 


THEOREM 5. If one codrdinate system extsts in Sm for which the ranks 
of both dea, Gerad are m, then the Riemann-Christoffel affinor of Sm vantshes. 


From our assumption, the equation (4.8) is valid. Since aeg is analytic, 
it follows that b°4, dsaoa are analy ae: Hence Tog is analytic, that is, in the 
above codrdinate system, "Oe 
(4.11) 8I es = 0, conj. 


Furthermore, by our assumption, the equation (4.9) is valid. By direct 
differentiation of (4.9) and substitution into (4.4), it follows that 
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(4. 12) B$= 0, conj. 
Since (4.11) is equivalent to 
(4.13) . Lae = 0, conj., 
and all other components of R; 4, vanish, it follows that i in the above coördi- 
nate system ; 

i a | 
(4,14) | RA = 0. e 


Since (4.14) is a tensor equation, it is valid in all coördinate systems of Su. 
Note that it follows from this argument that (4.11) is a tensor equation. 
The invariance of (4.11) strongly suggests that the group of Sm is the analytic 
group. 

From Theorems 4 and 5, we obtain- 

THEOREM 6. If one coordinate system exists in Sm for which doa, dota are 
both of rank m, then Km is a unttary Euclidean space. 


By definition,’ a unitary Euclidean space is a A unitary space for which Ty 
is symmetric and E- A vanishes. 
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BISYMMETRIC TENSOR ALGEBRA. PART I.* 
By Rromard H. Bruck and T. L. WADE. 


Introduction. In general the literature of tensor algebra is relatively, 
incomplete in a number of respects. For example, the concepts of determinant, 
adjoint, and inverse have received little attention. The object of the present 
paper is to develop these concepts in considerable detail for tensors of the 
form At, where (i) —=tt2° - -tp; that is, for tensors with p contravariant 
and p covariant indices with respect to an n-dimensional codrdinate system. 
The components, or elements, of the tensors lie in some field, which we shall 
assume to be of characteristic zero, although parts of our theory will go through 
without this restriction. The algebra of all such tensors, for a given p, will be 
referred to as a total 2p-tensor algebra, the tensors being of order 2p. 

A sub-algebra of the total 2p-tensor algebra may be obtained by restricting 
attention to those tensors which are bisymmetric; that is, to tensors AY 
=A vests a which are left invariant when both the s and the 7’s are subjected 
to the same arbitrary permutation. Because of the significant place of bisym- 
metric tensors in both pure and applied mathematics [1], [2], the authors were 
prompted to devote special attention to this sub-algebra. One advantage of a 
complete, self-contained treatment of the algebra of bisymmetric tensors is that 
it provides a natural and vivid realization of a semi-simple algebra. 

We use in this paper, along with the principles of abstract algebra, the con- 
cepts of rank and rank tensor developed in Part J. With the aid of these 
coficepts we are able in Part JI to give an adequate theory of bisymmetric 
tensors in terms of the immanant tensors introduced by one of the writers in a 
previous paper [3]. 


1. Total Qp-tensor algebra. Familiarity with the concept of a tensor, 
and with the elementary operations of addition of tensors and multiplication 
of a tensor by a scalar are assumed [4]. In view of the fact that we use 
multiplication of tensors in a special sense in this paper, we give particular 
attention to this operation. >, 

The ordered product ce of two tensors A‘ and Be i is defined by 


(1) AO Bim —0@. > 


This product is evidently unique and non-commutative. 


* Received April 29, 1941; Presented to the American Mathematical Society, May 2, 
1941, and abstracted in the Bulletin of the Society, vol. 47, 1941, pp. 373-374. 
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That an algebra of 2p-tensors with the product defined in this manner 
might be of interest was indicated by the property of immanant tensors [3], 
which are mutually orthogonal idempotents in the sense that 


al È, pI = al ( oi or 0 


- according as « = 8 or not. Here, as elsewhere, we represent the null tensor by 0. 
If &;* is the simple Kronecker delta, it is evident that 
i) Baty Ate 
(2) D ad aie 


is the unit tensor under the’ multiplication defined by (1); for 
(3) ao (m) = 80, Alw = AQ. | 


The 2p-tensors, subject to the operations mentioned i) constitute a 
total linear associative algebra. . | | 
Gi eraa thea eh ia Tworetedsine this determinant, 
adjoint, and inverse of a tensor A‘® we need to extend certain familiar ideas 
and principles. In this section the summation convention will be used but the 
= entities considered will not be assumed to have tensor character. 

= Let N be an integer-and let a1, &a* > - ay be N distinct fixed labels. These 
need not be integers; in fact in the applications each label will consist of a set 
of integers. Let R, S, T, Ry, 81, Tat e + be labels capable of ranging over 
the fixed labels &ı, aa, © © -ay: Finally let Ar’ be a set of N? elements of the 
„underlying field. We shall speak of Ar” as a matrix, and define the sum, 
products, etc. of two matrices in a manner which should be clear from the 

ordinary theory of nen if we substitute in the latter the TANGLE Oy, Aa 


for the range 1,2,---,N. The unit matrix will be oe by “ the e simple 
Kronecker delta ” srs: ‘that j is | 
(4) òrS == 0,1 according as SÆT, J—T. 


The determinant of a matrix Ar’ will be defined by 
l Aa An.. An 
m “ay 7 
Da. n 
(5) Cime a a a E 


® 
æ Aen Aan: + AGN 
aN 


It is clear without comment that the usual aa rule for eae will 
hold; if 
(6y ApS Br? = 075, 
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then 
(7) al B|=10]; 
As is usual in tensor algebra we may introduce he “ generalized Kronecker 
delta ” ` l ‘ 
ce a ah M 
s O 9a8,...8y- {2m om OA 
(8) re ee ee, ae 
8 
cr nr Se 


In terms of this symbol it may be shown that 

(9) | Ard | = a BS TASA TAN 
Again, the adjoint r58 of a matrix Ar’ may be defined by 

(10) 9 = (V¥—1)! = l S koe Y AD Aş? e œ i AZN; 
and the inverse of a non-singular matrix by 


(11) rs = Ar, |A| 540. 


= 
| A | | 

We find it useful to introduce the concept of a rank matrix. If k= N 
is any fixed integer, the set of quantities | 


AS Aa- AÑ 
Tr 


| T, Ta. 
S3 -- AB 
(12) : ASis- Ba o AT AR At, 
| 8 Se... . 
An án An 


comprises the totality of all k by k minors of the determinant | 475 |; this set 
may also be regarded as a matrix, and we shall adopt this viewpoint. Making 
use of the usual definition of the rank of a two-way matrix or determinant, 
let us suppose that Ar’ has rank r. Clearly then the matrix (12) vanishes 
unless k =r, while the matrix obtained for k == r has at least one non-zero 
component. 


Definition. If a matrix År’ has mae r, then AS. Sr is the rank matiz = 
of Arf. 


THEOREM I. Let the rank matric A S ofa E Ars nie the 
non-zero component l 


7a 


. 
= pP ~ i i 
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. | 
the B's and y's being fized labels. Then 


, j R. NE ‘Br == OA: E 
(14) ADT Tr “AS: Ante TP 
where we define , 
Sia.. Br gy A SSg---Sr PBs ane 
(15) A i A r =A5 Te’ è ` 


Proof. Since A75 has rank r, the determinant (5) = exactly r linearly 
independent columns. Agcording to (13), the columns labelled Yo Yz’ 9 Yr 
form a linearly independent set. ‘Hence | 


(16) AqS = Ay BU F Ay Supt + + - Aydt 


where the w’s are a set of elements which it will not be necessary to evaluate. 
Because of (16) it is clear by the rule for the multiplication of determinants 
that | 


“yt y Yi = UN 
Tı Ts T'r 


Sy Sr Sa... Sr 
(17). | ASB Se m AB 


un W ` “er 
in which 4 5:5:---8 has been defined by (15). Now let us put S,82- - - 8S; 
= f:B2: ©- Br; from (17), (15), and (18) we obtain 


Yis Yi | >i 
un ea, 


(18) E ÁTT... T, = C' . ae ae os a 
7 Up ug 


Then (18) and (17) combined give (14). 
COROLLARY. The rank of the rank matriz ofa non-zero matriz ws unity. 


Proof. Tf we use the notation (5) = erties en ae rank matrix 


may be deced by At®, and equation (14), becomes AY ==. AS) - Aim. 
Once we have chosen a proper set of fixed labels for the range of (g ), we may 
define a determinant of A vl and a corresponding rank. That this rank is unity 


follows from the fact that 


- | 








AG) ABD ° i i 
; (D Td) ok 4180. AD - Any Ae | |=0 
(Ss) (Ss) (Py) © 4 Ta) f 
ATA A |. e . | 1.1 
When S, T take on the range 1, 2, , N instead of the range ay, apt 


ay this theorem becomes Kowalewski’s ea [5]. 
As a simple example of the application of the theorem, we note that 87° has 
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determinant 1 and hence has rank N. Thus the “ “ generalized Kronecker delta ” 
is the rank matrix of ôr’, and we have 


83...8 = 8 . 
(19): r ee tO T E 
here 


8518s- SN a BSS- -SN 
(30) ae 


pa 
Snn.. Ty = Rg -Tn* 


3. The determinant of A‘ ne The easential step is to day the label 8 
of Section 2 with the ordered set of tensor indices (1) : 
(21) S= (i) iiss ip 
As the p indices 1 run independently over the range 1 to n, S will take on. 
N =n? fixed labels, which, when arranged in any assigned order, we may take 


to be the a1, %:,- - -, ay of the previous section. 
Here $75 — a is given by (2), Section 1; and hence, from (8), 
T (D gt). (h) 
ô (j1) ô D , ð (jn) 
9 GG) sa a2 wD i) l ai 
1 N i ; ÍN 
(22) eUD UN : es 
(ta) (in). (in) 
ô (41), on ne (in) 
We use 
(h) = tit hy; 


this notation being a simple extension of that of the Introduction. When 
p = 1, so that (ix) may be replaced by i, and N = n? = n, (22) becomes 


i . ti 
, SF oF Bi 
ty Sat ue ' 
(23) -ena ee a le 
dija++-Jn > ; z eee Se 
ij in tn tn 
an are Bi 


This last, studied by Murnaghan [6] and others [7] is known as the generalized 
Kronecker delta. Evidently the tensor defined by (22) constitutes a generali- 
zation of that defined by (23); we propose to extend the term generalized 
Kronecker delta to apply to (22) as well. | 
The generalized Kronecker data defined by (22) has the siio wane 


(1) 0, if. two or more of the N sets of subscripts (or superscripts ) are 
equal, = a } 


(2) 1, if the N sets of subscripts differ from the N ‘sets of superscripts 
by an even permutation ; . 
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(3) —1, if the N sets of subscripts differ from the N sets of appui 
by an odd permutation. | 


Equivalently we might say that the generalized Kronecker delta is ae 
metric in the N sets of superscripts and in the N sets of subscripts, and that’ 


Â a102. -ON mm |. 


. tas- aN , i | Š 
If k = N, we may define , : ! | 
eB 7B 
j je 
(ii). CR) ne a‘ 
(24) . 8 ng pon 
: § (ie) - gi) 
(a) (jr) ; 
The identity - A 
§ (a) Cin)... Ge) (4a) «6. GN? cee (N m fe) | EE. Ge) 
25) ( ) l 


GAGs) --- Ga) (imir) (N) (iD Ga Jl.. (jx) 
readily follows. In particular we single out the miana 


l | 
(i) (ig). GN) = es Ci) 
(26) ata See (N — 1)! Sen = 
and : | 
(41) (49) «- SNP x i es ae 
(27) i ODD . (iN) NL. á T - 


For a tensor A a and any particular integer k we may define a tensor 
Af. ers in the manner indicated by (12). If r is the greatest value of k 


| for o the latter tensor does not vanish, we shall call 7 the rank of A® 
and ae Dyn the rank tensor of A), Evidently r is an arithmetic eat 


For a oe É the unit tensor for the corresponding total 2p-tensor algebra is 


(O, given by (2); and the rank tensor of a is the generalized Kronecker 


delta 8{4)---(¢x) for this algebra. | 
With (19), (20), and (21) in mind we have | 
1) (4a) « = 
(28) a rr ae a ty 
where ` 


q 
pte f 


§ (41) (4a) «6 (AN) ee a 
(29) vue 


È 56) Ua) (dN) -aa a GN). | 


The two entities defined by (29) are skew- “symmetric in the N sets of indices ; 


moreover MT- -AN wm § com], 
Oya... GN 


; Although èli». TA defined by (22) if iene ‘aD dbaclute tensor, 
since it is an bee, sum of absolute tensors of the same order, it is less 
evident that the entities defined by va are also tensors. We shall prove the 
latter point presently. ` | | 


Definition. We define the sienna |Aj=—=| AM! of A 


(4) 
(j) | By 


(J) 


= 
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30 A =- ($3) Cta) GAD) A GD 4 Ga. (ÍN) 
(30) | A | arate UD A 4G: AUN) 


Lemma, The determinant, | A |, satisfies the relations 


31 § . = (d A Ua. (in) - 
( ) (11) (rg)... (rn) | A | are (Jo)... (Jn) A (r) A (ra) at? 3 
(êla) § (ri) (ra)... Cry) . | A | == § (5x) (in) o C3) 4 AN ACD- ACOM., 


(Ja) (ÍN) 
Proof. We give the proof for (31). Multiplying both sides of (30) 


by Š (p7 Bnd using (28), we obtain 
1 | 
= 2 § (4)... (tN) h). ( 
O iis -irar | A | N! a pak 8 i. - (in) Aus At 


Since the entity in square brackets is skew-symmetric in the (4)’s in the same 
way that sae peek is ‘skew-symmetric in the (r)’s, (31) follows. 


. THEOREM IT. 85) igs and §G)-.-GN) are relative tensors of weights w 
i lje» š 


and — w respectively, where w == pN /n. 


Proof. In (81) set. T 
AG) mm th th- th, 
rp 


Thus if a 
i.e uara ate el E eee 
(31) states that | l 
Sona ae Gl t 
Thus è, PE transforms as a relative tensor, and. a simple caculation shows 


that its weight w == pN /n. The proof for §4v---Gw) follows similar lines. 
It is implicit in OCramlet’s work [8] that any relative’ tensor da 
' as 8().-Gi) is a rational integral function of the relative tensor its- 


am ¢ hia- ia, As an illustration, let n == p==2; N == 23 == 4: here the ne 


tensor is SG) == öh 8, A fourth order determinant expression for ODi) 
is oita. ironi (22) by putting (j1) = 1,15 (j2) = 1,23 (Ja) = 2,15 (14) 
— 2,2. Expanding this determinant by oanad minors in the ee of 
the columns, and using the identity eteo? me: 274d |. edad, we obtain ) 

ee ‘I ; e , 
efister - gfaatis, ghuta. cinta ° 


§ (4x) (4a) (ie) Ca) pede ; 
chaim ` einh, ctuta . etnta 


THEOREM III. The.determinant of the product of two tensors ts equal 
to the product of their determinants. 
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l 


Proof. Let E : 
b : (1) meu (4) (m) 
OH me BS ° 
Then 
1 
—— (ù)... (iN) (Jı)... GN) 
Ola a ae . 
1 | 
a (45) ss C8) C70) (mı) - (ny) (my) e 
NI Ò DLON) Ate) BS , AEN Bi 
1 
am —— (Ga) ed (iN). © -Alı GN) (m). . . Bima) 
N! ou Pat Ae CAED Ae Bim BUN 
1 1 
— RS A) > i . R€ ae ) 
N! oa j (mı)... (ny) | A | Bay Bey (by (31)) 
1 i 
-= .-— lh)... GN) (m) -- » Riny) 
| A | Nt Sma). . (my) Bim BN 
=|4A{-|Bl. | | (by (30) ) 


or 
|¢|—|Al- [Bl 
4, The adjoint and inverse of A‘). The cofactor ip of AG in | A | 
is given by - 


(32) J iy eee (41) (4a) --- GN) AG). AON, 


( 
(j (N— 1) OIDU) A (iN) 
Forming the product of this with A ap we get 


Sy (4a) ae pei it 41) (42) --- (4a) A (mm) AGa). -> AON) 


(m) GD  (N—1)! Bm) Ga) Gin) GD G) (iN) 
aa § (4a) (ia). CiN) eee Am A Gs) » AGNI] 
S § (41) (ia)... (iN) eee JA] | (by (31) 
=ar epee lal, * - 
Went Fg 14 (by (26)) 
or À : | 
(88) igap labag 
. By a similar procedure, using (31a), it may be established that 
(088) ag hip (AL ae 


The tensor Ñ 7 , defined by (82), we call the adjoint of Ate : 


The inverse of a non-singular tensor is defined by | 
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(34) WY me A (| A | 0). 


D JA] 7D? 
Obviously from (33) and (33a) 


(35) LD AP — AR A R, 
e 5- Remarks. If the unit tensor on be replaced by an idempotent 
numerical tensor Cay and the total 2p-tensor algebra by the subalgebra con- 
sisting of all tensors of the form C A A A C aE it is natural to inquire con- 
cerning the formation of an inverse and determinant. One would hope that 
the rank tensor of C (7, Would play the rôle of the generalized Kronecker’ 
delta Tres as in formulas (30) and (34), and that there would be an 
analogue of formula (25). : 
In Part II these hopes and anticipations are fully realized upon the 
groundwork of the present paper. 
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BISYMMETRIC TENSOR ALGEBRA. PART II.* 
= By Ricnarp H. Bruox and T. L. WADE. 


1, The group ring of the symmetric group on p letters and the algebra 
of absolute numerical tensors. Let r = ae (anda = (7 ee ) be any 


two permutations of the symmetric group on p letters; we denote these briefly 
by m = (f ), r= (£ ). Then rr = Ue ), by the customary method of forming 
permutations [1]; the opposite order of multiplication is sometimes used 
(see Weyl [2]). 

In this paper we use the terminology and results of Part I+ and assume, 
as there, that the underlying field has characteristic zero. 

From the unit tensor 8ft) == 3): 84+ - - 8% may be formed conjugate ten- 
sors, or isomers, of the type Ti) = df) = dh fs -- - dir. The product 


of 8! r and 8 TA , under the multiplication defined in Part I, is seen to be 8 : 
r T Jar) 


(4) (Ft) seme X (F) 
(1) Ò Ons) Br ò ler)’ 


Thus the set Q of all linear sums of the unit tensor and its isomers forms a 
tensor algebra. We now state two basic theorems. 


THEOREM I. Any absolute numerical tensor is, for some p, a member 
of the algebra R. 


This is merely a restatement of the results of Cramlet [3] and Knebel- 
man [4]. 


.Tueores II. For a given p the algebra R comprises ihe commutator 
algebra of the algebra of all btsymmetric tensors, and conversely. 


Proof. Jia tensor commutes with all bisymmetric tensors, it must, in 


particular, commute with all tensors of the form A {i} == tf ti - - Lte; equiv- 
valently it must be an absolute numerical tensor and belong to &. Again, 
if Aff) is any tensor, not necessarily bisyrametric, and if v = (Yie y) 
= (aa. E,) is the inverse permutation of r, ie On OWs that 


(4) SOU) 2 A (t) 
Atm Ô ija) 4o? 





* Received April 29, 1941; Presented to the American Mathematical Society, May 2, 
1941, and abstracted in the Bulletin of the Sootety, vol. 47 (1941), pp. 373-374. 

t Richard H. Bruck and T. L. Wade, “ Bisymmetric tensor algebra. Part I”; this 
JOURNAL, vol. 64 (1942), pp. 725-733. 

This paper will be referred to as Part I. 
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but 


(4) (m) — 8 (ir) (m) — A (tv) 
8 Ove) AG Ò tm) AG Ain j 


If A(t is bisymmetric, A (i) <= A) , and so & commutes with all bisymmetric 


tensors. Conversely, if A {*} is to commute with &, the equation A a = AlP, 
or the equivalent equation A (9) = A (n , must hold for all 7; that is A‘ H must 
le bisymmetric. l 

It is important for our purpose to note the homomorphic correspondence 
between the group ring ©, of the symmetric group on p letters and the algebra 
Q. In fact we may set up the correspondence 


(2) a= Sa(r) -m — Xa (sr) Ot 


where æ is any member of Gy. In view of (1) the correspondence is a homo- 

morphism. If n, the dimension of the coördinate system, is = p, the corre- 

spondence is indeed an isomorphism, but when n is less than p this is not true. 

In fact, let A(7) = — 1, + 1 according as the permutation ~ is odd or even. 

then under (2) : 
E(w) > Berg? 

but the tensor on the right is zero for n < p. (See [5]). 


2. The subalgebra defined by an idempotent. The theory of this section 
ig a generalization of Section 3, Part I, the essential change being that the 
unit tensor 8/f) is here replaced by a more general idempotent C (1. In so far 
as possible, the treatment of this section runs parallel to that of the former 
section. It has been necessary in some places to introduce new proofs. Often, 
however, a proof used in Part I may be applied to the present needs merely 
by replacing the letter & by the letter C; in such a case we omit it in the 
interest of brevity. | 

Let CH) be a npmerical idempotent tensor; thus CG) is an absolute 


(4) 
numerical tensor satisfying the relation 


À (G) . (nm) Lad) 
(3) Cian Ca = Ci. 
Let r be the rank of C iH ; then its rank tensor is 

i (a) OQU). -Oa 

Cony C C o 

(4a) Q O). o CUa 

a) (Cia) (A) n C i 

(4) COG Gd) (a) Ga, 2 5 


Gr 
| (ir) Wr). . . Ar) 
CG5 CO OD 


As in Theorem I of Part J, this factors: 


1 : 
(41) (da)... (Cir) mo — - (Cti) (ta)... (ir). i 
(5) Cs in a Ci) Ua) ge (c= 0). 
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We should point out that we may have a certain freedom of choice in regard 
to the entities on the right hand side of (5), In fact, let ('Pi---8 be a non- 

' Zero component of the rank-tensor; clearly there will be mori hah one choice 
of the superscript labels £,82°-:-B,r and of the subscript labels Viy2° °° Yr 
Once our choice has been made i 7 


a Br es (41) oee (ir) se i (ee) - | == 
(5a) c= Ch & £0; Ch ea 2. Cara a Saa Gas 
That the entities Cw) -G9 and A are ae appear in te 


. (jr) 
course of the work. | 


It seems desirable to make the following ‘remarks of an anticipatory nature. 
We shall give particular attention to the algebra of bisymmetric tensors, which 
in the future we shall denote by B. For A(t} C ® the eet |S of all tensors 


Al) Clim a= CD A is clearly a subalgebra of the total 2p-tensor algebra with 


unit aes C) but it is not in general a subalgebra of B. We shall find that 
when (7(4) is es peer tensor (and so lies in the centrum of the commutator 
sa £) the corresponding algebra © is, however, a subalgebra of B. For 


any A (9, B C® the relations : 


i (4). 4 (8) (m) — BH) AD (m) i (mt). R (4) (m (t) 
B: Ath CF Bu Ain” Co} á and A ae Bi j= Am FG B OO} 


hold ; from this we may conclude that in case © is a ie of ® it is in 

adon an invariant subalgebra of %. | es 
We define the determinant A(A) = mi of a PET e tensor Atn 

- with respect to © == CBC by - 


| a Ch)... Ged. A a) - Gr) 
(6) Ac(A4) tog: ga Ai AGD 


Lemma I. Let T (h) n P be a tensor, skew-symmetric in the r sets 
1 I ' 


of subscripts and in the r sets of superscripts, with the Ak properttes : 
(a) La cy) CT — fie <.. (tr) > (b) O (43) T.. (4) E T {h).. . (tr) 7 
m 


(Ji)... (jr)? im) (Ja). (fr) (fi)... (Fr) 
Then — | . 
NEE T (az)... (er) 
(7) O Tui A0 R 


for some scalar À. 


Proof. Lf we consider the determinant (4) to be aa as an daik 

sum of r! terms, we may deduce from (a) apd the E properties 
sof EH) ff that 
(8) Ti a eres 0 5 ee . (mr) a r! T (t). ann: 


(mr) ~ {ji (fr) - (fa)... Gir) 
Similarly, from (b), 


(45) oo $e) TC) on (Le) me rl TC) l 
(9), Ces ag T UDUD oe ge)? 


= — ey 
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By combining (8) and (9) we have 


(4:) 2... (47) ee Ci (4) .-- Gir) {31}... (Ir) (my) is. (mer), 
TE: » (fr) n Gt? Cie . (ir) Tor . (mr) C y.. Ur) ê 


Because of (5) the right hand side agrees with (7), where 
_ e 


‘Cleve (hh)... Ur) 
ee apr? CAD T ay lta” 


In other words, the properties ascribed to T ae ae and which are clearly 


possessed by Ctm: etn, suffice to ‘characterize the latter to within a ‘scalar 
factor. | 
From (7) and (8) follows 


(44)... (tr) (my)... (mr) — (41)... (tr) 
Cay. . (mtr) Cy. Gr ) rl Ce -(jr)* 


By (5) this may be written 


(ma) «+. (ne) « G Ga) -+> (40) a EA A 
C imo 2m Copy Gg = rE S Un. 
whence l 


(dh)... (ir) mu f. 
(0) Cla = 


Lemma Il. The determinant Ag(A), defined by (6), where AD as bi- 
symmetric, satisfies the relations: 


3 : — z ( T 
(11) Cieta Ao(A) a Oats AGS AY ji 
(11a) Cia)... Ger) Ag(A) = (J (mı)... (mr) Ae - At, 


Proof. We shall eo prove (11), the proof for (11a) being analogous. 
Let. l 


: (4). (41)... Cir} (my) . (mr) 
(12) LORY = Cony . (mr) AG AL (fr) ` 


It is readily verified" that E = satisfies the ee of Lemma I. 


(4) ee Cir) am 1 (41). ie tir) = T (h)... Gr) 
Hence insis Jeus Gr) À ` C (ja). Gr) . In particular, À Ci . (tr) T: . (4r)* 


By (12), (6), and (10) this last equation may be: ie À r!=r! Ao(A). 
- Hence A = Ag(A), and 


(di) e.. (dr) — ae en (na) . (mr) 
(12a) Ao(4)C 5e Hog a A A 


On specializing in (12a) the Scene of the rank tensor in accordance, 
with (5a), we obtain (11). 
From Lemma II, we obtain, corresponding to Theorem II of Part I, the 


COROLLARY. C, ere and (‘h).--() are relative tensors of weights w 


and —w respectively, where w = pr/n. 


° , r l 
738 RICHARD H. BRUCK AND T. L. WADE. k 


The pr rne theorem for bisymmetric tensors may be deduced from 
Lemma IT: 


(18) Ao(A)-Ao(B)=Ao(P); Pim Alt Bip 
The adjoint of A r with respect to:© is defined to be 
(14) - Of (4) 1 g (4)... hr) A Ga) NT : Sa 
l (~ (r—1)! U AGD (r) ? 


and the corresponding inverse is | 


` 


YUD ce 
co | Waray HY (A(A) 0). 
“The proof of the fundamental properes 
(16) Am af (m) =A a = aw i 
reguires the identity 
"AIV O (43) Ua)», G) — (r—1)!0), 


Ch) (da)... (dr) ($1) 


Formula (17) is a special case of | 


| (41) «+= Gn) (tag) oe) oe ge (a) o (ae) 
(18) C Uda » (Jx) (ten) +. Gr) (r k) ! Oo vee (Jey 


, 
E 
| 


which we shall now prove. For any's we define 


Oba)... Oth 


(42) 
(19) CU Ged ee 
O9 Ua 
t m (4 a3, (4a) 
: , Ot. “Ot 


Expanding this determinant by the last row, and rearranging indices, we get 
i , 


Oho) me — 0 (49 O GUD Ue | | | 
ie ia Coada Ga ee TA TUD" 
Thus, putting (js) = (te), we have 
(20) O a) ++: (laa D am pa O Gd- (a-a) 


a) ++ (Jana) (a) (41) «++ (Jaa) ? | 


where pO e=); For E the tensor . i ahe and 
hence from (20), i 


zs (i) eplir) , 
0 == pras ` O ua. e | 


‘The tensor on the right is not zero; therefore pr = C io aes 0, or 
(21) ` O =r. os : 
x | 


Thus eres | and by using (20) successively for s=r, r—1,- 
k -+-1 we obtain (18). 


N 


: , 
| t 
t 


~ 


i i , 8 
BISYMMETRIC TENSOR ALGEBRA. PART II. 739 


In equation (21) we have a fact of considerable importance; namely, that 
the rank of an idempotent tensor C14) is equal to Cl). This corresponds to the 


well-known fact in matric aaa that the rank of an idempotent matrix is 
equal to its trace. | 

-In this section we have restricted ourselves to a numerical idempotent 
tensor Ci and to the algebra of bisymmetric tensors. If A (*) is not a bisym- 
metric tensor, we may still define the invariant (6); it is in fact the deter- 


minant of Cl} A C im, 


Ag(A) — Ao(CAC). 


We find however that 


Ag(A) : Ao(B) = Ao( ACB) ; 
this is a reflection of the fact that the mapping 


(4) 4) 4) A m) 
ARCH AQ OF 


of the total 2p-tensor algebra upon the algebra © is not a homomorphism. 
Again, even if the idempotent C ' f is not numerical, the theory of this section 
will go through completely, with one exception, provided we restrict ourselves 


to an algebra of tensors commutative with Cio, The exception is that the 
entities C (è --- 42 and C, iati will not be ee, 


3. The direct sum of two algebras. Let the numerical tensors D i ' and 
EH) be mutually orthogonal idempotents : 


(J) 
W9 Dim) — Dw (4) Rim) (4) 
(22) Dim PD =P oy. EW B = Hid 


D) E = EW D om) = : 
Di) # Fim PG) = 0. 


It follows from (22) that C {9 == D(H + E ( ig a numerical idempotent tensor. 


(f) (f) 
Let r, s, it be the ranks of C, D, iid z respectively. Then by contraction and 


by use of (21), r =S ae t. Consider the rank tensor 


(44) Ghee. Da (44) 
D (Jn) +4 UD? > mat + EPR 

(23) C Ch)... (ir) — . 
GALo) Ka a ETA 
r a . fr fr 
Diy HEGY „D (ir) re (ir) 


The determinant on the right may be expressed as the sum of 2° determinants 
of r rows and columns; the only tion-zero ones will consist of s columns of Ds. 
and ¢ columns of #’s. Hach such determinant may be expanded by minors, 
giving sums of products of s-rowed determinants of D’s with t-rowed deter- 
minants of Z’s. Thus, finally, Ol) act may be expressed ag an algebraic 
sum of (r!/s!t!)* products, of which the leading term may be taken to be 


o 
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sasti Puai 
(24) DER GD FS G5 - 


Let m = mima’ ` aama © «a, be any permutation of 1, 2l. --,r with the 
restriction that the numbers mır: - >m, and also, the numbers we4,° © mr are 
written in the natural order; let + be another permutation of 1,2,---,r 
subject to the same restriction. Then a typical term of the ch whose roan 
term is (24) is ig | a 

(25) + Di Go EGR Gra | 

where the sign is + or — according as x and r differ by an even or an odd 
permutation. We note that there are r!/s!t! terms for which m = 7, all pre- 
ceded by-a plus sign. 


THEOREM III. For a bisymmetric tensor AGy 


(26) | Ao(A) =An(A)-Aw(A). | 


Proof. In forming Ag(A) as defined by (6), where Ott. re is written 

, a8 a SUM as described above, if we consider only those an pe which r = y 

we readily obtain the right hand side of (26). Any term for which +7 

will give zero. In fact, if r £ ~v, one of the numbers mirs: ':' ma must coincide 

' with one of the numbers TiTa’ `° - rr; consider the case mı = r, = k. The 
inyariant corresponding to this term will vanish with | 


D (4) (ws) es) . E (stress) «+. (trea) Gwr) . A (de) 


(Ja) (fara) --- (Sore) (Jrs) --- (Jarr-1) (Fr) (4k) 
= J) (te) J) (4) (ira)... C4ars) (ims). (irri) (Arr) o (fm) 
D (1) D (Jri) m -(jrs) rsh ae ae pees ) Gm) | BY A (ia) ) 





for, since Alp is bisymmetric, 


(ir). F (m) (je) n oe (m) (Jn) — A (m). (Ja) oy = 
DY Bip At D Atm Es Atm E ia) Di 0, 


the last step following from (22). A similar argument holds for the other 
cases. 
Just as we have, in Theorem III, linked the Da of A with 


respect to C, D, and E, so we may link the adjoints oll HE pil a ; all o, aiie 


these are defined relative to the idempotents C3 D, and F in the manner 


indicated by formula (14). š 

2 e | 
THEOREM IV. l 

D a arr T ee 


~The proof of Theorem IV follows the same lines as the proof of Theorem III. 


| 
| 
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CoROLLARY. 
o o oh =a R + aE 


This follows from (27) by dividing through by Ag(A) and using (26). 
Theorems ITI and IV may be immediately extended to the case when C (# 
is a sum of any finite number of mutually orthogonal numerical: idempotents. 
Such a situation arises when the unit tensor. a is decomposed into a (direct) 
sum of tmmanant tensors, as eoU in a previous paper by one of the 
writers [5]. Here ' 
(29) Bi Bi es Sa ol phe fp 


P 


or, more briefly, 

(29a) 8h = ol (i pee rea at ee 

‘These formulas correspond to formula (18) in the paper cited. The immanant 

tal (Gy is the idempotent numerical tensor corresponding to the irreducible 
representation [a] of the symmetric group on p letters. Like the idem- 


potent C (H of Section 2, the immanant tajl (8 defines a subalgebra of the total 


2p-tensor algebra, and forms the unit for this subalgebra. Corresponding, 


respectively, to Theorem II- and to the Corollary to Theorem IV we have, 


for any eee tensor A ae 


(30) ? |4 |= H åta (4), 
(31) AR =E alih. 


As in Part I, |4 | ad A designate, respectively, the determinant and 
inverse of AT relative to 50, that is, with respect to the total 2p-tensor 
algebra. Clearly Araj(A) and rA designate the determinant and i inverse, 


_ respectively, of Alp relative to E o, 


4. Determination R the ranks- of immanants. If weecontract in formula 
(29a) by putting (7) — (t), we obtain 


e . n 
(t) = (å) © ¢ +% 7 (¢)} s` e o (4), 
(32) a lie) ae a oF tal ie T F DPM R 


In view of the fact given by formula (21), we may state (32) in words: The 


rank of the unit tensor (=n?) is equal to ne sum of the ranks of the 


` smmanants. 


The immanant tensors were defined in terms of ihe table of Da 
9 


e a Po tal ey 


d 
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of the symmetric group on p letters. We proceed to show how the ranks of 
these immanants may be obtained from the same table. If we define 


i 


(33) KG = Tae, 
where m ranges over all permutations of class (p) == (1%, 2,- - -, pr), then 
‘the immanant tensor tal a is defined by ° 
(34) lG — (fa/p!) D xa oK ip 

(p) 


in which xa‘® is the characteristic for class (p) corresponding to the irreducible 
representation [a], and fa is the degree of the representation [a], i.e., the 
characteristic corresponding to the class (1°). If ra is the rank of taf ($), we 
have from (34) by contraction, 


(35) | ra = (fa/p!) Exa K R. 
p 
Lessa IIT. 
(36) pie om Vo a, 


where vp == order of class (p), and k == kp == pi + pa +H: t «pp. 

Proof. If ~ is any permutation of class (p), ee = Bh Ste + + + Ot 

bé | Tp 
is a product of closed cycles, p, of these being of length 1, pa of length 2, and 
so forth. Corresponding toʻa cycle of length dA, a factor of our product is 
‘ 1 goes J -L w Peer 

(37) ôf Ô ja ôA bi Sf ome 1. 
Hence ae == n*, where k = p, -+pe-+:-*‘-++ pp. Since there are yp such 
permutations m, (36) follows. 

From (85) and (86) there follows 


THEOREM V. 
(38) Ta = (fa/p!) 2, Xa"? + vpn*P, 
(p 
Although the integers kp are not usually given in character tables they are 
readily constructed from given character tables. 


Example 1. For p= 8, the character tablais [6] 


Class: (p) (1°) © (1,2) (8) 

` Order: yp 1 3 A 
kep 3 2 1 

[3] 1 1 1 

[2,1] 2 0 —1- 

[1°] E ssi a 
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By (88), from the character table, 
— 
(39) ran Fp LBL tf 0-8? 1-8 n] AD) og (7H i 


In like manner it is found that fts) =(" 5 °) and Tut = (7). 
e Example 2. For p= 5 we give only three lines of the character table, 


corresponding to class, order, and kp. 


Class (1) (15,2) (153) (1,4) (1,2°) (2,3) (5) 
Order 1 10 20 30 15 20 24. 
kp 5 4 3 2 3 2 1 


The ranks of the immanants are found to be 


[a] [5] [4,1] [3,2] [3, 17] [2*, 1] [2,1] [1°] 
m EYP) CL) OF) CP) MOTO) 


Since the immanants and their ranks are known, their rank tensors are 
readily constructed. As a simple instance we remark that for n= p = 3, 


| i | 
ro = 1, and 80 nal (p = 35 Spit is its own rank tensor. 


The K a defined by (38) is bisymmetric; in fact if om Sa, the sum being 
over all permutations of class (p), and if 7, r’ are any permutation and its 


inverse, it readily follows that xr =x. Thus BP ELD ot), = Ki}, or in 
T) 


other words K H = K He for every permutation r; which proves the point. 


It then dlls ae (34) that the tmmanant tensors are all bisymmetric. 


Consider the set © (a of all tensors jal), A Gy tm Atel. where Ale CB; 


clearly this is a linear subset of the cee 8. HAN, Pe EA then 


Bila. a A m BO AG. al” 


(1) (m) “~~ (4) (1) (m) Gy 


and 


- D Atm). RO) a (4). Aim BQ) 
tald {*), AD’ B= tail i)” A) Bu} 


it follows that Staj ts an invariant subalgebra of B. 
5. The equivalent subalgebras connected with a Young tableau form. 
To facilitate our tensorial treatment.of this topic, we need to extend the dis- 


cussion of A. Young’s work given in Section 1 of the paper “ Tensor Algebra 
and Young’s Symmetry Operators” [5].? 


*The writers are indebted to Prof. G. de B, Robinson, in particular through his 
unpublished paper “ The Irreducible Representations of the Symmetric Group, as obtained 
by Alfred Young,’’ for helpful suggestions relative to this resumé. 
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Corresponding to a certain tableau form [a], let there be fa standard 
forms, which we may designate by P', Fat © ©, Ffa For each standard form 
there is a normalized idempotent symmetrizer cp == (fa/p!)PpNp. For orthog- 
onality purposes permutation operators M are introduced go that the prepared 
operators dp == cCpoMp have the properties dpd; == 0 or dp according ‘as p É T, 

‘p — r. Evidently codp = cptpMp == CpMp == dp. Also, from the constructipn 
of the Mp, NpMp' Pp = NpPp, whence there easily follows- 


l gi 
PoNpMo` PoNp — Pp: NoMoPp' No = Po NoPo No — PoNp : PpNp — T- PoNp, 


or ApCp == Cp. Thus 
` CpCp ms Cp dod, = Ôp, r ' dp 


40 
oa Cpdp = dp; dpCp = Cp, 


where èp, = 1,0 according as p = r, p&r. Finally, if T is the normalized 
Young idempotent corresponding to the form of tableau [a], we know that 


(41) ee ee ae i 


Dropping subscripts for the moment, let us assume that c, d are, respec- 
tively, the idempotent and the prepared idempotent corresponding to a certain 
standard form. Let C a == 0 e jr be the numerical tensor corresponding 


to c under the homomorphic mapping (2), and similarly let DY be the 
numerical tensor corresponding to d. We deduce from (40) the relations 


(4) (m) mee (1 (4) + (4) (m) sa J) CD) 
(42) Con OH) CH 7 Dim PG DS) 


(4) (I) seme J) (4) + (4) (m) emcee (J (4) 2 
Cin) DES Do r i D tia Co, Cih 


(7) 
An(A) = Ag(A) for A bisymmetric. 


Proof. Putting (j) = (+) in the last two formulas of (42), we get 


(4) (m) ene (4) (i) (m) ess (4) 
C tm) DY D> Din) Co C : 


Thus Di} = C fib, and the ranks are equal. We denote the common rank 


by r and the rank tensors by Dfm. G) and O- G), From (42), D® 


THEOREM VI. The tdempotents C® and De have the same rank, and - 


l 


(41) .-. (fr) (41)... (fr) “ (J) 


= Cf D, and ° 
"t 
JIO) (mı) (41) (mg)... (41) (mr) 
- C im Digs 3 C ms D (43) ? ? Cy) De 
= > D- Gr) oe Pa ‘ 
: (43)... {fry 


DMD,- - +, O9, Dime 


(tr) {mi} (ir) 
C tm) Di j C l {mr} (jr) 


fx) ? (mtg) 


Since each (ma) ranges over N = n? labels, each column of the determinant 
on the right may be regarded as a sum of N columns. By expressing the 
determinant as the sum of the corresponding N” determinants, we obtain: 
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43 (Dan a OGD rd Dilan) « «+ D fae 
= een ee Cian amen PGS DG: 


For any bisymmetric tensor A‘ D (43) yields, in condensed symbolism, 
Ap(A) = Ao(DA). But Ao(DA) w= Ao(DA : C) = Ag(D-CA) = Ag(CA). 
Finally, Ap(A) —Ag(A). Here D, Č, A stand for D, OC, Af and a 
product such as DA stands for D 0, A ay 

© Adopting the convention of ra Weyl [7], we shall use the name “ adhiral 
diagram ” in referring to the tableau, corresponding to a tableau form [a], in 
which the p numbers are written in the natural order. For example, if p = 7, 
the natural diagram corresponding to [3, 27] is 


We shall designate by w the diagram, of the-same tableau form, in which the 
p numbers are written in an order obtained from the natural diagram with 
the aid of the permutation r == (aee): Let O (4) = O hh-:tr be the 
numerical idempotent associated with the natural diagram, and mCi% the 
numerical idempotent corresponding to the diagram w. Denoting by x’ the 
inverse permutation to x, we have 


l (4) — 8U) (t) (m) un r) (2) S (a) imitira. -irp — (Un) 
(44) w C t ô iiw) Ce 8 Oe) ò Of2, 800) = Ofer Imp CUD: 


Hence yC 3 is obtained from C i by rearranging both subscripts and super- 
scripts of the latter according to the permutation T. 


IHA F is any bisymmetric tensor, consider the set u of all -tensors of. the 
form gi. SOA: ‘Although U is a subalgebra of the total 2p-tensor 
algebra, it is not a N of the algebra 8 of bisymmetric tensors. In fact 


U (ix) me CUD A Om), = C UW, AED = oy O18, AM) = Gy UD 


(mar) (m) — (9) (4)? 


the last tensor belonging to the analogously formed oe ty H. 


The mapping . 


(45) | TR O wU = Or} 


is an isomorphic mapping 1 of U pon m U, and hence ais algebras are equiv- 
alent. Here we have a situation in contrast with that which arises in” the ~ 
case of the corresponding algebra defined by an immanant; the latter is a 
subalgebra, in fact an invariant subalgebra, of the algebra 8. 

From the remarks of the preceding paragraph it is evident that once the ` 
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inverse has been fetes relative to C, it may be formed ne to g C by use 
of the permutation m. This is a consequence of the fact that the mapping (45) 
is an isomorphism. 1 


THEOREM -VII. The determinant of a bisymmetric tensor AT u saluto 


a CI) ts equal to tts determinant relative to C (3) 5 that is, 


ee : Ago(A) nee l | Ra 


| 
tiie (uedor E EE TEN E | 
Corresponding to equation (41) we may write : 
(a Mm DY + DB t H Delf 
. Here tajl is the immanant associated with the tableau form [a], and the D’s 
_ are the prepared (mutually orthogonal) tensor idempotents. We have directly 
‘from Theorem ITI ! 


(48) | a(A) = Ap, (4) An (4) >> Ap, (A). 
This, with Theorems VI and VII, allows us to state 


COROLLARY. Ar(4A) = [ao (4)]", where Cu is the idempotent for the 
natural diagram of the tableau form for which I 9 ts the im manani. 


Like the algebra U of tensors U (4) == O (8) A (m) (aip San the 


(m) 
algebra 8 of tensors VD A (m Da a subalgebra of the total 2p-tensor 
algebra, but not of the pigs algebra $. It is interesting to note that, 
as implied in (47), the algebra Sta considered in the preceding section, which 
is an invariant subalgebra of B, is the ener sum of fa algebras B, none of 


wiih is a subalgebra of B: 


THEOREM VIII. Fach'of the algebras Bı, Bar- -, Bra ts equivalent to 
the algebra U defined with respect to the idempotent oe of the natural 


diagram. ' 


Proof. Let DW be the prepared idempotent corresponding to the natural 


diagram. The ida U consists of all tensors of the form i — 0] DA Kj i 


A‘! bisymmetric. Define , | 
, = Di UM DW. | 
” Thén | 3 
OY = DID -C® Am. DD me DY O®- Dim. AD (4 bisymmetric) 


(m) (4) (w) (H (4) 
0. Da A®., (By (42) ) 


(1) (3) 
So 


(49) | (OF -VH =D AM, | (By (42)) 
3 
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Conversely 


Ve 1H) Vw AQ 7) 
(50) i Vig =CBVB OY UG. 


The mapping U > DH UW D = VU) is a homomorphic mapping of 
U upon another algebra, which, as we see from (49), is none other than the 
algebra B defined in the preceding paragraph. From (50) we deduce that 
' tle mapping is in fact an isomorphism: $, is equivalent to U,. Similarly we 
may show Ñy to be equivalent to U, for A—2,3,:--,fa. Since all the 
algebras Ua (4, VU) are equivalent to U the theorem follows. | 


6. Conclusion. In Section 2 we showed that in terms of any idempotent 
numerical tensor Ct, we might define a subalgebra of the total 2p-tensor algebra 
and that C (4) was the unit of this algebra and had rank C {f}. In terms of the 
rank tensor of Ce we were able to define the determinant, and the inverse 
when this existed, of any member of the subalgebra. These general considera- 
tions facilitated the study of the invariant subalgebras Sta] of the algebra B 
of bisymmetric tensors; Sta; being defined in terms of the immanant tensor 
tay ri In Section 4 there was given a method for the explicit calculation 
of the rank of any immanant; explicit construction of the determinant and 
inverse of any tensor belonging to ©ia} was thus made possible. Section 5 
established the fact that Gia; was the direct sum of fa equivalent tensor 
algebras, none of which, however, was a subalgebra of B. 

It seems pertinent that we conclude our theory with 


THEOREM IX. The algebras Gra, are the only minimal invariant sub- 
algebras of B. 


Proof. Let ©, with unit tensor /{%), be a minimal invariant subalgebra 
of 3. The tensor I a is bisymmetric, since it belong to B, and idempotent, 


area i (4) (4) TOM) wee TU TT (em) 
since it is the unit of ©. For any U {1} C ©, we have UID, Ly my OF 


e : . F è a 
me [J , from the properties of a unit. If A C ®, then, since © ig an in- 
; (4) 7 (m) (4) TOR) om AG TO 
variant subalgebra of %, Ath Ts C- ©, and hence A {0 ICU s A13) Fim). I0 
war TO. AM TOM TH AM F) TA (4) AW a TH AD Fim). 
DPA = Aart Similarly, Ih Ap = st Aim T 
whence , 


(2) (m) ~ (J) * (2) (m) ~ (3) 3 
(4) Jim) 2-7) AWD 
(51) Alm) iy ra Aij i 


Equation (51) states that the idęmpotent I G lies in the commutator algebra, 
Q, of B; i. e., it is numerical (see Theorem II) and thus a linear sum of the ~ 
tensors BD. i 

Let us first consider the case n = p, so that the mapping (2) of the group 
ring Gp, upon the algebra & is an isomorphism, or, in other words, so that the 
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pl tensors ie are linearly independent and Z a may be expressed as a linear 
sum of these tensors in a unique manner. But J) is bisymmetric; hence the | 
` coefficient of each 8‘) for which ~ is of class (p) must be the same; in other- 
words, I z is a sum of the “ class-tensors ” p) A defined by equation (33). 


We now use the well-known fact that the number of irreducible representations 
of the symmetric group is equal to the number of,classes. Since the lineayy 
independent immanants fajl a are equal in number to the “class tensors” 
(pr ty a in terms of linear sums of which they are defined, it follows that 


the Pg a can be written as a linear sum of the immanants. Hence the 
(P) 


Iaa It an is a linear sum of the (mutually orthogonal) immanant 
tensors, and ech coefficient in the sum will necessarily be 1 or 0. Bat © is 
minimal. ‘Therefore / i is itself an immanant; © = Gra). | 

If n < p the above remarks must be re-examined, but the theorem is 
nevertheless true. The class-tensors (pK S and the immanants tall | | are 


defined by (33) and (384) respectively as Ke “ homomorphs ” under (2) of 
definite group-ring elements; hence the truth of the proposition that the 
(py a are expressible linearly in terms of the tal p depends only upon the 
group-ring ©, and not upon the relation of n to p. The linear subset & 
consisting of those elements of ©p which map under (2) into the zero tensor 
is clearly an invariant sub-algebra of ©, and ©, = 2 @ M; the group-ring 
is a direct sum of Q and another invariant subalgebra Wr. Of the various 
group-ring operators which map into 7 D we select that (uniquely deter- 


mined) operator e which lies in W. (The tensor I (H) may be written in- 
different forms as a lincar sum of the isomers; with the aid of the group-ring 
we select a definite one of these expressions.) Thus e— I ae If r, w are 


i (4) (2) i — I(r), 
any permutation and its inverse, m ¢r—> Sif), IM 80o mm I! T Fhus, 


since a0 is bisymmetric, a’ er —> Is}. Now Dt is an invariant Tae: 


and so x'e lies in Yt, and both rer and e, members’ of W, map into J ie 
Therefore 7’ ex == e for all +; or; e lies in the centrum of G,. It follows | 
that Z; on is linearly expressible in terms of the (pK í oe and hence in terms of 
the wll? We cohclude, as im the preceding paragraph, that i is itself 


an E 


7. Applications. Of aid in studying the algebra of. tensors associated 
with a: Young diagram is the 


Lema IV. Let C be the naneta idempotent tensor associated with 
the natural diagram of a Young tableau form. Then Co wee Eea 

z 2: Ld 
possesses : 
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(1) on tts p superscripts the symmetries indicated by the rows of the 
diagram ; 


(2) on tis p subsoripts the skew-symmetries indicated by the columns of 
‘the diagram. 


Remark. Here the idempotent C | is formed with the aid of an idem- 


potent symmetrizer c = (fa/p!)PN; if the order of P and N were inter- 
changed (multiplication of permutations still being defined as in section 1), 
one would interchange the words “ superscripts” and “subscripts” in the 
Lemma. 


ot AH he oe 


‘Illustration. The idempotent Ci on Oe associated with the dia- 


gram given in Section 5 is: (1) sy ai Neg t, te, ts, OD ty, ts, tg and on tr; 
(2) skew-symmetric on Ja, J4, Jz, OD fas Js and ON fs, fo. 


Proof. CP is obtained by applying the group-ring operation 
c = (fa/p!)PN to the subscripts of the unit tensor ôH. Here P is the sum 
of the admissible row permutations; thus if + is any row permutation, mP = P 
and so c ==c¢. The last equation, in virtue of the homomorphic correspon- 
dence between the group ring and the algebra of absolute numerical tensors, 
implies S(O, OM = CP. But 814) ON m § (iw) G Oe), where a” 


(4) (J) (4) 


is the i K erio tor; takes C oe = 0 co. Since m may range with r 


over all admissible row permutations, we infer property (1) of the lemma. 
On the other hand, N is the alternating sum of the admissible column permu- 
tations; if y is any column permutation, N- y = dy N where ày == + 1, — 1 
according as the permutation v is even or odd. Thus c'vy== Av: c, which 
implies C (0) 8 (0, == Cts), or Om == C(}. Hence we have property (2). 

The fact that C0 is associated ith the natural diagram plays no part 
in our proof. Lemma IV would remain true if the words “ the natural ” were 
replaced by the indefinite article. Nothing essential is lost, however, by our 
keeping to the natural diagram ; this we have shown in Section 5. 


Example: p= 3, [a] = [2,1], n==2. Here fat=2; there are two 
standard diagrams 
Pes: 12; Fy: 13 
me) 2 


~ 


From Example 1, Section 4, re, = 4° $ T ‘) for general n. In the present 


CASE Tiz) == 4, and the rank of each of the idempotents Cy ff), Cs f) associated 
with F,, Ba is (1/fa) ‘a = 2. 
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From Lemma IV, C, a == C1 is symmetric in the set tı t and skew- 
3 


symmetric in the set j; 7s. The rank tensor of Crt is 


fo fishs dn baa fs 
íh) ( Bie: Cie Css injin 
HUD | O, taiste, (tainta | ` 
* Jnheha? ninia 


From its construction this tensor is symmetric on iy 4, and skew-symmetrie 
On Jm Ja for à= 1,2. In addition it is skew-symmetric in (ù) (tz) and in 
(j1) Gz). (See Lemma I}. The rank tensor, moreover, has rank 1 (Corollary 
to Theorem I, Part I) and hence is unique (See Lemma I). Also it factors: 
Cis = oe. CVC) CL yg for some scalar c. Consider “the 
tensor €, 4 Jaa Stein? THis is skew-symmetric in jy, fr, for à= 1,2; 
if we interchange the voles. of (jı) and (fz) we merely change the sign of, the 


tensor. Hence 2 
(52) Orpa = Sita: “ais hide . 
apart from a constant factor. In order to obtain O, (+) (4s), we remark that 
the corresponding tensor euts- ¢tuts-¢ fate ig skew-symmetric in (%) (tz) 
and also in t),%, for A== 1,2. We may obtain C,‘ (f) from this tensor by 
applying N:P, independently to the three indices (ù) and to the three indices 
(12); It is unnecessary however to apply Ni, which will have the effect of 
multiplying the tensor by a scalar. Applying P, = {12}: {8} = 1 + (12) 
we =i 
(58) Cyn) Ca a gttis - etnis - pinin 

Ao chats. cinta» etnian | efnin . gtmtes. chain L chiels. faster . tute 


apart from a constant factor. Outer multiplication of the expressions (52) 
and (53) for C134) and C) a) yields 


(54) CO GU) = À - [Bing - ar § tats l- §tintis » § tnig- § tute 


(91) (a) nim Jalin juja njas Juis 
a fis - fisin § tunte - 8 tats - § inta 
i ô; unl naas set a judia re an 


for some scalar’ to be determined. If we contract by putting (je) = cay 
formula (18) where r= 2 gives Sree it == 2 Cien. Hence from (54), 


À 
O, (4) = È [pint 2: Bhs 4 Shaka - 2. Bea Bite Sha 4 State. 3 tn ] 


~ (55). 
( 3h ree Sosa j 


Finally, since C1 {i9 — 2, 2 = Ë>- [22 + 2] = 9A, A—Ž. Hence, dropping 


the subscript 1 on (i), (j1), we may write 
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‘ 1 i g i ‘ 
(56) Aei 3 Oy Bile 4 8 Bie] mE [Bi cole Bh eh Je 
Also 
r 9 R ` 
(ti) (to) = tuhs . dys . nz uiam 
CiD GA 9 [8 p ai ape F pat a he 8; ne 
-+ o Ô teis. naa -+ apa ô lates- aale. 


tfais Indes 
The E Cı! H is obtained from Ch a as given by, (56) T use of 
the permutation a == ( 28): 


(57) C. G =, [8% “one =o aae ] ma [8 $ » gtit J : eitz] - Chje 


It is readily verified that the idempotents C, (4 , C3 ;, are mutually orthogonal ; 
and in fact both M, and M, are here the identical permutation. Thus 
ait Ou) E C29. From (56) and (57), using the identity Bo éjsja 


= €j, + oF €j,j, = 0, we obtain 


Cay es eal =g leg TETA aa ass 


For theoretical purposes the idempotent associated with a Young diagram 
is defined as the result of operating on the unit tensor 5(#) with a Young 
symmetrizer. Nevertheless, the above example has sated to indicate the 
truth of 


Leuma V. Thetdempotent associated with a Young diagram is uniquely 
defined by its rank and the symmetries indicated by the diagram; and it may 
be expressed in terms of the (ordinary) generalized Kronecker délias. (See 
(23), Part I). ) 


In fact, the rank tensor is determined to within a constant by its sym- 
metries and hence may be determined to within a constant in terms of the 
generalized Kronecker delta 8 Pei Both the constant and the idempotent 
may be obtained from the rank tensor by use of the contraction process (18). 

Although the immanant may be obtained if desired from the character 
table as a function of the simple Kronecker delta, the example indicates how 
it may be expressed in a more ii form through the C’s by the use of 
Lemma V. 

In the Example ‘the M’s, as there noted, were each the identity permu- | 
tation. ‘This is true in all cases for p < 5. In some cases, as for example 
when p= 5, [a] — [3,2] and [a] = [27,1], some M’s are not the identity 
and must be determined. For determination of the M’s see A. Young [8]. 
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Note on a Paper by R. H. Bruck and T. L. Wade. 


By G. pg B. ROBINSON. 


In Theorem V, Part II, of their paper on ‘ Bisymmetric Tensor Algebra ’ 
R. H. Bruck and T. L. Wade have expressed the rank fa of an ‘immanant 
tensor” pazl a by the following formule: l 


(1) Ta = (fa/p!) > xa - vpnke, 
(p) 7g 


where fa = degree of the representation [a] of Sy; 
xa‘ = characteristic of the p-th conjugate set in [æ] ; 
vp = number of elements of the p-th conjugate set ; 
kp = number of cycles‘of an element of the p-th conjugate set. 


It is perhaps worth pointing out an interesting interpretation for the 
number ra in terms of Young’s substitutional analysis. If we replace each cycle 
in the fundamental relation * 


(2) Ta = (fa/p!) È xa- Pom (fa/p!)? > PaNa 
by n, then immediately 
ra— (fa/P!) E xa” -vonte — (fa/p1)* E (PaNe} = (fa?/p 1) (PN), 


since the second summation in (2) is over all the p! tableaux æ and the 
corresponding {PN}’s—i.e. PN with each cycle replaced by n—are all equal. 

This interpretation adds to the significance of the table in Example 2 of 
Section 4. E.g. | 


Tta) =5 (në oe 10n* + (20 + 15)n® + (30 + 20)n? + 24n) = % | J 


2 kad 
T 18,2] = = (në + 2n4 + (— 4 + 38)n® +-(— 6 + 4)n?) = in a P), ete. 


as may be easily verified. 


* Cf. Robinson, “ On the Representations of the Symmetrie Group ” this JOURNAL, 
vol. 60 (1938), pp. 745-760, footnote 12. 


QUALITATIVE ANALYSIS OF THE FLOW OF FLUIDS IN PIPES.* 
a a By T. Y. THOMAS. 


=> L Introduction. In another paper: On the stability of viscous fluid 
we obtained a number of results on stability problems belonging to the first 
category in the classification of this paper. Stability problems of the second 
category, e. g., the stability of steady flow (Poiseuille motion) in an infinite 
circular cylinder.or pipe, were not considered. This particular problem will 
be discussed in the present paper, the methods and the chief results obtained 
‘having their analogues in other stability problemą treated in the literature. 

Exact methods only are used in this paper, e.g., the linearized or first 
order equations of the disturbance are not considered.* While it is natural to 
consider exponential solutions (disturbances) in connection with the linearized 
equations it is questionable if such disturbances (excepting the special case of 
the zero disturbance) have an actual existence in the sense that they satisfy - 
the exact equations of disturbance. At the end we have in fact shown that the 
procedure of representing disturbances by functions of exponential type leads © 
(on the basis of the exact equations) to the stability of the steady flow, a result 
in disagreement with experiment. Other results on stability are mentioned in 
the text. The principal result is of qualitative character. It consists in show- 
ing that for the same pressure drop the volume of fluid traversing a cross sec- 
tion of the pipe is greater for the steady flow than for turbulent motion. Or 
what amounts to the same thing the fall in pressure necessary to produce a 
given discharge from a pipe is greater in the case of turbulent motion than — 
for the steady flow. This result is in strict agreement with the experimental 
facts. In spite of its qualitative nature a certain interest may reasonably be 
attached. to a result of this sort first since the demonstration is based on an 
exact treatment of the Navier-Stokes equations and equation of continuity 
and second since it is impossible to establish it if one confines himself to the 
usual exponential disturbances. 

We proceed to a statement of.the definition of stability, and the assump- 
tions of continuity and differentiability underlying our discussion. 

Lg 


d 

* Received July 29, 1941. 

1 University of California Publications in Mathematics (Los Angeles), vol. 1 (1942). 

? In this connection see the comment by von Kármán, “ The engineer grapples with 
non-linear problems,” Bulletin of the American Mathematical Sooiety, vol. 46 (1940), 
p. 664 (footnote). 
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2. Definition of stability. Continuity and differentiability assumptions. 
Let G denote a region completely filled by a viscous fluid and let us denote by 
e (a =— 1,2,3) the contravariant velocity components and by p the pressure 
of a stationary motion of the fluid in G. Similarly let u* and p be the velocity 
components and pressure function of an arbitrary non-stationary fluid motion 
in G. The three quantities é = u*— a* and & — p— ï in any (dynamically) 
allowable codrdinate system are the components of an invariant which we shall 
refer to as the disturbance? of the stationary motion. 


The stationary motion will be said to be stable relatwe to a class D of dis- 
lurbances in G if + — 0 uniformly over Gas t— œ where the & (1 = 1,2,3, 4) 
are the components of an arbitrary disturbance of D.* | 


With regard to the characterization of the class D we must in the first 
place specify certain conditions of continuity and differentiability of the four 
components of the disturbances since the velocity components a and the 
pressure j of the stationary motion and the corresponding functions u* and p 
for those motions which give rise to the disturbances are assumed to satisfy 
the differential equation of continuity, and the Navier-Stokes equations as the 
basis of our discussion. Our requirements in this respect will be satisfied by 
the following two conditions which may be thought of as formulated relative to 
a rectangular cartesian codrdinate system covering the region G. 


_ (a). The components ét (i == 1, 2, 3,4) are continuous functions of the 
‘ space coordinates and the time in the region @ (closure of @) and have 
continuous first and second partial, derivatives with respect to the space 
codrdinates and the time; in addition the fourth component {* = p— p has 
continuous third partial derivatives with respect to the space codrdinates. 


(8). The components é (t == 1,2,3,4) of any disturbance and their 
partial derivatives in,condition (æ) are bounded uniformly (i. e., irrespective 
of the time) in G. | 

In the above we have formulated the definition of stability and the funda- 
mental assumptions of continuity and differentiability in a form sufficiently 


* The (4(a = 1, 2,3) are the components of a contravariant vector and t = p —p 
is the component of a scalar under allowable codrdinate transformations (which may 
involve the time ¢). Under the gestricted class of transformations of the form 


oa — ga (©), t=, where the œs are the spatial codrdinates, the disturbince appears e 


as & contravariant four-vector. 

1 By considering the condition *>0 as t>œ rather than the more general con- 
dition f> const. as t> © we assume implicitly that the arbitrary constant which is 
involved in the pressure function p is so chosen that the const. in the convergence 
condition is equal to zero. 
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general to apply to a variety of problems on stability. In the following section 
we indicate specifically how this is to be understood in relation to the stability 
of fluids in pipes. 


8. Equations of motion in cylindrical cotrdinates. In general coördi- 
nates xt, 27, 2* the Navier-Stokes equations (in the absence of external Forces) 
and the equation of continuity are - 


(3. 1) pAUA == gh gate ae z; - + pubu,p%, 
(3. 2) that == 0, (equation of continuity). 


All summations in these equations are over the range 1, 2, 3 and are made in 
accordance with the usual convention. The g’s denote the components of the 
fundamental metric tensor and the comma indicates covariant differentiation. 
Also A is the Laplacian operator relative to the codrdinate system employed. 
The quantity » is the coefficient of viscosity and p denotes the density; we 
assume that both » and p are constant throughout the motion of the fluid. 

In our discussion of the flow of fluids in pipes we identify the codrdinates 
zt, t°, 2° with cylindrical codrdinates r, ¢, z in this order, the z-axis coinciding 
with the axis of the pipe (r = 0). While the use of such codrdinates may 
give rise to ambiguities in the determination of certain of the components of 
the velocity and their derivatives along the axis of the pipe it will be apparent 
that this causes no difficulty in the demonstrations. _ l 

In cylindrical coördinates the components of the metric tensor are 


Covariant components: 911 = Gas =e Í, Jog = 7°, 
Contravariant components: g?) = g®8 == 1, g?? = 177°, 


All other components of this tensor vanish. The non-vanishing components 
of the affine connection are Dp: == — 7, Tyo? = I'3,? — 1/r. Using these the 
various quantities which occur in the above equations of motion can easily be 
calculated. For convenience, however, in carrying out certain of the operations 
indicated in the later sections we list the following formulas i in which u, œ, w 
are used to stand for u’, u?, u? respectively. i 


ĝu ou 
n » ut = ae U, = oy fw UÙ g =E ie 
dw w u Ow 
Bo eon Rea. es preg s 
(3 3) Wy ap tpt te a Ti Ue Az 
i Tk a az 


Ea 
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u au. — Tw} eae 
1,1 ar 5 tly, Od w, Uis = dz 
fo fo ow 
3. 4 i TRE —— “a “ + a rn imunnamm : occ e 
K ) Uza r? Or -+ To tbs 2 r? id -+ Tu; Uz, q az 
wo Ol a | 
ä Usit ar 3 j 8,2 ag 3 té3,3 éz * 
Pu , 1 ou l ĝu 230 u 
eure vat REET a N m? 
l l Fw 1 3w 3 do 2 ou 
oe au = as tas oat te att ip’ 


dw 

aw = taal ae 
We emphasize, to avoid possible confusion, that in each of the three sets of 
formulas (3.3), (8.4) and (8.5) the u, w, w denote the contravariant com- 
ponents of the velocity vector. 

By a steady flow or Poiseuille motion in an infinite circular cylinder or 
pipe of radius ‘a is meant the stationary motion for which the velocity com- 
ponents a (a == 1, 2,3) and pressure p are 


— 


4 utio 





(3. 6) = — 0, @—w(1—5), 9-4 z -++ const. 
The constant w is the velocity along the axis of the pipe and we suppose 
W = 0 so that the flow is in the positive direction of the z-axis. 

A disturbance is said to have sputtal pertodicity if its components are 
periodic functions of period ¿(> 0) in the direction of the axis of the pipe. 
"In the case of spatial periodicity the cylinder is divided into fived cells or 
blocks of length 1 (which may be different for different disturbances) such 
that the behavior of the disturbance in the pipe .is completely determined by 
its behavior in any cell. The region @- (interior) of the pipe can thus be 
replaced by any periodicity cell W in the discussion of the stability problem. 

In the following we deal with disturbances in the pipe relative to the above 
stationary motion (8.6). We assume that the disturbances are spatially periodic. 
The condition of spatial periodicity of the components &* (« = 1,2, 3) of the 
disturbance appears as a mathematical convenience since it enables us to limit 
our attention to-a particular periodicity cell. In the practical case df a (htor!- 
zontal) pipe of finite length (one end of which ‘is attached to a reservoir in 
which the level'of the fluid is kept constant to secure a constant pressure at 
‘the entrance of the pipe) it is ‘natural to associate the periodicity constant 7 
in the theoretical discussion with the length of the pipe. The requirement of 


10 
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periodicity of the fourth component ¢* == p — # of the disturbance may then 
be interpreted to mean that the pressure difference between the ends of the 
pipe is the same for the disturbed motion ag for the steady flow in conformity 
with the‘actual conditions of the experiment. 


4. The energy equation. From the equations (3.1) and (3.2) and 
the corresponding equations for the steady flow (3.6) we obtain the following 
differential equations of ae disturbance 


[ee eh Pap te oe a 

(4.1) | 
ie 

From these equations we deduce 


ph (Gap) == 2pgapgVé PE 9° + 20 (p—p)e],« + pa t (gapt %ť) 
ale. + pl (gape) Ea + el (gabt YE] y + 2pDaphe?, 


where 
Dag = $ (tha,p + 4,2) 
are the components of the deformation tensorlof the steady flow. Using (3.6) 
we find Dis == Ds, oe eee All other components of the deformation 
tensor vanish. 
Now integrate both members of (4. 2) over the periodicity cell W. Apply- 
ing Green’s theorem with the condition &==0 over the surface of the pipe 


and taking account of the property of periodicity of the disturbance we obtain 
the energy equation 


dK | 
(43) Sp He f IEE EPaV +p | Danke dV — 0, 


where 
E = 4p f gaptPav 
is the kinetic energy of the disturbance in W. 


5. Modified energy equation. Consider .« . 


(51) Í, eav— f z = (ear S e E dv QC) — a], 


where Q(t) denotes the volume of fluid which traverses a cross section of pipe 
in unit time for the disturbed motion and g denotes the corresponding quantity 
for the steady flow (8.6). In fact the second integral in the middle number 
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of this equation is easily seen to vanish by the equation of continuity and the 
first integral in the middle member immediately oo the right member of . 
the equation. i 

Now take a = 3 in the first equation of (4.1), multiply both members 
of the equation by the scalar quantity 1 — r?/a? and then integrate over the 
pesiodicity cell W. The integrals of all terms of the equation a are found to- 
vanish with the-exception of the following: 


a f, (1-5) taar =E oO — a1, 


EEA -e 
i f ; (1 ae -5) fe gtdV mE of TEPA. 


In the derivation of these formulas and in the proof that the remaining 
integrals in question are equal to zero we have made use of (5.1), the equa- 
tion of continuity, Green’s theorem and the property of spatial periodicity of 
the disturbance as in the derivation of (4.3). This leads to the following 
equation : | 


(5.2) ‘wp $ f. (: = =) pay q eal swul TH — 


Now when we substitute the explicit values of the components of the 
deformation. tensor into the last term of (4.3) we find that this term is the 
negative of the last term of (5.2). Hence adding corresponding members 
of (4.3) and (5.2) we obtain | 





RWop 
2 





rh EdV == 0. 
W é 


iny 


(5.3) e te Sp sertetPay + TE LO) — a] —0, 


where e 


Pa KA Op et (i “) ear. 


We shall refer to (5.3) as the modified energy equation. Ibis easily seen that 
the function F in this equation is the difference between the kinetic energies 
of the disturbed motion and the steady flow (3.6) in the periodicity cell W. 


6. The stability theorem. ‘Yn this section we state the main resultseof = «a 
the paper. The proofs will be given. in thé two following sections: 


STABILITY THEOREM. Steady flow in a pipe is stable relative to the class 
of spatially periodic disturbances satisfying the ees (a) and (8) in 
Section 2 and such that ieee =. q at all-twmes t. 
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The meaning of the condition Q(t) = q is that the discharge (volume of 
fluid traversing a cross section of the pipe per unit time) is never less for the 
disturbed motion than for the steady flow. It is an open question if there exist 
spatially periodic disturbances (other than the zero disturbance) satisfying 
the condition Q(t) = q and we have made no attempt to treat this question 
' (which would require an essentially different analysis) in the present paper. 
The above stability result thus means effectively that +f any motion exists 
which gives rise to such a disturbance it converges uniformly to the steady 
flow. Let us say (1) that a motion is established if the discharge is constant 
and (2) that a motion is turbulent if the corresponding disturbance é does 
not approach zero uniformly as t{— œ. In the case of established turbulence 
the above stability theorem then leads to the result that the discharge is such _ 
that Q <q. l 

Let us now make the substitution é = ut — i in the integral which 
appears explicitly in (5.3). The a ereuon can then be reduced to 
the form 


(6.1) i a ta Í, Jaggu yu fay — HE state O10: 


If the last term in this equation is essentially positive, i. e., Q(¢) S0, the 
discussion in Section 7 (with £* replaced by ut) leads to the conclusion that 
F(t) —>— œ as t— œ. This is in contradiction with the condition (8) in 
Section 2. For established turbulence it therefore follows that 0 < Q <q, 
i.e., in the case of established turbulence the discharge is positive and less 
than the discharge for the steady flow. 

This latter result can also be stated in the Boe terms: the pressure 
drop required to produce a gwen discharge ts greater in the case of established 
turbulence than for a steady flow in the pipe, This result is in strict agree- 
ment with observation and naturally expresses a fact ef considerable pe 
importance. 


7. First part of convergence proof. We shall now prove that the first 
three components €* (a == 1,2,3) of any disturbance approach zero uniformly 
over W (closure of W) as t—> œ. The assumptions underlying this proof are 
those appearing in the Stability Theorem in Section 6. 

Suppose that £* does not approach sero uniformly over W as t> o. 
Then gagi? does not. Hence we can find some e> 0, a time. sequence 
ti, to, t3,° °° With 4; > t; (t> 7) and h — œ as n> œ, and a point sequence 
P,, Ps, Pa, © © with Pa C W such that 


(7.1) (gaat?) p, > «, for t= tn ie Oa, 
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We can suppose, in particular, that the time sequence is s0 chosen that 

lna > tn +1 for n = 1, 2, 3,' <- as is evidently possible. It is convenient to 
have some such inequality at a certain place in the following discussion. 
We now show on the basis of (7.1) that the non-negative quantities 


(7. 2) S, (0 nb?) AV (n=1,2,8,- °°), 
@ l l 

are bounded away from zero. First, for no value of n will the integral (7.2) 
be equal to zero. For if such were the case this would imply £¢*=0 for 
t =—= t„ and since &*==0-on the surface of the pipe it would follow that & == 0 
over W at the time ty. This is in contradiction with (7.1). If the quantities 
(7.2) are not bounded away from zero we can find a subsequence of ta (which 
we continue to denote by fs for simplicity of notation) such that 

(7.3) f (gag PEEP) AV + 0, asn o. 


H 
i 


Now let zt, 2°, zë be the cobrdinates of a rectangular codrdinate er 
in which conditions (a) and (8) in Section 2 strictly apply by hypothesis, 
Denote the quantities & by 7* with respect to this codrdinate system. Then 
by the condition (@) we can find a positive constant M such that 


Oy (T, tn) 











| : On? (2, İn) 
í a AL M 
ve 4) | 7 (z, tn) | 3 | art 3 ALLIT < : 
over W for n= 1,2,3,: + +. From the first of the inequalities (7.4) the 


sequence 7*(2, tn} is uniformly bounded in absolute value in W and from the 
second inequality the sequence'!is eqgui-continuous in W. Since W is a closed 
and bounded region it follows by the Theorem of Ascoli® that this sequence - 
contains a subsequence 7° (2, tn,) Which converges uniformly to a continuous 
function (z) in W. Similarly from the second and third inequalities (7. 4) 
the sequence Drt (a, tn,) (007, (k—=1,2,3,---), contains a subsequence fas 
converges uniformly to a continuous Ecuion €a*(z) in W. Using n= 1, 2, 3,- 

to denote the terms of this latter sequence for simplicity of notation ` we 
thus have 1 


| tn 
(7.5) Past) 2m) SEED gay 
uniformly i in W as n> œ wae t(x) and fg a(z) P N functions 
of the coördinates z!, 27, 2* of W.* Finally it follows from (7.5). and a well 


known theorem on uniform convergence that the functions ¢*(r) have con- 
tinuous first partial derivatives and in fact that 0f¢(2x) /éx? = t(s) in W, 


5 See O. D. Kellogg, Foundations of Potential Theory; Berlin (1929), p.. 265. — 
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Using the EEA (7. 3) and the fact that the convergence in a 5). 
is uniform we now’have 


hm a f (Jag Er EL), AV = - Z > oe a dy == Oe 


It follows that 0£%/daF = 0 anid hence ¢* == 0 over. W since CO sm 0 over the 
‘surface of the pipe by the boundary condition. Hence 7*(t,) —> 0 and hegce 


Er (tn) —> 0 uniformly over W as n —> œ and this contradicts (7.1). It follows 
that the integrals (7.2) are bounded away from zero as above stated. 


Now consider the graph of the function 


seu 


(26) y) =e f gasp tatay + EE (Q(t) a] 


with ¢ measured along the horizontal axis and y along the vertical axis of a 
rectangular cartesian codrdinate system. Since the second term in the right 
‘member of (7.6) is non-negative by the hypothesis of the Stability Theorem 
it follows from the result just proved that we can find a number k > 0 such 
that y(t») > k for n= 1,2,3: -. It also follows from condition (B) in 
Section 2 that we can find a positive number N such that | dy /dt| < N at 
all times ż. | 

_ Now let 8 be a positive number and consider the intervals ta — ê Si 
Stn -+ 8 for n == 1,2,3,---. We take ô so small that the successive intervals 
have no point in common ; this is possible in view of the condition tw, > ta + 1 
imposed at the beginning of the section. Let us furthermore take ê so small 
that A == 2k8— N& > 0. Now if An denotes the area underneath the above 
_graph and above the interval ts — 8 S tS tn + ô it follows from the condition 
| dy/dt| < N that A, > A for n—1,2,3,---. Hence by integration of 
the modified energy equation (5.3) and the fact ee y(t) 20 for allt we 
obtain 


trtf n 
F (in +8) —F(t,—8) a P elkoi 


; -\ ; 
It follows that F({)—>— œ ast—» o. But this contradicts the hypothesis 
that the components é* of the disturbance are uniformly bounded and thus 
completes the proof of the italicized statement atthe beginning of the section. 


, 8. Second part of convergence proof. It remains to prove the uni- 
form convergence of the fourth component é == p— p of the disturbance. 
For this purpose we first multiply both members of the first equation (4.1) 
by 0é*/éc* and sum on the repeated index. We then'integrate both members — 
of the resulting equation over W. This gives rise to the following integrals 
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(81). f yy Ea Ad V — Sy [é atg Ent] edy — J atg ét], ya V 
J J & apg” td, 


B2) fee av aS, [ee] «dV — f ZE ay, 


n: 
83), f battPeptav— f [eatit] gd ¥ — Satay, 
(8. 4) f bate ged — f __ (éatiPe] saV — f  EagiPEdT, 
(8.5) f Eag dV — ff, [eaterar] sav — f eapha, 


in which £ ig treated as a scalar. By Green’s theorem the first integral in the 
right member of (8.1) becomes 


(8.6) - f; é ote ged — — fat E =a { E tT 52nd, 


over the surface or outer boundary: B of the periodicity cell W. Here n denotes 
the inward unit normal to B and dé*/dn is the ordinary derivative of é along 
this normal. Since the é* approach zero uniformly over W by the result of 
Section 7 it follows readily (for example, by condition (8) and application of 
the mean value theorem) that d&/dn— 0 uniformly over Bast— œ. Hence 
the first integral in the right member of (8.6) approaches zero as i—> œ. 
The second integral in the right member of (8.6) vanishes by the boundary 
condition (*—0 on B). Similarly all remaining integrals in the right 
members of (8.1),: - -, (8.5) either (1) vanish by Green’s Theorem and the 
. assumption of spatial periodicity or (2) approach zero at ¢—> oo in consequence 
of condition (8) and the result of Section 7. Hence the integrals in the left 
members of these equations approach zero as ¢—» œ. The above procedure 
of multiplying (4.1) by 0é/dz* and integrating over W therefore leads to the 
result that 


. d(p—p) (p — P) . 
aß pee, sipveienner er 2 ny — 


Let us now interpret the codrdinates x, x*, £? as rectangular cartesian 
coordinates (transformation to a tectangular system) as was done if Sectien 7. 
Putting Va = 4(p — p) /de* for simplicity the condition (8.7) then becomes 


(8. 8) L(t) =f Seared V — 0, as t= o. 


764 T. Y. TIOALAS. 


We shall now show that 
(8.9) G(x, t) =Z valz, t)va(t, t) — 0, as tow, 


uniformly over W in consequence of (8.8) and condition (8) in Section 2. 


Since G(x, t) is a continuous function of a, 22, e in W (closed and bounded 
region) at any time ¢, this function will assume its maximum value G (t) at 
some point of W. The condition (8.9) implies 


(8.10) G(t) +0, as t—> ©, 
and conversely (8.10) implies (8.9). Hence it suffices to prove (8.10). 
Proof of (8.10). By condition (8) the one parameter family of functions 


Vq(v,1) is equi-continuous.in W (the parameter being t). Hence the family 
G(x, L) is equi-continuous in W. Explicitly this means that if any e > 0 is 
chosen we can find a ê > 0 such that 


(8. 11) | G(a’, t) — G(x”, t)| < e, for |e’ —a”| <6, 


and for all times t, where we have used | x’ — 2” | to denote the (Euclidean) 
distance between the points « and g” in W. 

Assume that (8.10) is not satisfied. Then we can find some constant 
n> 0 such that for any time tọ we shall have G(i,) = 7 for some t = to. 
Hence there will exist a time sequence 7, with ra —> œ as n— œ such that 


Gtr) Z 7 for n = 1,2,3,---. Let Pa be a point of W at which G(x, Ta) 
assumes its maximum value @ (r). Since W is closed and bounded the 
sequence Pi, Pa, Pop eoe will admit a subsequence (for simplicity of notation 


we use P, also to denote this subsequence) which will approach a limit point P 
in W, i.e. Pa —> P as n> o. 
Assume first that P is a point of W (interior point). e Let A be the interior 
of a.sphere having center at P and radius r so small that its closure À is con- 
tained in W. Take e= 7/2 in (8.11). Then chose r so small that if 2’ and 2” 
are any two points in A the condition | g — g” | < èin (8.11) will be satisfied. 
For n = N (sufficiently large) we will have Pa in À. Since G( Pa, Ta) = G (ra) 
the equi-continuity condition (8.11) then gives hG (ra) — G(2,m) | < 7/2, r 
n = N, for all points z in A. Hence for v in À we have _“ 
$ ? l 
(8. 12) G(X, n) > E(t) — 1/2 Z 9/2, EN, 





when use is made of the above assumption that G (ra) = y for n = 1, 2, 8,- +. 
From (8.12) we now obtain 7 i 
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Dm) = S A(z, m)av = f G(2, m)dV BS wy 


for n= N. But this contradicts (8.8) and so the above assumption is 5 false. 
Hence (8.10), and hence (8. 9), are satisfied. 

Assume in the second place that P is a boundary point of W. Consider a 
sghere with center at P and radius r and let A be the intersection of this. 
sphere with W.. Choose r so small that the 8 condition of the first assumption 
will be satisfied. The above discussion then applies and we are.led to the 
inequalities L (rn) Z m?k for n = N where k is a suitable positive constant less 
than unity. Thus again we have a contradiction with (8.8). This completes 
the proof of (8.9) and (8.10). 


From (8.9) or (8.10) we readily see that the quantities va(z,t) 0 | 
- uniformly over W as t-> œ. Since the pressure function is determined at 


most to within an additive constant by the equations of motion we can suppose 
that the pressures p and p are always the same at a fixed point T in W. Then 
the above convergence condition for the derivatives of p — p leads to the result 
that p— p — 0 uniformly over W as t—> œ. This completes the proof of the 
Stability Theorem of Section 6. | 


9. Extension of the stability theorem. Consider the equation 


(9. 1) H tH S gasp EE PAV + elt) = 0, 


where J is the integral over W of a polynomial in the és and their first and 
second derivatives and e(t) —> 0 as ¢—> œ. The discussion in Sections 7 and 8 
shows that the steady flow in a pipe is stable relatwe to the class of spatially 
periodic disturbances satisfying the conditions (a) and (B) in Section 2 and 
the differential equation (9.1). As in Section 7 we show that the integrals 
(7.2) are bounded away from zero. We then consider the equation (7.6) in 
which the last term is replaced by e(t). Since e(t) —> 0 as ¢—> œ it follows 
that y (tn) > k > 0 provided that n == N (sufficiently large). Subject to this 
restriction the remainder of the first part of the convergence proof follows as 
in Section 7 and leads to the contradiction that J (t) —> — œ as t-> œ. The 
second part of the convergence proof follows as in Section 8 without 
modification. 4 


10. Boundary conditions and stability. Let us now take a'= 3 in the 


first equation (4.1) and then integrate both members of the equation over the 
periodicity call W. After some reduction the following equation is obtained 
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| i y 2 
(10.1) Le — ay oe dS = 0, 


where B denotes the surface or outer boundary of the periodicity cell and | 


. yom a/p) is the kinematical viscosity; the mang ee in (10.1) 
have already been defined. 

The discussion in Section 6 shows the dependence of the stability of the 
steady flow on the discharge Q(t).' The dependence of Q(t) in turn on the 
state of motion of the fluid at the Boundary is shown in (10.1). If the 
boundary integral in this equation vanishes for all values of the time t we have 
Q(t) — const. which is the condition for established motion as defined .in 
Section 6. Now the integral 


(10. 2) | . E OE as 


cannot be bounded away from zero for it would then follow from (10.1) that 
Q(t) > + œ as t— œ thereby contradicting the condition (£) in Section 2. 
If this integral oscillates between positive and negative values there will be a 
continual increase and decrease in the discharge Q(t). Actually a phenomenon 
_ of this type is observed to occur experimentally near a critical value of the 
Reynolds number R. The determination of the conditions underlying such an 
oscillatory behavior of the integral are thus apparently connected with the 
problem of determining a critical value of Æ and the demands of this problem 
exceed the qualitative analysis of the present paper. 


11. Stability theorem for exponential disturbances. Attempts have 
been made to treat the problem of the stability of steady flow in pipes by con- 
pidering spatially periodic disturbances of the type ° 


(11:1) B= R[F (r, p) et], (k = 1, 2, 3, 4), 


where R denotes the real part of the quantities in the brackets. Here the 
functions f* may be complex and o may be a complex constant. Also A is a 
real constant and can be supposed to be positive without loss of generality. 
The periodicity / is then given by l == 2m/à. It is sufficient to suppose that the 
functions f*(r,@) are continuous and have continuous first and second ae 
derivatives. : = 





e t 
"An excellent comprehensive account of'these and other investigations has been 
given by J. L. Synge, “ Hydrodynamical Stability,” American Mathematioal Society 


Semicentennial Publications II: Addresses, 1938, pp, 227-269. Synge deals specifically _ 


with disturbances of this type on p. 250 and again on p. 264 such disturbances are 
presumably at the basis of his discussion. y 
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T follows Rel from (11. 1) that F = -K and aw - =q. oige 
(5. j reduces to | l o 
(11.2) tes abt fea =. o 
Now put ø = o; + ioa and f — fiè + ifs where o os fi¥ and fa are real. ` 
Substituting into (11.1) we find 


& = 6%*[ cos ont (f,* cos Az — fat siti Az) — sin ost (fi gin Ag + fa cos Az) J. 


Using these expressions for the & we may deduce the following relations 


Si, uray — eet fo Line as, 


where Q denotes any right cross section. of the pipe. Hence the integral for 
the kinetic energy K (Section 4) becomes ` 


Km Bernt È gag (HFP + feet) as. 


Finally substituting this expression for K into’ (11.2) we have 


caper 20 a a 
(11,8) Pt set (geal hth AHAIA f gang MEn*EsPAV — 0. 


If o, = 0 each of the terms in (11.3) is non-negative. and hence’ must 
vanish in consequence of this equation. The vanishing of the second term in’ 
(11.3) implies that € g* == 0 and when these conditions are combined with the 
_boundary condition .(¢* = 0 on the surface of the pipe) it follows that ¢*—= 0 
(a = 1, 2,38) over the periodicity. cell. Hence from the Navier-Stokes equation 
the space derivatives of &* must vanish; from this and the above expression 
for ét we easily see that & — 0. We thus arrive at the case of a zero disturbance. : 
Hence if £ is not a zero disturbance it follows from (11. 8) that o, < 0. This 
gives us the following stability theorem: The steady flow in a pipe is stable ' 
relative to the class of disturbances represented by (11. 1). ; 

The ‘above disturbances a 1) are a special case of disturbances repre- 
sented by os ý 

AG $, ie 2ris/1 + LE a t) etrini 4 


sha are spatially T of period / in the direction of the z-axis. For stich 
disturbances the equation (583) likewise reduces to (11.2):+ Henge’ thea, 
Stability Theorem in Section 6 applies, i.e. the steady flow is stable relative 
to this class of disturbances under the conditions on. the functions f,(r, œ, t), 
fa(r, ġ, #),° < implied by the assumptions of the Stability Theorem. 


UNIVERSITY OF CALIFORNIA 
AT Los ANGELES. 


NOTE ON THE EXPRESSIONS FOR THE STRAINS IN A BENT, 
THIN SHELL.* 


= By Ento REISSNER. 
oe 
In a recent paper [5] the linear theory of bending and stretching of thin . 
elastic shells has been discussed anew. The purpose of the present note is to ` 
make that discussion more complete by deriving from the general formulas 
of the preceding paper expressions for the components of strain and for the’ 
stress resultant strain relations which are exact up to terms of that order. of 
magnitude which is relevant in view of the basic assumption of shell theory 
that the normal to the undeformed middle surface is deformed into the normal 
to the deformed middle surface (Navier’s hypothesis). 
The results in [6] which form the starting point of the present discusion * 
| are equivalent to the following formulas for the ee components of 
` strain of the bent shell, 


ay a LiL (m htu) (ua + tu) (0/06) (a (1 + Rs), /Ba 
; z ai (1 + /R1) E aaa (1 -+ £/R,) (1+ t/R2) (1+ ¢/R,) 


a corresponding expression for e, and 


(2) BEL) (tet ie) nh BD (att). 
me (LE O/Rs) Bé, \aa( + L/R) / © a(l + 0/Be) dér Va (1 + E/R) 


‘In the preceding discussion it had -been assumed, in conformity with 
'. A. B. H. Love [3] that the terms in (1) and (2) having ¢/En» as # factor are 


“negligible and on the basis of this assumption expressions of the Hollow mg sort 
were obtained 


(3)? & Se? + oxi, es Z e4? + oes, Yig © yr? + Cr. 


£ 


It seems, however, that in order to be consistent all terms in (1) and (2) 
' which are linear in ¢ should be retained (and nane which contain higher 
powers of ¢ since such terms aré already neglected by working with Navier’s | 
- hypothesis). * If this is done there follows 


+ Received August 22, 1941. i 
1 The symbols used in this note without explanation are defined in [6]. 
_ * Bee equations (36) to (39) in [5]. 
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(8) a=a int, acme Hiat, y= yas? + br 
l E ; $ , ; A : 
l TE E. E D eee) 
p (5) i a Ra at Seko Ro 02 ` Of: \ E 
; 0 
ES POR S rie e(#)] 
6) i i Eze Qi% GE, é 
1 1 me ð f th ) a, 8 ( ty J] 
a ne wes i E a. 
(t) 7 j (a ze a, ÎE, (a T Za I2 \ aBa f'm 
(3): ; E S A JA a(s ” Go a(z f ' l 
If we use these modified expressions for: T strain components we have, 
; again in order to be consistent, to retain in the expressions for the stress 


. regultants* all terms which contain third or lower powers of the shell thick- 
` ness h. This leads to the following expressions, - 














: - E o hè 
(9) van Num 7G {h (61? + veg?) -|- 12h, (Kif + vra") } 
10) Nie = G {hyi a * | | 
( l io yi2 F 12R. T 
ai): EE E EAT 
' 21 Yia? + IZR, 
i E 0 0 = ae + * 
(12) Nae = 7 {Ale + ve; ) -}- 12h, (Ke + pry )} 
| Eh | 1 
(18) Mn BB ay Ut hm) ty Cet med 
: a es 
F (14) if. = ED i + R ¥i2°} 
| ` Gh? 1 
(15) Mai tee) 
(16) ee em { (x2" + vey") + = oC. + ver°) }. | 
12(1— +) F 


Tt is to be noted that if the power series development of tHe strata com™ - 
ponents (1) and (2) were continued so as to include terms in é*, these terms 
would contribute to. the force resultants Ny,.further terms of the order h°, 





2Sée equations (20) to (24) in [5]. 
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while not affecting the values of Mi. It appears, however, that nothing ‘is 
gained by including these further terms since their correctness is not assured 
due to the fact that terms proportional to ¢ have already been disregarded a: 
the expression for the displacement vector. The advantage of retaining terr , 
of order A? in the Ny: although they are not likely to be correct (those obtaine. | 
from (4) or those obtained by developing « and y one step further) lies in thy 
fact that thereby the equation of moment equilibrium about the normal to th 
shell reduces to an identity as it should’ in view of its being obtained 1 
integrating over the shell thickness the identity rız = fn. If terms of orde: 
h® are not retained in the Vj this moment equation is not quite satisfied. exce) 
in the case of a spherical shell or flat plate. In actual calculations these W- 
terms are usually not included and the slightly violated moment equation dis 
regarded., The developments in [2] and: [1] represent an exception in this 
respect. There, for a circular cylindrical shell, the correction terms whic’ 
would follow from a development of.the strains (1) and (2) up to ¢* a 
derived by direct geometrical considerations for the citeular cylindrical shel: . 


It ts important to notice that in the M x only terms of the same order in h 
occur and it, seems not justified to disregard generally ny of them. ` 


Asa special example of the general formulas (9) ' ito (16) the case of a 

. cylindrical shell of any cross section may be considered, in detail. Taking as 
` godrdinates on the middle surface the axial length é m= g and the circum- 
ferential are ene é = 8 and writing 





| 
; S L 

h—t tt, ā g=) p= 

` we have ai ! 

(17) A, me Qg = 1, R = œ, Rı = R(8). 
T i N 

From (4) in conjunction with (1) and (2). follow - | 

G8) t =U, tae H w/R, oleic aii 


» Ff 

The changes of a as defined i in [6], Eq. (32), are | 

A . te = — w, w mt 4 0o/R, > 
| | 

. giving in pecorance with Eqs. as and (44) in [5] > 





(00) See, kese iw (0/BY 


a ft Apg 
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` so that, according to (5), (6) and (7) 


21) Kot = — Ww”, K" == — w — w/R? + o(1/R) 
i Të = — w" + (v —u')/R l 


Since 1/Rı == o Mss, and Mee are directly given in terms of (21) while the 
rombinations of (18) and (21) occurring in Mss and in Msa have the values 
11 Ka? + 6 /R m — w” -+ w /R 
2) 0 4 Ke” T tg / B =m — w` + (v/È). 
i T* F yz /R = — Qu + 3 /R 
For a circular cylindrical shell these expressions are further simplified, 
R(s) becoming the constant cross-sectional radius a. 
_"+ The results obtained for the moment resultants of the circular shel] are 
isted, in comparison with the expressions used by other writers, in the fol- 
lowing table 


0 NN 


Simplified 





[1], [2] and here [3], [6], [7] [4] Expressions 

1(1—v*) M w” — w/a w” w” - w” 

Eh’ = i + v(w' — v/a) +v{(w' —v/a) +tv(w + w/a) +o - 
>) l 

3 M zs Qu — 20 /a Qu == 20 /a 20 aa 2v /a - Qu 

Maz 2w” — (v — u )/a Rw” —2v'/a 2w” — w/a Iw” 
(1—w) y © w“ b/w few Hb w” 
Eh? 28 + fa’ 4- yg” + vw’ + vw” 


Tt is seen that general agreement exists for Mz, but that different versions 
occur for the other moment resultants. The reason for this is that in some 
instances x has been used for x* [3], [6], [7], and that terms containing e/a 
have been neglected [3], [4), [6], [7]. It is noticed that although these terms 
have been neglected in [3], [4],.[6], [7] and although neither r nor r + y°/a 
nor r* are identical with 7* + y°/a the value of Ms, is still given correttly. 

From the form of the relations which are tabulated it is not apparent that 
the differences between them are always of negligible influence on the results 
of calculations. It appears, however, that when they are of negligible influence, 


i N : aia 
erg: | "+." ERIC REISSNER i | a 


the ER simplified sda as given in column 4 of the table, which ao 
identical with those of the theory of flat plates, should be sea justified.* oS i: 


$ y s > A 
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‘It may be cote that in the cage of a ‘spherical shell (R, = R, = G) there is agree: ` 
ment between the formulas (13) to (16), Love’s abhrevuacd expressions and those J 
contained in [5]. ` i r 


t. 


